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The major part of this two-volume textbook stems from the 
course in mathematical analysis given by the author for many 
years at the Moscow Physico-technical Institute. 

The first volume consisting of eleven chapters includes an 
introduction (Chapter 1) which treats of fundamental notions of 
mathematical analysis using an intuitive concept of a limit. With 
the aid of visual interpretation and some considerations of a 
physical character it establishes the relationship between the 
derivative and the integral and gives some elements of differen¬ 
tiation and integration techniques necessary to those readers 
who are simultaneously studying physics. 

The notion of a real number is interpreted in the first volume 
(Chapter 2) on the basis of its representation as an infinite deci¬ 
mal. 

Chapters 3-11 contain the following topics: Limit of Se¬ 
quence, Limit of Function, Functions of One Variable, Func¬ 
tions of Several Variables, Indefinite Integral, Definite Integral, 
Some Applications of Integrals, Series. 








CHAPTER 12 


Multiple Integrals 


§ 12.1. Introduction 

Let ns consider a continuous surface, lying in the three-dimensional space 
with rectangular coordinates (x, y, z), which is determined by an equation 

* =/(0 =/(*> y) (Q = (*, y ) € O) 

where Q is a bounded (two-dimensional) set possessing area (two-dimen¬ 
sional measure*). For instance, Q can be a circle, a rectangle, an ellipse, 
etc. We shall suppose that the function /(x, y) is positive. Let us state the 
following problem: it is required to find the volume of the solid bounded 
above by the given surface and below by the plane z = 0, its lateral boun¬ 
dary being the cylindrical surface with generators parallel to the z-axis 
and passing through the boundary curve y of the set Q. 

To determine the sought-for volume we resort to the following natural 
procedure. 

The set Q is divided into a finite number N of parts (subdomains) 

Qu ..., Qy (1) 

any two of which either do not intersect or intersect only along some parts 
of their boundaries. Let these subdomains be such that they possess areas 
(two-dimensional measures) which we shall denote as mQu • •• > mQx 
respectively. 

Let us introduce the notion of the diameter of a set: if A is a set in the 
plane its diameter d(A) is defined as 

d{A)= sup |P'-P"| 

where the supremum is taken over all the pairs of points P', P" belonging to A. 

Now we choose an arbitrary point Qj = (f/, rjj) (j = 1 , ..., N) in each 
part Qj and form the sum 

V N = Zf(Qj)mQj (2) 

j =i 


* See § 12.2. 
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which can be regarded as an approximation to the sought-for volume V. 
We can naturally suppose that the smaller the diameters d(Qj) of the sub- 
domains Qj are, the higher is the accuracy of the approximation V ^ Vn* 
Therefore the volume V of the solid in question can be defined as the limit 

V = lim (3) 

max d(Pj)-*^0 

to which sum (2) tends when the maximum diameter of the subdomains of 
partitions (1) are made to tend to zero provided that this limit exists and is 
independent of the way in which the sequence of partitions (1) is chosen. 

Now we can abstract from the problem of finding the volume of a solid 
and regard expression (3) as the result of an operation performed on the 
given function / defined in Q. It is called the Riemann double integral of the 
function f over the domain Q and is denoted 

V = lim £ = f f/(x, y) dx dy = f f(Q) dQ = (fdQ 

max d(flj)-0 Jal JJ J J 

Let us consider a problem leading to the notion of the triple integral. 
Suppose that there is a physical body occupying a domain (set) Q in the 
three-dimensional space with rectangular coordinates (x, y, z) and that the 
mass of the body is distributed (nonuniformly, in the general case) over Q 
with volume density n (x, y, z ) = /x(0 {0 — (x, y, z ) € Q). It is required 
to determine the total mass of the body Q. 

To solve this problem it is natural to partition Q into N parts £ 1 , .. 
Q n whose volumes (three-dimensional measures) are mQi, .mQ^ 
(on condition that these volumes exist), to choose an arbitrary point Qj — 
= ( x j> JV, zf) € Qj (j = 1,.. .,7V) in each of the parts and to define the sought- 
for mass as the. limit 

M = lim £ /M.Qj)mQj (4) 

max d(Oj)-+Q 

Expression (4) can again be regarded as the result of an operation per¬ 
formed on the function (i defined in the three-dimensional set Q. It is called 
the Riemann triple integral of f on Q and is denoted as 


M = lim 'ZKQj)™Qj = f KQ) dQ 

max d{£if )-+0 » 


= JJJ ,i(x 9 y, z) dx dy dz 

Q 


The Riemann n-fold multiple integral is defined in the same way. 

We shall see that the theory of (Riemann) multiple integration which 
includes existence theorems and theorems on the additive properties of the 
integral can be presented for the /i-dimensional case in exactly the same 
manner as in the case of dimension 1. However, the theory of multiple 
integrals involves some specific difficulties which were not encountered in 
the theorv of one-fold integration. 
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The matter is that the (Riemann) one-fold integral was defined for an 
extremely simple set, namely, for a closed interval [a 9 b] which was parti¬ 
tioned into parts which were also closed intervals. Therefore we had no diffi¬ 
culties in defining the lengths (one-dimensional measures) of the intervals. 
But in the case of a double integral or, generally, n-fold integral, the domain 
of integration Q can be split into parts with curvilinear boundaries, which 
makes it necessary to define the notion of the area or, generally, of the 
H-dimensional measure of such a part. A similar question would also appear 
in the case n = 1 if we defined the one-fold Riemann integral for a set of 
a more complex structure than that of a closed interval. 

In this connection we must state a strict definition of the notion of measure 
of a set and investigate the properties of the measure. Therefore we begin 
this chapter with the theory of the Jordan* measure closely related to the 
theory of the Riemann integral. This theory forms the basis for the repre¬ 
sentation of the theory of the Riemann multiple integral. The latter theory 
provides an important method for evaluation of n-fold multiple integrals 
by reducing them to the so-called iterated (repeated) integrals involving n 
one-fold integrations with respect to each of the variables; in many impor¬ 
tant cases this procedure admits of the application of the Newton-Leibniz 
theorem established for one-fold integrals. 

§ 12.2. Jordan Squarable Sets 

Let us consider the plane R = R 2 with a definitely chosen rectangular 
coordinates (x, y); this coordinate system will also be denoted by the same 
letter R. 

If some other coordinate system (!, rj) is taken in the same plane we 
shall denote the plane (and the new coordinate system) by R'. 

A rectangle A in the plane R will be regarded as the simplest set. It can 
be defined analytically by assuming that there is a system of rectangular 
coordinates R' in which A is representable as a set of points (I, rj) satisfying 
inequalities of the form 

a 1 ^ | a 2 , b 1 *sr}*sb 2 (1) 

where a± 9 a 2 , 61 and b 2 are some numbers such that < a 2 and bi < b 2 . 
The coordinate system R r possesses the property that the sides of A are 
parallel to its coordinate axes. To stress that the sides of A are parallel to the 
coordinate axes of the system R r we shall write A = Ar*. The rectangles 
of the type of A are understood here as closed sets (closed rectangles in¬ 
cluding their boundaries). 

Now we define the notion of an elementary figure o: a set a c R will be 
called an elementary figure if it is representable as a (set-theoretic) sum of 
a finite number of rectangles A c R any two of which either do not intersect 
or intersect only along some parts of their boundaries. The area \o\ of 


* C. Jordan (1838-1922), a French mathematician. 
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a two-dimensional elementary figure a is defined as the sum of the areas of 
the rectangles A of which a is composed. 

A given figure a can be represented as a finite sum (union) of rectangles 
A in infinitely many ways but the area |cr| is independent of the representa¬ 
tion. This assertion can readily be proved using the means of elementary 
geometry, and we do not dwell on it here. 

An empty set is also regarded as a figure and its measure (area) is under¬ 
stood as being zero. 

In inequalities (1) defining a rectangle A we assumed that a x ■< a 2 and 
b± < b 2 . Therefore separate points and line segments will not be regarded 
as rectangles; our representation of the theory of measure will not involve 
such “degenerate” rectangles. 

If an elementary figure a is representable as a sum of rectangles A whose 
sides are parallel to the axes of the coordinate system R we shall write 
a = g r . 

Enumerated below are some simple properties of elementary figures a. 
Their proofs are quite simple and we do not dwell on them here. 

(a) If a x c a 2 then \a x \ < \o 2 \. 

(b) The (set-theoretic) sum offigures o R and o R is a figure o R and there holds 
the inequality 

\ a R + a R I < + I 

It becomes an equality if o R and o R either do not intersect each other or 
intersect only along some parts of their boundaries . 

(c) The difference of two figures o R and o R is not necessarily a closed set 
and therefore it may not be an elementary figure . It can only be a figure 
(possibly empty) if o R c o R or if g' r and o R do not intersect . However , the 

closure g r — g r of this difference is always a figure and there holds the in¬ 
equality 

It turns into an equality if o R c o R . 

(d) If a figure o R is divided into two parts by a line parallel to one of the 
coordinate axes of the system R these parts are two figures o R and o R . 

To these properties we shall add two more; one of them is connected 
with the notion of a network. 

Let us take an arbitrary natural number N and construct two families 
of straight lines': x = kh and y = Ih (h = 2~ N \ k 9 l = 0 , ±1, ± 2 , ...). 
These families determine the rectangular network S N dividing R into the 
squares Ah with sides of length h parallel to the axes of R. Wien we pass 
from a network Sn to S N+1 each of the squares of S N splits into four con¬ 
gruent squares. 

Let G c R be an arbitrary bounded nonempty set. Let the symbol 
q?n(G) = denote the figure consisting of all the squares Ah of the network 
Sn which are entirely contained in G and let &n(G) = cb N be the figure 
consisting of those squares A h of S N each of which contains at least one 
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point of the set G (see Fig. 12.1). In par¬ 
ticular, it may happen that <8n is an 
empty set; as was agreed, such a set 
is regarded as a figure (having zero 
measure). 

It is evident that 


CS>1 Cl <02 Cl . . . 

<Si 3 d> 2 3 • • • 

and 

ft)jv(G) c G c 

where iV and iV" are arbitrary natural 
numbers. It follows that there exist the 
finite limits 

mjG — lim |<pjy| and m e G = lim |c5^l (m/Cr m e G) 

N-+-00 Af—*- OO 

The number mjG is called the (two-dimensional) interior Jordan content 
(measure) of the set G and the number m e G is called the (two-dimensional) 
exterior Jordan content (measure) of the set G. For the sake of brevity, we 
shall often omit the adjective “Jordan”. For the same reason in this section 
where we shall only deal with the Jordan two-dimensional measure we shall 
sometimes omit “two-dimensional”. 

We have proved that every bounded set G c R possesses the interior and 
exterior Jordan contents m t G and m e G satisfying the inequality m t G < 

m e G. 

If a set G a R is such that mfir = m e G = mG it is said to be Jordan 
measurable , and the number mG is called the (two-dimensional) Jordan 
content (measure) of G. As will be seen in§ 12.3, the Jordan content and the 
Jordan measurability are defined in exactly the same manner for the case of 
an arbitrary dimension n. In die case n = 2 (and only in this case) with 
which we deal now a Jordan measurable set is also said to be squarable 9 
and its Jordan content is called its area. 

Now we proceed to the first of the additional properties of elementary 
figures a mentioned above: 

(e) A figure o (consisting of rectangles occupying arbitrary positions with 
respect to the coordinate system R) is a Jordan measurable set . 

The proof of this property can be reduced to the computation of the 
area of a in the Cartesian coordinates R by using the well-known technique 
of the integral calculus, which results in the sum of the areas of the rectangles 
the figure o is formed of. 

In Fig. 12.2 we see a figure a and two more figures a' and g" such that 
<*' c o c or". It is cleur that for the given figure a and for an arbitrary e > 0 
there are two figures o' and or" such that the following conditions hold : 



Fig. 12.1 
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(i ) a' c. a c: or", 

(ii) |or"| — |or|' -< s, 

(iii) the points of the bound¬ 
aries of a and or" are at dis¬ 
tances exceeding a constant 
positive number a from any 
point of the boundary of or. 

Now we can take in the co¬ 
ordinate system R a network 

S N such that/2/i = 

< a; then the set or"—or' en¬ 
tirely contains every square of 
the network which covers at 
least one boundary point of a . 
Fi g* 12.2 Therefore the sum of the 

areas of all the squares of S N 

covering the boundary of a does not exceed |<r" —or'| = |or"| — |cr'| -< e. It 
follows that 

I^Jv(o r )|-|fi>N(o r )l < £ (2) 

and, since s is arbitrarily small, we obtain 

mp = m e a = | or | 

Let us put down the following equalities expressing equivalent definitions 
of the exterior and interior measures of a bounded set G: 


■■■miiWim 


and 


mfir = lim |atar((r)| = sup |q>jv(G)| = sup |<r*| = sup |a 

N o x cG ore G 

m e G = lim | cb#(G )| =inf |a>^(G)| = inf |or^| — inf \a\ 

if a B Z)G oz>G 


The first equality (3) coincides with the above definition of mfi and provi¬ 
des an effective method for computing m,G. However, it is connected with 
the chosen coordinate system R because the network Sn is connected with R . 

The second equality (3) is obvious since |<Pat(G) | increases together with N. 

Since A r(G) is a figure of the type of a R while a R is a figure of the type of 
o we obviously have 

sup I<Pat(G)I < sup \a R \ sup \o\ (5) 

AT crgcG orcOr 

On the other hand, if a c G is an arbitrary figure and e > 0 is an arbit¬ 
rary positive number then, by the measurability of or, there is N so large that 

\a\ < |Gto(or)|-M*s I<Pn(G)I + s< m t G+e 
whence sup 1 cr | iw/G+s, and, by the arbitrariness of e 9 we obtain 

acG 

sup | <rl mfj 

vcG 


(6) 
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Relations (5) and (6) imply the third and fourth equalities (3) (the first two 
equalities (3) have already been proved). 

The last term in (3) indicates that the interior content mfj is invariant 
with respect to the choice of the coordinate system, that is it is independent 
of the system R in which it is considered. 

Equalities (4) are proved analogously. 

From equalities (3) and (4) readily follows 

Lemma 1. For a set G to be measurable it is necessary and sufficient that , 
given any e > 0, there exist two figureso and 6 such that a cz G cz a and 
\5\-\o\ < s. 

Here it is legitimate to assume that d = o R and o = o R . 

Indeed, if G is measurable and R is the given coordinate system, there are 
o = o R cz G and & =& R z> G such that 

mG-y < |or| |d| < mG+y and \d\-\o\ < e 

Conversely, the inclusion relations a c G do imply \o\ m t G m e G 
<3 |er|, and if \a\ — \o\ < s then m e G—mfi < e, and, by the arbitrariness 
of e > 0 , we obtain 

m e G = mfj 

It follows from Lemma 1 that a measurable set is bounded . 

Lemma 2. For a set G to be Jordan measurable it is necessary and sufficient 
that its boundary r be of Jordan (two-dimensional) measure zero , that is for 
any e > 0 there should exist a figure oo covering P such that^oo\ < e. 

Proof Let the set G be measurable. Then, given any e > 0, there are two 
figures o' = o' R and a" — o' R such that o' a G a o'' and \o"\ — \o'\ < e 
(see Fig. 12.1). It can always be assumed that the points of the boundary jT 
of the set G do not lie on the boundary of o" and on the boundary of o'. 
Indeed, if this property did not hold for the given cr' and o" we could stretch 
the figure o" and contract the figure o' in die directions of the coordinate 
axes so that the inequality |cr"| — |u'| < e would remain valid. Therefore it 
is evident that 


r c o"-a? cz o"-o' = oo and |<r 0 | = W\-\<t\ < « 

which means that the figure oo whose area is less than s covers T. 

Conversely, let for any e > 0 there exist a figure oo = o% covering jT such 
that |a 0 | < e (see Fig. 12.1). We can assume that jT has no points in com¬ 
mon with the boundary of o 0 because if this is not so for the chosen figure o 0 
it can be additionally stretched with the retention of the inequality |er 0 | < s. 

Let us put o" = G+oo and o' = G— oq. It is readily seen that o' and o" 
are elementary figures (see Fig. 12.1) and that o' = o' R , o'' = o' R , o' c 

c G cz o" 9 o"—o' = 0*0 and \o"\ — \o'\ = |o* 0 | < e. This shows that G 
is a measurable set. 








16 


A COURSE OF MATHEMATICAL ANALYSIS 


Lemma 3. If two sets G x and G 2 are of Jordan measure zero their sum is again 
a measurable set with Jordan measure zero . 

Indeed, by the hypothesis, for any e > 0 there exist two figures g' r and 

o R such that Or z> Gi, o r 3 G 2 , \o' R \ < y and \g r | < y. Therefore for 

the figure o R = o' r +Gr we have 
« 

Or 3 G x 4-G 2 and Icul < I^rI + I^I -< y+y — e 

Lemma 4. IfG is a set of Jordan measure zero then so is any set G x c G. 
The assertion of the lemma is obvious. 

Theorem 1. If two sets Gi and G 2 are Jordan measurable then their sum 9 dif¬ 
ference and intersection are also Jordan measurable . 

Proof Let r(E) denote the boundary of a given set E. There hold the fol¬ 
lowing set-theoretic relations which can easily be proved: 

AG 1 +G 2 ) c r(G!)+r(G 2 ) 

r(G!.G 2 ) c r(G!)+r(G 2 ) 

and 

r(G x -G 2 ) c T(G x )+r(G 2 ) 

Since G x and G 2 are measurable, Lemma 2 shows that mT(G x ) = 0 and 
mT(G 2 ) = 0. Therefore, by Lemma 3, the right-hand members of the above 
relations are of measure zero, and, by Lemma 4, the left-hand members are 
also of measure zero. Whence, applying again Lemma 2, we conclude that 
the sets mentioned in the statement of the theorem are in fact measurable. 

Lemma 5. If a Jordan measurable set G is divided into two parts G x and G 2 
by a segment of a curve L (which , in particular , can be a line segment) of Jor¬ 
dan measure zero then each of the parts is also Jordan measurable . 

Proof. It is evident that 

jT(G x ) c T(G)+L and T(G 2 ) c T(G)+L 

whence, by the foregoing lemmas, follows the assertion we intend to prove. 

Thus, if G is a Jordan measurable set 9 any network Sn (related to any co¬ 
ordinate system K) partitions G into parts each of which is Jordan measur¬ 
able . The diameter of each such part does not exceed ^2-2~ N . Hence 9 the dia¬ 
meters of the parts uniformly tend to zero as N 
Now we stale the last of the properties of figures <r. 

(f) If a figure o undergoes a parallel translation or a rotation in the plane R 
the resultant set is a figure o' and \o\ = \o'\. 

From this property and from the fact that an inclusion relation A a Bis 
retained under translation and rotation now follows 

Lemma 6. If G* is a set resulting from a translation or a rotation in R of a 
measurable set G then G* is a measurable set and mG = mG m . 
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Example. Let us consider an example of a nonsquarable (i.e. nonmeasur- 
able in die two-dimensional sense) set. Let G c JR be a bounded open non¬ 
empty set and is be the set of all its rational points, that is points having 
rational coordinates (x, y). It is evident that <&u(E) is an, empty set for any 
natural N and m t E — 0. On the other hand, if x° is a point belonging to G 
then there is a nondegenerate rectangle A belonging to G and containing x °. 
It is apparent that c5 n(E) z> A, |a>jv(i?)l > \ A | >0 and m e E > |21 >0. 
Hence, m t E < m e E, which means that E is a nonsquarable set. 

Let us prove the additive property of the Jordan measure. 

Theorem 2. If two sets G± and G 2 ore Jordan measurable and if their com¬ 
mon points, provided there are such , only belong to their boundaries , their union 
(which is measurable by Theorem 1) has a measure equal to the sum of the 
measures of the sets Gi and G 2 : 

m(G 1 +G 2 ) = mG 1 +mG 2 (7) 

Proof Let us choose an arbitrary e>0 and take some figures o[ = o'i iR9 
oi = o" t R> = cl* and <r* = 02 ,r such that 

(Ti C Cl C (Ti, G 2 c G 2 cz a 2 

wGi— e <|oi| < \o'i | < mGi+s and mG 2 —e < |<r£ < |oa I < mG 2 +s. 
Putting o' = ffi+ofe and 0 ” = oi -f-ovs' we see that o' and o" are elementary 
figures, <r' c G 1 +G 2 c or" and 

k"l < |o£'| + |o?| and |or'| = |oi| + |<4| (8) 

Equality (8) holds because, by the conditions imposed on Gi and G 2 , the 
figures 0*1 and either do not intersect or intersect only along some parts of 
their boundaries. 

Now it becomes clear that 

(wGi—s)+(mG 2 — s) < |oi| +1cr^| = |or'| m i (G 1 +G 2 ) < 

</We(Gi+G 2 ) < |<r"| I a± I +1 0*2 I < (wGi+s) + (wG 2 +«) 

whence, by the arbitrariness of the positive number s, follows (7). 

Theorem 3. If two set Gi am? G 2 are Jordan measurable and Gi c G 2 then 

.m(G 2 —Gi) = mG 2 —mG\ (9) 

Proof The measurability'of G 2 —Gi was proved in Theorem 1, and there¬ 
fore the measurable set G 2 splits into two nonintersecting sets Gi and G 2 —Gi: 
G 2 = Gi+(G 2 —Gi). Equality (9) now follows from the foregoing theorem. 

§ 12.3. Some Important Examples of Squalrable Sets 

Let f{x) be a nonnegative function defined on a closed interval [a, b]. 
Suppose that f(x) is integrable on [a, b\ (in particular, this is the case when 
f(x) is continuous on [a, b]). We shall denote by T the graph of the function 
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/, that is the set of all points (*,/(*)) with x £ [a 9 b] 9 and by Q the set of 
points (x 9 y) in the plane which satisfy the inequalities 

a < x < b and 0 y f(x) 

Theorem 1. The set Q is (Jordan) measurable and its (two-dimensional) 
measure is given by the formula 

b 

mQ = J f{x) dx = / 

a 

Indeed, by the integrability of f on [a, b] 9 for any e > 0 there exists a parti¬ 
tion R of the closed interval [a 9 b] such that 

7 -| < < 3 * < 7 +| 

where Sr and S R are, respectively, the lower and upper integral sums of the 
function / corresponding to the partition R ; the sum Sr is equal to the area 
of a figure contained in Q while S R is the area of a figure enveloping £?. This 
proves the theorem. 

Theorem 2. A continuous curve jT in the xy-plane which is projectable in a 
one-to-one manner onto a closed interval [a 9 b ] lying in a straight line Lis a 
point set of two-dimensional measure zero . 

To prove the theorem we can suppose that T is entirely on one side of the 
line L because, if otherwise, we can take as L another straight line LI parallel 
to the former and satisfying the above requirement. Let us consider the 
rectangular coordinates x 9 y with x-axis coinciding with L. Then F can be 
regarded as the graph of a continuous function /( x) defined on the interval 
[a, b]. 

Now we see that the set Q constructed for the function / as was indicated 
in Theorem 1 is measurable by virtue of this theorem, and J 1 has a Jordan 

(two-dimensional) measure zero as a part of the boundary of Q. 

\ 

Theorem 3. A bounded set Q in the plane whose boundary consists of a finite 
number ofpoints and of a finite number of continuous curvilinear segments each 
of which is projectable in a one-to-one way onto one of the rectangular coordi¬ 
nate axes is measurable (in the two-dimensional sense). 

Indeed, the boundary of such a set Q is the union of a finite number of sets 
of two-dimensional measure zero. 

It should be noted that a segment f of a smooth curve x = q>(t) 9 y = y>(t) 
(a t b 9 <p' and y)' are continuous and <p' 2 +ip' 2 > 0) can always be 
broken into a finite number of parts each of which can be projected in a 
one-to-one manner on one of the coordinate axes. Indeed, according to 
§ 6.5, each point t £ [a 9 b] can be covered by an open interval (/', t") (in case 
t = a or t = b it is meant that the point can be covered by a half-open inter¬ 
val) such that the part of the smooth curve r corresponding to it is project- 
able on one of the coordinate axes. By the Heine-Borel lemma, the system 
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of these intervals contains a finite subsystem covering the interval [a 9 b] 9 
whence follows the assertion we wanted to prove. The fact that a portion of 
a smooth curve is of two-dimensional measure zero also follows from a 
general property established in § 12.5, Theorem 3. 

In conclusion we mention that an arbitrary continuous curve in the plane 
does not necessarily have zero two-dimensional measure. In this connection 
we remind the reader of Peano’s curve (see § 6.5) whose points fill unit 
square. 

§ 12.4. One More Test for Measurability of a Set. 

Area in Polar Coordinates 


The interior and exterior measures of a bounded set Q can also be defined 
by the relations 

m t Q = sup mQ' and m e Q = inf mQ* (1) 

&czQ 


where in the first relation Q' is an arbitrary measurable set belonging to Q 
and in the second relation a measurable set containing Q. For, on the one 
hand, we have 

jriiQ = sup |<r| «=a sup mQ' — I 

oaQ &(ZQ 


because the elementary figures a are measurable and, on the other hand, if 
e > 0 is an arbitrary number and Q' is a measurable set such that Q* c Q 
and I—e < mQ\ then there is a c Q r such that mQ' <|<r|+s. Con¬ 
sequently, /—2e < |cr| *sntiQ 9 and, by the arbitrariness of e, we have 
I mfi. This proves die first relation (1). The second relation is proved in 
like manner. 

From (1) it obviously follows that for a set Q to be measurable it is neces¬ 
sary and sufficient that 9 given any e > 0, there should exist two measurable 
sets Q' and Q" such thatQ ' c Q c Q" andmQ"—mQ' < e. 

The area (two-dimensional Jordan measure) of the figure Q bounded by 
two rays 0 = 0 X and 0 = 02 (0i ■< 02 ) and by a curve jT represented by a 
continuous function q = /(0) in polar coordinates q 9 0 is given by the for¬ 
mula 

5 = T / fW d6 (2) 

Bi 

(see§ 10.1 and the question posed there). 

Let us show that mQ = S. Indeed, an arbitrary sector of a circle is a mea¬ 
surable set since its boundary is a continuous piecewise smooth curve. 
Furlher, the existence of integral (2) implies that for any e > 0 there is a 
partition of the interval [0i, 0 2 ] such that the upper integral sum correspond¬ 
ing to it differs from the corresponding lower integral sum by less than e. 
Now, since the upper sum equals the measure of a finite union of circular 
sectors containing Q while the lower sum is the measure of a finite union of 
circular sectors contained in Q 9 we conclude, by virtue of (1), that mQ = S. 
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§ 12.5. Jordan Measurable Three-dimensional 
and Ti-dimensional Sets 

The theory presented in the foregoing sections can readily be extended to 
the case of an arbitrary dimension n . 

We shall begin with the three-dimensional measure. In this case we con¬ 
sider as the simplest figures and denote by the symbol A the closed rectangles 
(rectangular parallelepipeds). By the measure of A we mean the volume of 
A, that is the number | A | equal to the product of the lengths of the three 
edges of A (of its dimensions). We agree to deal only with nondegenerate 
rectangles whose all dimensions are positive. 

An elementary figure a is now understood as a point set in space repre¬ 
sentable in the form of a finite union of rectangular parallelepipeds A which 
are only allowed to intersect along some parts of their boundaries. 

The volume \<r\ of a figure a is defined as the sum of the volumes \A\ of 
the rectangles A it consists of, and an empty set is regarded as a figure with 
zero volume. 

If R' is a rectangular coordinate system, the rectangles with edges parallel 
to the coordinate axes of the system R' are denoted A = A#' and the figures 
formed of such rectangles are denoted a = gr>. Further, in the three-di¬ 
mensional space R = R$ we consider for every natural N a network Sn 
formed by the three families of planes 


x =s kh 9 y = lh 9 z = mh {h = 2~* k 9 /, m = 0, ± 1, ±2, ...) 

The network partitions the space R into the cubes Ah with edges of length 
h parallel to the coordinate axes. For an arbitrary bounded set G c R we 
define the set ®n{G) as the sum of those Ah 9 s which are entirely contained 
within G and the set cojv((j) as the sum of all the cubes Ah each of which con¬ 
tains at least one point belonging to G. 

By analogy with§ 12.2, the exterior measure (Jordan content) m e G and the 
interior measure {Jordan content) m t G of the set G are introduced as the 
limits of the corresponding monotone sequences: 

m e G = lim |<Sjv(G)| and lim |co^(G)| 

N-+oo N-+ OO 

The set G is said to be Jordan measurable in the three-dimensional sense if 
m t G = m e G = mG 9 and the number mG is called the Jordan three-dimen¬ 
sional measure {content) of G . 

The properties of the tluree-dimensional measure are completely analogous 
to those of the two-dimensional measure presented in § 12.2. To show this 
we must only check the validity of properties (a)-(f) of the figures o which 
are now three-dimensional. This can be done elementary. The theorems in 
§ 12.2 were proved on the basis of properties (a)-(f) alone and therefore they 
apply to the three-dimensional case as well. The statement of Lemma 5, 
§ 12.2, should be slightly modified to read: 
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Lemma. If a measurable set G c R is divided into parts with the aid of a 
finite number of surfaces having the Jordan (three-dimensional) measure zero , 
these parts are measurable (in the three-dimensional sense). 

By analogy, this theory can be extended to the general case of an arbitrary 
dimension n . In this case R = R„ is the /i-dimensional space of points (72- 
tuples) x = (xi, .. x„). Let the letter R simultaneously denote a concrete 
rectangular coordinate system X(xi, ..., x„) in the space R = R„; any other 
rectangular coordinate system R' (li, ..is connected with the system 
R(xi, .. x„) by means of transformation formulas of the form 

n 

Xk = ^ tlkl^l = 1» • • •» 7l) 


where the coefficients aui satisfy the relations 


n 

1=1 



for k y* ki 
for k-— ki 


Such a transformation from the old system R to a new system R f is written in 
the contracted notation as R ** R'. 

By a rectangular parallelepiped A c R is meant a set of points belonging 
to the space R for which there are rectangular coordinates R! (j£u • • fw) 
and 72 pairs of numbers aj < bj (j = 1, .. n) such that A = {aj < < bj\ 

J = 1 9 • • • 9 w|* 

It can easily be shown that for a given A such a coordinate system R' is 
determined uniquely. The n-dimensional volume of A is defined as the number 

\A\ =fl(bj-aj) 
j =1 

In this case it is natural to say that A has edges parallel to the coordinate 
axes of the system R' and to write A = A#. An elementary figure a in R is 
defined as a finite union of rectangular parallelepipeds A which are only al¬ 
lowed to intersect along some parts of their boundaries, and the measure of 
a is understood as the number \o\ equal to the sum of the volumes of the 
rectangles A of which a is formed. 

An empty set in JR,, is regarded as an elementary figure with the 72-dimen' 
sional volume zero. 

Further, for any natural N we consider the network SW as the system of n 
families of planes 

Xj = kjh (y = 1, ..., 72 ; h = 2 ~ N ; kj = 0, ±1, ±2, ...) 
which break up R n into the 72-dimensional cubes 

A h = {kjh *sxj*s (kj +1 )h] 

If G is a bounded point set in R, the set <&n(G) is defined as the set-theo¬ 
retic sum of the cubes Ah entirely contained in G and the set c5^(G) as the sum 
of the cubes A h each of which contains at least one point x belonging to G. 






•(•wwp 


"SSSWllW 1 ! 












22 


A COURSE OF MATHEMATICAL ANALYSIS 


It is evident that there exist the limits 

lim |cojv(G)| = rriiG and lim | <&#((/) | = m e G 

AT—voo N—+-00 

of the monotone sequences |fi)jv(G)l and |d>jv(G)|; m t G and m e G are called 
the interior and exterior Jordan n-dimensional measures (contents) of G . 

Finally, a set G is said to be Jordan measurable in the sense of the n-dimen- 
sional measure if m f G = m e G = mG 9 the number mG being the n-dimensional 
Jordan measure {content) of G . 

The theory of the Jordan / 2 -dimensional measure is completely analogous 
to the theory of the two-dimensional measure given in§ 12.2. To show this 
we must only check the validity of properties^(a)-(f) for the /i-dimensional 
figures cr, which requires some work but can be done by analogy with the 
three-dimensional case. 

The following theorem generalizes Theorem 2, § 12.3. 

Theorem 1. A surface S in the n-dimensional space represented by an equa¬ 
tion 

%n —/(*!, • • •» l) — f{Q) {G — (^l) • • •> 6 

where f is a continuous function defined on a bounded closed set A c is 
a measurable set of Jordan n-dimensional measure zero. 

Proof The function / being uniformly continuous in A, for any e > 0 
there is 8 > 0 such that 

l/(0-/(0')l « * IG-fl'l <2, Q € A 

Let us divide R n with the aid of the network 

Xi = a,A, &i — 0, i 1» i2, ...y / = 1, ...,/2 1 

x n = ke 9 k = 0, ±1, ±2, ... 

into congruent rectangles (rectangular parallelepipeds) A. The altitude of 
each A (in the direction of the x„-axis) is equal to e 9 its base A' (i.e. the pro¬ 
jection of A on jR„_i (jci, .. .,x w _i)) being a cube with edge A. Let us choose 
A > 0 so small that the diameter of A' is less than 8. The network we have 
taken partitions the space R„~i into the cubes A'. Since the set A is bounded it 
is entirely contained within an (n— l)-dimensional cube, and hence the sum 
of the volumes of the cubes A each of which contains at least one point be¬ 
longing to A does not exceed a constant M . Let us consider one of these cubes 
A. Among the rectangles^! withal' as projection on R n -i there can obviously 
be not more than three containing points of the surface S. Their total volume 
does not exceed 3 e \A'\ where A is the (n— l)-dimensional measure of A. 
Therefore the total volume of the cubes A covering S does not exceed 3 eM 9 
that is it can be made arbitrarily small, which completes the proof. 

Example. Consider a rectangular parallelepiped A in the //-dimensional 
space with coordinate system R 9 the sides of A being parallel to the axes of 
another rectangular system R r . LbtS be one of its faces; it is projectable in a 
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one-to-one manner onto one of the (n— l)-dimensional coordinate subspaces, 
say on the subspace (*i, ...»and is represented by a (continuous) 

71—1 

linear function of the form x„ = £ defined on a bounded closed set. By 

y=i 

Theorem 1» we have mS = 0. Since the rectangle A has a finite number of 
faces we conclude that it is a measurable set. 

Theorem 2. A bounded open nonempty set G in the space R„ = R is repre¬ 
sentable as a countable union 


G=±A k ( 1 ) 

> 1 

of closed cubes Ak (with edges parallel to the coordinate axes) such that any 
two of them either do not intersect or intersect only along some parts of their 
boundaries. Although G may not be Jordan measurable (see§ 19.7) representa¬ 
tion (1) possesses the property that the Jordan interior measure of G is ex¬ 
pressed as 


m,< (2) 

1 

Proof The sequence of networks Sn(N = 1, 2, ...) specifies the (closed) 
figures 

0 >i(G) c <& 2 (G) c fi) 3 (G) c: ... c :G 

The set G being open, its every point x° can be covered by an open cube 
A c G with centre at x°. Therefore the cube of the network Sn containing x° 
belongs to A for a sufficiently large N; consequently it belongs to G and thus 
enters into the figure q>n(G). This shows that there holds the equality 

G = ^i(G)+(<y 2 ((^~<^i((^)+(ft>3(G)—0>2(G))+ ... 

If the figure q>i(G) is nonempty let us number the cubes entering into it with 
the aid of consecutive integral indices; after this let us number the cubes be¬ 
longing to the closure of cp 2 (G)—fi>i(G) with the aid of the remaining conse¬ 
cutive integral indices and then, in the same manner, the cubes of the closure 
of q>z(G)—q) 2 (G) 9 and so on. This procedure results in a sequence A l9 A 2 , ... 

m 

for which (1) holds. This sequence is infinite because the closed set £ Ak 

i 

(m = 1,2, ...) is different from the bounded open set G in which it is con¬ 
tained for any m. Finally, we have 

y\A k \ = lim &n(G) = mfj 

TV—voo 

Theorem 3. Let a surface S be representable as 

x t = <P/(k) = <pt(u u ..u„-i) (i = 1, .. n; u € Q) 
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where q>i are functions continuous on fl together with their partial derivatives of 
the first order and fl is the closure of a bounded open and convex (n— \)-dimen- 
sional set; then S is a set of (n-dimensional) measure zero . 

Proof Let 


K 


dUj 


on fl 


(i = 1, .. n\j = 1, ..., n— 1) 


By the mean value theorem (see § 7.13 (12)), the distance between two 
points x' 9 x" £ S corresponding to some values «' and u" of the parameters 
satisfies die inequality 


=£(x;-x;r - i fz < 3 > 

1 J 


-where C depends solely on n. (The symbol ( )i indicates that into the expres 
sion ( ) is substituted an intermediate point lying between «' and «".) Since 
fl is a bounded set it can be embedded in an (n— l)-dimensional cube A. Let 
us break up A into congruent cubes o with edge h. By virtue of inequality (3), 
the part of S corresponding to the points ir of some cube a can be embedded 
in an n-dimensional cube with volume of the order of h n . The total number 
of such cubes o is of the order of Consequently, S can be embeded in 

a figure having an n-dimensional volume of the order of A, that is in a figure 
of an arbitrarily small volume, which is what we had to prove. 


§ 12<6. The Notion of Multiple Integral 

We shall give the definition of a multiple integral for the general case of an 
arbitrary dimension n. Its special cases for the two- and three-dimensional 
integrals were already outlined schematically in§ 12.1. 

Let R = R„ be the n-dimensional Euclidean space of points x = (x\ 9 ..., 
x„) and let Q c R n be a Jordan measurable (and therefore bounded) set on 
which a function f(P) (P 6 £) is defined. 

Let us partition Q into subsets, that is represent it as a finite union of the 
form 

Q = ... -ffijy (1) 

under the assumption that each set Qj (j = 1, ..., N) is Jordan measurable 
in the n-dimensional sense and that any two of them either do not intersect 
or intersect only along some parts of their boundaries. The various parti¬ 
tions of Q will be denoted by the symbols q 9 q l 9 ... 

Now we choose an arbitrary point Pj € fly in each subset fly (j = 1, ..., N) 
entering into the partition q and form the ( Riemann) integral sum 

S c = S e (J) = (2) 

1 

where mQj is the Jordan measure of fly (J = 1, ..., N). 
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Note that S Q depends on the function /, on the way in which Q is parti¬ 
tioned into measurable parts Qj and on the choice of the points Pj (J = 1, 
..., N) in each of the subsets Qj of the partition. 

Let us denote by 5 the maximum diameter of the subsets Qj (it is referred 
to as Hit fineness of partition (1)): 

8 = 5(g) = max d(Qj) 

l^j^N 

The Riemcmn definite (n-fold multiple) integral of the function f over the set 
Q is defined as the limit 

lim £ = I (3) 

i -+0 j —1 

Thus, the definite integral of the function f on the set Q is the limit to which 
tends the integral sum of f corresponding to a variable partition of Q when the 
maximum diameter of the subsets entering into the partition tends to zero (it 
is meant that this limit does not depend on the choice of the points Pj £ Qj and 
on the way in which the partitions are formed). 

As usual, this definition can be expressed analytically in the two (equi¬ 
valent) ways: in terms of e, 8 formalism and in terms of sequences. 

The e, 5 definition reads: 

The Riemann integral of the function f over the set Q is the number I satis¬ 
fying the following requirement: given any e > 0, there is 8 0 dependent 

solely on e such that for any partition of Si with maximum diameter less than 8 
and for any choice of the points Pj £ S2j(J = 1, 2, 3, ...) there holds the in¬ 
equality 

7-£ f{Pj)mQj <6 (4) 

The definition in terms of sequences states: 

The Riemann integral of the function f over the set Q is the limit to which 
tends any sequence of integral sums S Qk of the function f corresponding to an 
arbitrary sequence of partitions Qu (k — 1,2,...) with maximum diameter 8k 
tending to zero: 

/= jfdx = jfdQ=timS ti (5* - 0) (5) 

Q Q 

'S 

As will be shown in § 12.7, Theorem 2, if a function f defined on a measur- 
dble set Q is bounded and if there is a definite sequence of partitions S ek for 
which limit (5) equal to / exists and is independent of the choice of the points 
Pjfi Q t then the definite integral off on Q exists and is equal to the number /; 
this means that the existence of such a definite sequence of partitions automati¬ 
cally implies the validity of equality (5) for any sequence ofpartitions gi,g 2 ... 

with 8 k - 0. 

We remind the reader that, as was shown in§ 12.2 (after Lemma 5), given 
any e > 0, a measurable set can always be divided into parts whose dia¬ 
meters are less than s. 
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If the Riemann integral of / over Q exists it is denoted as 

I = j f(P) dQ = j f(P) dP (6) 

Q Q 

In this case the function/is said to be Riemann integrable on Q. 

The condition of the Riemann integrability off on Q can also be stated in 
terms of Cauchy’s criterion: given any s > 0, there is b > 0 dependent solely 
on e such that for any two partitions q' and q" of the set Q into measurable 
subsets with diameters less than b there holds the inequality 

l^'— S e ”\ *< e 

The w-fold multiple integral of/ on is also denoted as 

I • • • J* /(xi) • • • , X n ) dX\ • • • dXjj 
Q 

This type of notation is convenient because, as will be seen later, the compu¬ 
tation of a multiple integral can be reduced to the successive computation of 
the corresponding one-fold integrals with respect to each of the variables 
Xu X2, • • •» x„. 

If f(P) — A — const is a constant function on a measurable set Q its in¬ 
tegral sum is equal to the number 

N 

S e ss £ AmQj = AmQ 
1 

independent of the way in which Q is partitioned. Therefore 

j AdQ = A jdQ = AmQ (7) 

Q Q 

It should also be noted that if Q is of Jordan measure zero (mQ = 0) then 

= lim V = lim 0=0 

max 0 j—i max d(Qj)-*’0 

for any function / defined on Q and assuming finite values even if the func¬ 
tion is unbounded. Hence, the integrability of / on Q does not necessarily 
imply the boundedness of f on Q. In the study of the integrability of afunction 
f defined on an arbitrary measurable set Q we shall always suppose (see the 
footnote on p. 38) that the function is bounded on Q. By the way, ifQ is a 
measurable open set the integrability of a function fon Q implies its bounded¬ 
ness on Q (see § 12.10). 

In what follows, when speaking of a function /Riemann integrable on a 
set Q c R ny we shall mean, without further stipulations, that Q is a Jordan 
measurable set (in the /i-dimensional sense). This is quite natural since the 
definition of the Riemann integral onflis closely connected with the Jordan 
measurability of £2. 


jfdQ 
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§ 12.7. Upper an Lower Integral Sums. Key Theorem 

Let R be the ^-dimensional space. In the first reading of the book the rea¬ 
der may, for simplicity, interpret the subject matter of this section as referring 
to the case n *= 2 or n = 3; however, all the considerations and statements 
are applicable in a quite analogous form to any natural n including n = L 

Let a set Q be Jordan measurable (and therefore bounded) in the n-dimen- 
sional sense, and let/(P) be a bounded function defined on Q: 

|/(P)|<tf<~ {P<:Q) 

The set Q can be partitioned into subsets (Jordan measurable and such 
that any two of them either do not intersect or intersect only along some 
parts of their boundaries) in infinitely many ways. Let q and q' be two such 
partitions: 

Q = and Q = 

We shall call q r a refinement of q and shall write q c q' if any subset Q r k 
(Ic = 1, ..., N r ) entering into the partition q' is a part of one of the subsets 
Qj entering into the partition q. In other words, the partition q’ can be ob¬ 
tained from q by dividing some of the subsets entering into q into a finite 
number of parts: 

Qj — ^ Qjk (fi = 1* • • •> /y> 7 = 1, • • •» N) 

k=l 


Thus, the partition q' can be represented as the double sum 

N lj 

= E 

y=i k=i 



Let us take an arbitrary partition q. The corresponding integral sum of the 
function/is 


N 


S Q = Z f(Pj)mQj = YfifymQj 


j =i 


(Pj £ Qj). We shall use both forms of notation for the sum S Q indicated here. 
Let us put 

Mj = sup /(P), mj = inf /(P), 

S 6 = £ MjtnQj and Sq = Yj m J m ^j 

Q Q 

The sums S e and S e are called the upper and lower integral sums of the func¬ 
tions f (corresponding to the partition q) respectively. 

For an arbitrary point Pj € Qj we have the inequalities mj f{Pj) < Mj 
0 =1, ..., N). Therefore, taking into account that mQj >0 we can write 

mjmQj < f{Pj)mQj MjmQj 
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whence 

S Q *sS Q *sS Q ( 2 ) 

Thus, irrespective of the choice of the points Pj 9 any integral sum of the 
function f corresponding to the partition Q is not greater than its upper sum and 
not less than its lower sum corresponding to the same partition q. 

Another important property of upper and lower sums is that if q c q' 
then the corresponding sums satisfy the inequalities 

(3) 


The second of them has already been proved. 

Let us prove, for example, the third inequality. To this end we write Sj 
in the form 

Sj = Yj Y MjkmQjk 

j=i k=i 

where 

M jk = sup f(P) 

To compare S Q with S Q * we write the former in the similar form: 

S e = Y MjmQj — Y Mj mQjk = £ Y MjmQjk 

i y=i k**i j=i 


Now it becomes clear that S Q ' S e because the inclusion relations Qjk c Qj 
imply Mjk < Mj. 

Let gi and 0 2 be some partitions of Q and q = 01+02 be the new partition 
obtained by the superposition of gi and q 2 - Then q serves as the refinement 
both of 0 i and of 02 , and we have 





Hence, 

(4) 

for any partitions 01 and 02 . 

Let us fix 02 and consider 01 (which we denote by 0 ) as a variable partition; 
then 


1(f) = sup S e S,* 

Q 

Finally, considering 02 (denoted by 0 ) as a variable partition we obtain 

1(f) ^ 1(f) = inf S e 

The numbers Iff) = 7 and Iff) = / are called the upper and lower (Rie- 
mann) integrals of the function f on Q respectively. Our considerations show 
that the upper and lower integrals off on Q exist for any bounded function f 
defined on Q . 

Let us proceed to the following important theorem. 
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Theorem 1 (Key Theorem). Let Q c Rbe a measurable set (i.e. a Jordan 
measurable set in the sense of dimension n) on which a bounded function f is 
defined (|/(x)| K). 

Then the following properties are equivalent: 

(0 1 =/; 

(ii) for any e > 0 there is a partition q such that 

S q —Sq •< c (5) 

(iii) for any s > 0 there is b > 0 such that for all partitions q with diameters 
d(Qj) < 8 there holds inequality (5); 

(iv) the integral 

jfdQ = I (6) 

Q 

exists (in this case 1=1 = 1). 

Here it is of course meant that / and 1 are the lower and upper integrals of 
f on Q respectively and that S 6 and S e are the lower and upper integral sums 
of f corresponding to the partition q. 

The theorem can be restated in the following equivalent way: the integral 
off on Q exists if and only if at least one ofproperties (i)-(iii) holds (and then 
the other properties hold as well): if this is the case the value 1 of the integral 
is equal to I = I. 

Proof The implication (i) -*» (ii). As follows from (i), there are partitions 
gi and 02 such that 

l-~ < S ei and S* < 7+y 
Then for q = 01+02 we have 

whence follows (5). 

Implication (ii) (i). Let 0 be a partition satisfying (5). Then, by the in¬ 
equalities S e I S Q9 we have 1—1 < e. Since s > 0 can be made 
arbitrarily small and 1 and 1 are definite numbers independent of e there must 
be/ = I. 

Implication (iv) (iii). Let integral (6) exist. The definition of the integral 
indicates that, given any e > 0, there is 5 > 0 such that for any partition q 
with d(Qj) < 8 there hold the inequalities 

j=i 

for any points Pj € Qj- On taking the supremum and the infimum with 
respect to Pj 6 Q of the sum entering into these inequalities we obtain 
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Consequently (iii) holds. 

Implication (iii) -► (ii) is trivial. 

Implication (ii) (ui). This is the most intricate part of the theorem assert¬ 
ing that if, given any e > 0, there is a partition q* (dependent on s) which we 
write as 

N 

Q = £ QJ 

j =i 

for which Sq* then there also is 8 > 0 such that inequality (5) 
holds for all the partitions q with d(Qj) < 8. 

Let us denote by the union of all the boundary points of Qj for all 
j = 1, This union has measure zero since the sets Qj are measurable, 

and therefore there is a figure o' covering J 1 such that \a’\ «= . Let us 

Z/l 

• • • £ 

take another figure a such that o' lies strictly inside it and \a\ < —. 

Let 5 > 0 be a sufficiently small positive number such that the distance 
between any two points belonging to the boundaries of a and a ' respectively 
exceeds 8. Then, moreover, the distance from any point of jT* to the boundary 
of o is greater than 8. 

Let us choose an arbitrary partition q on which the only condition is im¬ 
posed that its every subset (we denote these subsets co) has a diameter d(co) 
not exceeding 8 (it is convenient to write co without indices; the correspond¬ 
ing numbers m and M will also be written without indices). We have 

S q —Sq = mco+Y!’(M--m) mco 

where the sum extends over all the subsets co entering into the partition q 
each of which contains a point belonging to 7^. Since d(co) < 8, we have 

co c a for all such subsets, and their total measure does not exceed ma 

ZK. 

Consequently, 

mco 2 ntco < 2K = e 

Let us write the sum as the double sum£" = YTf where is the sum 

of the terms entering into which correspond to the subsets co entering into 
the partition q and lying entirely within the subset Q* of the old partition q*. 
We have 

mco =YYl (M—m)mco 

« £ (M*-m*) =s YfMT-mT) mQf «= e 

i i 

and therefore S e —$ Q < 2e for all the partitions q with d(co) < 5, that is (iii) 
takes place. 

Implication (iii) (iv). Let (iii) hold. Then, as has already been proved, 
(i) also holds. Let us take an arbitrary s > 0 and choose 8 > 0 as was in- 
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dicated in the proof of (iii). Then for the partition g mentioned in (iii) we 
have 

S e *'Zf(Pj)Q,*S e , S e *I = l*zS e (7) 

On putting / = I = I we obtain 

|/-E/W)|Gyll (8) 

that is / is the integral of f over Q. Thus, we have proved (iv). 

The proof of the theorem is completed. 


Theorem 2'. Let 


Nk 

7=1 


(* = 1 , 2 , ...) 


be a sequence of partitions Qk (* = 1,2, .. .)of a measurable set £?, the maxi¬ 
mum diameter 8k of the subsets L 3 f tending to zero . 

Iffor a bounded function /(x) defined on Q there holds at least one of the 
conditions 


(i) lim (S et (f)—S et (f)) = 0 

k-*- oo 

(ii) lim Yf(£j)m£2j = /(£*€ Qj) 

k-*-oo j 


( 10 ) 

( 11 ) 


and 


(iii) lim SJf) = lim S n (f) = / 

k-*~oo k-+~°o 


( 12 ) 


then the integral of f on Q exists . 

Conversely , the existence of the integral off on Q implies the fulfilment of 
all the conditions (i), (ii) and (iii). 

The existence of only one of limits (iii) does not necessarily imply the exist¬ 
ence of the integral of f on Q. 

The proof of this theorem is completely analogous to that of Theorem 2 
in§ 9.4 stated for the one-dimensional case. 

Theorem 3. Let there be given a sequence ofpartitions of type (9) of a mea¬ 
surable set Q with 8 ek = max d(Qj) -*• 0. Then the sum 

J 

mQj = mQ k 
j 

of the measures of those subsets of the partition which adjoin the boundary JT 
of the set Q (that is the sum of the measures of those subsets £2} for each of 
which the closure £2} contains points belonging toT) tends to zero as k -► oo. 

Proof Let us take an arbitrary e > 0 and choose a figure a covering JT 
such that | or | < e. Now let us stretch a along the directions of all the co¬ 
ordinate axes so that the new figure o' zd a has a measure \ o'\ < e. Denot- 
mg by rj the distance between the boundaries of o' and Q we can assert that 
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there is ko such that d 6i < rj for k > ko; for such k *s the subsets £2} adjoining 
r belong to o', that is 

mQ k = < | o*'| < e 

J 

Theorem 4.77ze definite integral of a boundedfunction f on a measurable set 
£2 can be defined as the limit 

lim X'/(^)^= Ifdx 
W"* J Q 

for a concrete sequence of partitions (9) with d Qk 0 where the integral sums 

only extend over the subsets £2} not adjoining jT. 

For, by the foregoing theorem, the parts of the integral sum corresponding 
to these Qf s which adjoin jT can be estimated by the inequality 

VZf(Pf)mQf\*KYmQ}-~0, k — 0 (K>\f(x)\) 

§ 12.8. Integrability of a Continuous Function 
on a Measurable Closed Set. 

Some Other Integrability Conditions 

Theorem 1. A function /(P) continuous on a Jordan measurable closed set 
£2 is Riemann integrable on £2. 

Proof Since the set £2 is measurable it is bounded. Besides, it is closed, and 
therefore the function / is uniformly continuous on £2 . This means that for 
any e > 0 there is 5 > 0 such that if P', P" € & and |P"—P'| < 5 then 
\f(F')-f(F)\ < a. 

N 

Let q be an arbitrary partition £2 = Yfij of the set £2 into measurable 

i 

parts £2j with diameters d{£2j) < 3, and let, as usual, Mj = sup /( x) and 
mj = inf /(x). We have 

Mj-mj = sup [fin-fin]-** 
p' t p"eo J 

because, by the hypothesis, the distance between any points P', P" € @j does 
not exceed 5. Consequently, 

S Q —S e = £(My— mj)m£2j < e^m£2j = em£2 = rj 

Since rj > 0 can be made arbitrarily small, the key theorem shows that the 
integral of / on £2 does in fact exist. 

Theorem 2. A function f defined and bounded on a measurable closed set £2 
and continuous on £2 everywhere except possibly at points forming a subset 
A a £2 of measure zero is integrable on £2. 
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For instance, if a function / is bounded 
on a closed set Q in the plane whose bound¬ 
ary is a smooth curve (see Fig. 12.3) and if 
/is continuous on Q except at a separate 
point O and at the points belonging to a 
smooth arc y, the function / is integrate 
on Q. 

Proof. Let e > 0 be an arbitrary posi¬ 
tive number and let o 3 A be an open 
(without boundary) figure such that | 0 | <s. 

Then Q—o is a measurable closed set on 
which / is continuous and, consequently, 
integrable. Let us take a partition q' of 
the set Q—o of the form Q—o = Qi +... +Qn such that S Q —S Q ' < £ 
and then construct the partition q of the form Q = Qi +... +Q N +oQ 
of the set Q. On putting M = sup /(x) and m = inf /(x) we write 

S 6 -S q = (£*'- S Q ')HM-m)m(oQ) < e+22^ = r) 

(K>\f(x)\ 9 x£Q) 

where.?? can be made arbitrarily small. Therefore, according to property (ii) 
mentioned in the key theorem, the function/is integrable on Q. 

It turns out that Theorem 2 can be generalized to the case when the set A 
is of Lebesgue measure zero (instead of Jordan measure zero; see§ 12.9). 

This generalization provides a necessary and sufficient condition for the 
Jordan integrability of a bounded function on a measurable closed set be¬ 
cause there holds the following theorem: 

Theorem (H. L. Lebesgue). A function /(x) defined and bounded on a Jordan 
measurable closed set Q is Riemann integrable on Q if and only if the function 
fis continuous on Q except possibly on a subset of Q having Lebesgue measure 
zero . 

Example. Let us take the function y(x, y) = sin — and consider it as de- 

fined in the half-open rectangle A' = {0 -< x, y < n/2}. To apply Theorem 2 
to this function we can argue in the following way. Let us extend y to the 
closed interval 0 x njl of the x-axis and to the closed interval Q^y^njl 
of the y-axis in an arbitrary manner so that the new values of the function are 
uniformly bounded. The extended function y is then defined on the closed 
rectangle A = 3' and is bounded on A and continuous on A everywhere 
except on the set of Jordan two-dimensional measure zero (consisting of 
these two closed intervals). Consequently, by Theorem ^, the integral 

JJ y>(x, y) dx dy = JJ y>(x, y)dxdy 

A At 

exists (see§ 12.11, Theorem 1 and the corollary of this theorem). 



3 —3737 




34 


A COURSE OF MATHEMATICAL ANALYSIS 


§ 12.9. Set of Lebesgue Measure Zero* 

An arbitrary open rectangular parallelepiped (rectangle) 

^ j = 1» • • •> w} 

in the ^-dimensional space R = R„ will also be referred to as an interval in R. 

The volume (/i-dimensional measure) of id is equal to 

\A\=fl(bj- aj ) 

because a closed rectangle differs from the corresponding open rectangle by 
a set of (/i-dimensional) measure zero. 

We say that a set E is of Lebesgue measure zero if for any e > 0 there is a 
finite or countable number of intervals A\ A 2 9 ... covering E (E c 1*) 
the sum of whose volumes is less than e: £ \A k \ < e. 

Lemma 1. The sum of a finite or countable number of sets E l 9 F 2 , ... each 
of which has Lebesgue measure zero is in its turn a set of Lebesgue measure 
zero . 

For, if e >■ 0 is an arbitrary positive number we can construct the fol¬ 
lowing coverings of the given sets: each E k is covered by a countable (or 
finite) System of intervals A) ^E k c such that «< e/2* (k = 1, 

2,...). Since the intervals A) (j, k — 1,2 ,...) can be renumbered as A u 
J 2 ,... and since their union covers F = £ Efi and the sum of their volumes 
is less than e = £(s/2*) we see that, by the arbitrariness of e 9 the set E 

k 

is of Lebesgue measure zero. 

If a set E has a Jordan measure zero this means that for any e > 0 it can 
be covered by a finite number of intervals with total volume less than s, and 
consequently such a set E is also of Lebesgue measure zero. This shows that 
it is permissible to use one and the same notation (i.e. to write mE = 0) for 
the Jordan and the Lebesgue measure when the Jordan measure exists and is 
equal to zero. However, here we have only discussed a very special case of 
the Lebesgue measure, namely, the case when it is equal to zero. 

It should be stressed that a set can be of Lebesgue measure zero and at 
the same time be Jordan nonmeasurable. For example, the set of rational 
points contained in the closed interval [0, 1] has Lebesgue measure zero 
(since it is countable). But it has no (one-dimensional) Jordan measure be¬ 
cause its exterior Jordan content is equal to 1 while the interior Jordan 
content is equal to zero. 

We also note that if a set Fis bounded and closed and has Lebesgue mea¬ 
sure zero then, given any e > 0, there is a countable system of intervals 
covering F whose total volume is less than e. By the Heine-Borel lemma, 

*The subject matter of this section is a part of the material presented in full in§ 19.1. 
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since the set F is bounded and closed, this system contains a finite subsystem 
covering F, and the sum of the volumes of the intervals in this subsystem is 
less than e. Therefore F is Jordan measurable and has the Jordan measure 
equal to zero. We have thus proved the following lemma. 

Lemma 2. A bounded closed set of Lebesgue measure zero is Jordan mea¬ 
surable and its Jordan measure is also equal to zero . 

§ 12.10. Proof of Lebesgue’s Theorem. Connection 
Between Integrability and Boundedness of a Function 

In § 7.10 we stated the definition of the oscillation co(x) (co(x) > 0) of a 
function /, defined on a set Q> at a point xffl and showed (see § 7.10, 
Theorem 5) that/is continuous at x if and only if its oscillation at that point 
is equal to zero (co(x) == 0). Hence, the oscillation of a function at its point 
of discontinuity is sure to be positive. Let Ex denote the set of all points 
x £ Q at which the oscillation of / is not less than A > 0 (co(x) A). It is 
important to npte that if Q is a closed set then so is the set Ex for any A (see 
§ 7.10, Theorem 6). 

Proof of sufficiency of the condition of Lebesgue’s theorem. Let the func¬ 
tion /be bounded on a measurable closed set £?, that is 

\f(x)\^K (xefl) (1) 

and let the set E of its points of discontinuity be of Lebesgue measure zero 
(E c Q). 

We shall suppose that mQ >* 0 since if otherwise the assertion we have to 
prove becomes quite obvious. Let us take an arbitrary e > 0, and let A > 0 
satisfy the inequality 4A#nf2 < s. 

Since we have mE = 0 for the Lebesgue measure of E 9 the Lebesgue mea¬ 
sure of Ex is also equal to zero for any A > 0 (mEx = 0). But the set Ex is 
bounded and closed, and therefore the Jordan measure of Ex is also equal to 
zero. Consequently, given any e > 0, there is a set G covering Ex which is a 

finite system of intervals with measure |G| «< The set G is open and 

measurable and, since the set £ is bounded and closed it is representable as a 
union of two nonintersecting Jordan measurable sets: Q = Qi+Q" where 

Qi = GQ 9 Q" = Q—G 9 mQi |G| < and Q" is a bounded closed set 

The oscillation of the function in question is less than A at each point of ttys 
set Q”. Therefore, by Theorem 3, § 7.10, there is 8 > 0 such that \f(P) — 
-/(F) | < 2A for any two points P, P' 6 satisfying the condition 
\P—P' | < 8. Let us partition Q" into parts of diameters less than the num- 

ber 8: Q" = J£Qj. These parts together with the set defined above form 

2 

a partition q of the whole set Q. For this partition we obviously have the 


3 * 
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inequalities 

Sq—Sq = (Mi—m^mQi — £ (Mj—mj)mQj*s 

j =2 

^2K-^+2k £ mQj < y+2A/nf2 < y+y = e 

Consequently, by the arbitrariness of e and by the key theorem, the func¬ 
tion /is integrable on Q. 

Proof of necessity of the condition of Lebesgue’s theorem. Let the func¬ 
tion /be bounded on a measurable closed set Q and integrable on it. Then, 
according to the key theorem, for any e > 0 and X > 0 there exists a parti¬ 
tion g of the set Q such that (see the explanations below) 

sX > Sq—Sq — Y (Mj—mj) mQj > Y! (Mj—nij) mQj > X Y' mQj (2) 

The sum Y' extends only over those summands which correspond to the 
sets Qj each of which contains at least one interior point P of Ex- Such a 
point can be covered by a ball with centre at that point lying within Qj , 
and therefore we have the inequalities 

Mj—mj Mt—m d => co(P) s* X and Mu — sup /(x), m& — inf /(x) 

On cancelling (2) by X we obtain the inequalities 

e > %mQj = m(£'Qj) 

where Y'Qj contains the points of Ex each of which is an interior point of one 
of the subsets Qj entering into the partition q. The remaining points of Ex 
not belonging to Y'Qj can on ty on boundaries of the sets Qj(j = 
= 1, .. ., N) whose total measure is zero. Thus, for any X > 0 and e >0 
we have mEx «< e, that is mEx = 0. Now, since the set of all points of dis¬ 
continuity of/can be represented in the form 


Y E i * 

k=*l 

and since mEnk = 0 (k = 1, 2, ...) we conclude that mE = 0. 

The necessity of the condition of the theorem has been proved. 

Let us state the following useful definition. We shall say that a set Q c R 
possesses property {A) if it is measurable and if for any s > 0 there is a parti- 

N 

tion Q = Y®J ® into measurable parts of positive measures (mQj >• 0) 

i 

with diameters d(Qj) < e. 

An arbitrary measurable open set Q possesses property (A). For, if we 
take a rectangular network with cubes A of diameter less than s, it partitions 
Q into nonempty measurable parts Qj. Let a set Qj of this kind be a part of J 
and let x° c Qj a Q; then there is a ball with centre at x° contained in 
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Q 9 and the intersection of V& and A belongs to Qy V&A c Q Jm Now it is 
readily seen that m(y&A) > 0. 

Of course, together with the measurable open set £?, its closure Q also pos¬ 
sesses property (A). 

A rectangle, a circle and an ellipse are all examples of two-dimensional 
sets possessing property (A). Examples of one-dimensional sets possessing 
property (A) are a closed interval, a finite system of closed intervals and an 
open interval; as examples of three-dimensional sets with property (A) we 
can take a ball, a cube, an elementary figure, an ellipsoid and a torus. 



On the other hand, the plane set Q shown in Fig. 12.4 which consists of 
the circle a and of the closed interval [0,2] lying in the x-axis does not pos¬ 
sess property (A). This set is measurable because its boundary consists of a 
finite number of smooth curvilinear segments. However, if, for instance, we 
take e < 1/2, it is readily seen that it is impossible to break up Q into measur¬ 
able (in the two-dimensional sense) parts of positive measures with diame¬ 
ters less than e. 

Theorem 1 . A function f integrable on a set Q possessing property (A) is 
bounded on Q. 

Indeed, let us take an arbitrary 8 > 0 and construct a partition q of the 
set Q into parts Qj (j = 1, ..., N) of positive measures so that 

8 q = max d(Qf) < 8 
j 

Suppose that the function /is unbounded on Q; then it is unbounded on at 
least one of the sets Q j9 say on £?i. The corresponding integral sum can be 
represented as 



=f(pi)mQ 1 + £ f(Pj)m£2j 


7=2 



For the given q and fixed pj (j = 2, ..., N) the sum £ f(pj) mQj is constant 

,. 7=2 

wnile the product f(pi)mQi where pi is a variable point belonging to Qi is 
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unbounded (because rr£i\ > 0). Consequently, the integral sum S 6 is un¬ 
bounded. This shows that S e cannot tend to a finite limit as d e 0, and 
consequently the function / is nonintegrable on Q (cf. Theorem 1, § 9.2). 

For the sets possessing property (A) Lebesgue’s theorem can obviously be 
stated as follows. 

Theorem 2. Let Q be a closed set possessing property (A). Then a function f 
defined on Q is integration Q if and only if it is bounded on Q and continuous 
on Q except possibly at the points forming a subset ofQof measure zero . 

c 

§ 12.11. Properties of Multiple Integrals 

Theorem 1. If a function f is bounded and integrable on a set Q = £?'+£?" 
where Q' and Q" are measurable sets which either do not intersect or intersect 
only along some parts of their boundaries then f is also integrable on each of 
the sets Q' and Q” and vice versa. In this case* 

jfdx = Jfdx+ jfdx (1) 

Q O' Q" 

To prove the theorem we take an arbitrary sequence of partitions Qk {k = 
= 1,2, ...) of the set Q such that the boundaries of the sets Q' and Q" 
consist only of the boundary points of some of the subsets into which Q is 
partitioned. These partitions induce on Q r and Q" the corresponding parti¬ 
tions Qk and Q f k '. The further course of the proof is exactly the same as that 
of the proof of Theorem 1 in § 9.7 for the one-dimensional integral* the role 
of the closed intervals [a 9 c] and [c, b] being played by the sets Q' and Q”. 

Corollary. If a bounded and integrable function f defined on Q is redefined 
on any subset E c Q of Jordan measure zero so that the modified functionfi 
remains bounded on Q, then fi is integrable on Q and 

j fdQ = jfidQ 

Q Q 

Indeed, the set Q—E is measurable together with £?, and therefore/is in¬ 
tegrable on Q—E and, besides, 

jfdQ = jfidQ = 0 

E E 


* For an unbounded function/equality (1) may not hold. For instance, if / = 0 on a 
(see Fig. 12.4) and/ = l/x on the half-open interval y=(0,2] of the x-axisthenf f fdxdy ~ 

a 

= jjfdxdy = 0. At the same time the integral J J fdx dy does not exist. 

y a+y 





MULTIPLE INTEGRALS 


39 


Consequently,/i is integrable on Q and 

\fdQ = J fidQ+jfidQ = J fdQ+jfdQ = jfd£2 

O Q-E E P-E E Q 

By virtue of this assertion, in the case when a function / is bounded on a 
measurable nonclosed set £2 and integrable on Q it makes sense to write 

jfdx = jfdx 

Q Q 

although the function/may not be defined on Q—Q. For, if/is not originally 
defined on Q—Q and is then extended to Q—Q in an.arbitrary way so that its 
values assumed on Q—Q are uniformly bounded, the integrals of f over Q and 
over Q coincide. 

Theorem 2. Iff(x) and <p(x) are bounded integrable functions on Q and c is 
a constant then the functions 

(i)/(x)±9>(x), (ii) cf(x) 9 (iii) |/(x)|, (iv)/(x)p(x) and (v) l//(x) 

(in the last case it is supposed that |/(x) | > d > 0) are integrable on Q. Be¬ 
sides , 

\(f±<p)dx = jfdx±f<pdx ( 2 ) 

Q Q Q 

and 

j cfdx = c jfdx (3) 

Q Q 

It should be noted that the integrability of these functions readily follows 
from Lebesgue’s theorem because the Lebesgue measure of the sum of two 
sets of measure zero is again a set of measure zero. 

Equalities (2) and (3) are proved by complete analogy with Theorem 2, 
§ 9.7. The existence of the integrals of functions (i)-(v) can also be proved 
without resorting to Lebesgue’s theorem as it was done in the above-men¬ 
tioned one-dimensional theorem. 

Theorem 3. If functions fuf% and <p are bounded and integrable on Q and if 

/ 1 OPW 2 OP) and <p(P)^ 0 (P$Q) (4) 

then 

j fi<p dP j f2<p dP (5) 

Q Q 

In particular, if 

A «=/(P) B, cp{P) a»0 (6) 


lt[TllTlTTrTrr-t*fcw 
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where A and B are constants then 

AjvdP^jffpdP-sB j<pdP (7) 

a a a 

and for some C we have 

[fydP = c\<pdP (A-gC«sB) ( 8 ) 

Q Q 

Proof It follows from (4) that 

MP)<p{P) ^h(P)<p{P) (P € Q) 

whence, for any partition q of the set Q we obtain 

S e (fi9)*S e (f 2 <p) 

On passing to the limit as 5 -«■ 0 where d is the maximum diameter of the 
subsets forming the partition q we arrive at (5). 

Equality (8) is spoken of as the mean value theorem for multiple integrals. 

Remark. If Q is a closed connected set and /is a function continuous on 
£2 then 

j fp dP=f(Q) j <p dP 

O Q 

where Q is a point belonging to Q. 

Indeed, the continuity of f on the closed measurable set Q implies that/is 
integrable on Q and, besides, there are some points <2i and Q 2 belonging to 
Q at which/attains its maximum and minimum (on Q) respectively: 

min/(P) = /(<2i) = A and max/(P) = /(g 2 ) = B 

P£Q 

By the connectedness of Q 9 there is a continuous curve P = P(t) = {<pi(t ) 9 ... 
.. (p n {t)} (h^t *si t 2 ) lying within Q which joins the points (2i = P(*i) and 
Q 2 = P(t 2 ). The function 

z = /(Pit)) = f(9 1(0» • • •» <Pn(tj) = fit) [tl ■« t “S t 2 ] 


continuous on the closed interval [t l9 t 2 ] attains for some to £ [h 9 f 2 ] the 
value rp(to) =f(Q) = C where Q = P(t 0 ) 9 which completes the proof. 

Theorem 4. For a bounded integrable function fon Q there hold the inequali¬ 
ties 

dx 

Q 



cj \f[dx-*KmQ (/ST = sup |/(*)|) (9) 


Indeed, the integrability of |/| was proved in Theorem 2 and, besides, we 
have 

- !/(*) I *=/(*) l/(*)I (* € G) 
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whence 

- J l/l dx j fdx «s J |/| dx 

Q Q Q 

It should be noted that if we only suppose that |/(x) | is integrable on Q 
inequality (9) may have no sense (see the remark at the end of § 9.7). 


§ 12.12. Reduction of Multiple Integral 
to Iterated Integral 

The theorems proved below make it possible to reduce the computation of 
a multiple integral to successive integrations with respect to each of the 
variables ... 


Theorem 1. Let a function f{u 9 v) be. defined and integrable on a rectangle 
A = {a^u^b;c*zv^d} = [a 9 b] X [c 9 d] in the uv-plane. Then 

j j /(«, v) du dv = j du(j f(u, v) dv\ = f dv(j f(u, v) du\ (1) 

A a \c J c \a / 


where the expression 


d 


//(«, v)dv 



is understood as the Riemann integral of f{u 9 v) with respect to the variable v 
for a fixed value of u provided this integral exists; if it does not exist expres¬ 
sion (2) is understood as an arbitrary number lying between the upper and 
lower integrals of f(u 9 v) with respect to v £ [c 9 d\. The integral with respect to 
u over the interval [a 9 b] in the second term in (1) exists in the Riemann sense . 
The same refers to the third term in (1). 

According to what was shown in§ 12.10, the rectangle A is a set possessing 
property (A) 9 and therefore the integrability of the function f on A implies 
its boundedness on A. 

If not only the double integral of f over A exists but integral (2) also exists 
for every u € [a 9 b] then the second term in (1) is the result of the Riemann 
integration of / first with respect to v (in the one-fold sense) and then with 
respect to u. Similar assertion applies to the third term in (1). 

Proof Let us consider f(u 9 v) as a function of v defined on [c 9 d] for every 
fixed u g [a 9 b\. This function is bounded and consequently its upper and 
lower integrals exist and satisfy the inequality I(u) l(u) (a < u < b). 
Let 0(u) be a function satisfying the inequalities I(u) < &(u) 1(u) (a 

^u^b). We shall show that such a function &(u) is integrable on [a 9 b] and 
that its integral over [a, b] is equal to the double integral of f over A. To this 
pnd it suffices (see Theorem 2, § 9.4) to take the partition r of the closed 
interval [a 9 b] into N equal parts with the aid of the points of division a = 


rrm 


mrnn. 




vr- 
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= I/O < «1 

limit 


un = b 9 h = Ui—Ui-i = 


6—a 

~7T“ 


and to prove that the 


AT b 

lira Sr($) = lim £ 0((t)h= j&(u)du = ff/dudv (3) 

A ->»0 N-+00 / = i a j 

exists for any choice of the intermediate points 1/ £ wj (i = 1, ..JV) 
and is independent of the choice. 

Let ns also form the partition g of the closed interval [c, d] into N equal 
parts with points of division c = v 0 < ^ < ... < ^ = d,k = Vj— Vj-i = 

= --jy-. This results in the partition of the rectangle ^1 into congruent rec¬ 
tangles Aij = tfj x [«!/_i, to which there correspond the upper and 

lower integrals 

«$V Xtf (/) = hkYX M » 80(1 Srxeif) = 


of the function/ on J. 

Since 

#(£/) /(£/) sup /(£,, ») «5 fe 5) Afy 

j j 


and, similarly. 


j 


we have 




5rx,(/)<Z^)A^5 rXc C0 

i=l 

By the hypothesis, the function/is integrable on A and therefore there exist 
the limits 

lim Srx Q (f) = Hm S rXQ (f) = 

N-+OO N-+ OO J 

J 

Consequently, limit (3) exists, which proves the first equality (1). The second 
is proved analogously. 

Now let us consider an /i-dimensional rectangle A = {aj < xj ■ss bj\ j = 
= 1, ...,«}. We shall denote by J' the projection of J on the coordinate 
subspace of points u = (xi, . .., x m ): A ' = < xy «ss bj\ j = 1 , ..., m} 

(1 < m < n); similarly, by J" we shall denote the projection of A on the 
coordinate subspace of the points v = (x w+ i, ..., x n ): A" = {aj ^ X/ < bj; 
j = 1, ..., n). We shall also write 

x = (ir, v) and J = A'xA" 

There holds the following theorem generalizing Theorem 1: 
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Theorem 2. Let a function /(jC i, = /(ir, r) te integrable on the 

rectangle A = A'xA " (ir € u 6 

JJ/(ir,r)d»* = J du jf(u 9 v)do (4) 

J At At' 

where the expression J /(«, r) dp is understood as the Riemann integral of 

A" 

f with respect to v for a fixed u provided that this integral exists and as an 
arbitrary number lying between the upper and lower integrals of /(«, v) with 
respect to v £ A" if it does not exist. The integral with respect to u over A ' 
entering into the right-hand side of (4) exists in the Riemann sense. In parti- 
cular, if in addition to the above hypothesis , it is known that the function 
f(u, v) is integrable with respect tov £ A n for any fixed u € A\ then, without 
any further stipulations , the right-hand side of (4) is the result of the successive 
integration of f in the Riemann sense first with respect to v £ A” and then 
with respect to u € A'. 

Proof The argument is completely analogous to that in the proof of 
Theorem 1. We take the partition r of the (m-dimensional) rectangle A' into 
N m congruent rectangles A' l9 A^ ... with m-dimensional measures 

h = \4\ m = h 1 ...h m = (bl ~ ai) - (bm ~^ 

and the partition q of the (n— »i)-dimensional rectangle A" into N n ~ m 
congruent rectangles A'i, Ay, ... with (n —m)-dimensional measures 

g = \A' 3 '\— m = h m+ 1 ...h„= 

This results in the partition rX Q 

l j 

of the rectangle A. To this partition there correspond the upper and lower 

sums Srxeif) = hgJ^^Mij and £,x<>(/) = 

i j i j 

Next we consider a function &(u) defined as an arbitrary function satis¬ 
fying the inequalities I(u) &(u) I(u) where J(u) and I(u) are the lower 
and upper integrals of f(u 9 v) with respect to o € A". 

The further course of the proof is quite similar to that in the proof of the 
foregoing theorem with the replacement of £/ g [*//- 1 , uj by £,• € A\. 

Theorem 3. Let thefunctionf (x) = f(x l9 ..., x„) be not only integrable on the 
rectangle A but also satisfy the condition that , given any natural number k = 
7 = 1, .. n — 1 and any admissible set of values (xi, ..jc*)> the function f is 
Integrable on the projection A k of A on the coordinate subspace of points u k = 
^ x„). Then for the rectangle A = {aj ^ Xj asbjl j = h 
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there holds the equality 

bi b% b H 

J ... jfdx i ... dx„ = j dxi j dx 2 ... j f(x u ...,x n )dx» 

where the integrals on the right-hand side are understood in the Biemann (one • 
old) sense. 

Indeed, applying consecutively the foregoing theorem we obtain 


bi b% b% 

jfdx = J dxi jf(x 1 , h 1 ) did = J dxx J dx 2 jf(x u x 2 , u*)du 2 = 

A Q\ A* a% A * 


bi 


... b* j dXi ... j f(x 1 , .. x„) dxn (5) 




b. 


An integral of the type of f dx i J dx 2 ... j f(x .. .,x„) dx n is called 


<*i lit On 

an n-fold iterated (or repeated) integral. 

In the general case the reduction of a multiple integral to an n-fold iterated 
integral involving successive integrations with respect to each of variables is 
carried out in accordance with the lemma proved below. 

Let £2 be a bounded set. We shall denote by e± its projection on the xi-axis. 
In particular, if £2 is a domain then e± is an open interval; if £2 is the closure 
of a domain then e\ is the closed interval [a, b] where a = min Xi and b = 

= max *1 (x (jci, ..., x «)). We also denote byjQ*j the section of £2 by the 

X£Q 

plane xi = xj, that is the set of points of the form (xj, x 2 ,..., x„) £ £2. 


Lemma. There holds the equality 

J* • • . J* y(^i, •.. 9 X/i) dx i ... dXn — J* dx i J* /(xi, x 2 ,... 5 x«) dx 2 ... dxn 

Q e% Qx l 

( 6 ) 

A ZiS always valid when f is bounded on £ 2 , ex is a measurable one-dimensional 
set and the integrals J ... J and J (for any x% € ei) make sense. 

Q 

Proof. Let us embed £2 in an n-dimensional rectangle A = [a l9 b^xA' 

where A ' = {aj < xj bj\ j = 2,_//}. This is possible since die set £2 

is measurable and therefore bounded. 

Let us extend the function / from £2 to A by putting 

2 * _ (f on £2 
\0 on A —I? 

(/ denotes the extended function). 
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Now we can write (see the explanations below) 

bi 

jf(x)dx = Jf(x)dx = j dx 1 jf(x u x 2 , ..., Xn)dx z ... dx n = 

q A a\ At 

= \ dx 1 J /(Xi, x 2 , ...,x„)dx 2 ... dx n 

e l ® X 1 

The first equality in this chain holds by virtue of the fact that Q and A are 
measurable sets and / = 0 on A—Q. 

The second equality follows from Theorem 2 for the function / is not 
only integrable on Q but, as function of (x 2 , .. x„), it is also integrable on 
Q Xl for any fixed admissible values of x u and consequently it is integrable on 
A r as well because it vanishes outside jQ Xl . 

The third equality holds because e± is a measurable set and / = 0 for 
xi “6 ex and also for xi € e\ when (x 2 , . . x n ) € Q Xl * 

Example 1. The area S of the ellipse W specified by the relation j-j < 

«s 1 (a, b > 0; see Fig. 12.5) can be computed as follows (see the explana¬ 
tions below): 

a bn- (Xtlafy a _ 

S = jj 1 dxdy = J dx j dy = J 2& J/l— dx = 

W -a —bfl—(xtlat) -a 

a 

= 4-~J J fiF—&dx ~ 2ab ^arcsin= nab 
o 

Here the first equality follows from the fact that FT is a measurable (in the 
two-dimensional sense) set since its boundary is a smooth curve. 
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The second equality is a consequence of the above lemma for the closed 
interval [— a 9 a] is the measurable projection of W on the x-axis and the sec¬ 
tion W x of the ellipse by the straight line parallel to the y-axis and passin g 

through the point x € [a 9 b] is the closed interval [—6/1—( x 2 /a 2 )> 6/1 —(x 2 /a 2 )]» 
that is a measurable set in the one-dimensional sense, on which the function 
in question is equal to 1 and thus is integrable. 

Example 2. In Fig. 12.6 we see a closed set Q with boundary F consisting 
of two piecewise smooth closed contours and of a separate point. The set Q 
is therefore measurable in the two-dimensional sense. Its projection on the 
x-axis is the closed interval [a 9 6]. Any section Q x of Q by a line parallel to 
the y-axis and passing through the point x € [a, b] is a line segment or a sys¬ 
tem of two line segments or a system consisting of a finite number of points, 
all such sets being measurable in the one-dimensional sense. Therefore, if 
/(x, y) is a continuous function on Q it is integrable on Q and also integrable 
over any such section Q x with respect to y. Consequently the above lemma 
applies to f 9 and we obtain 

b 

JJ fdxdy = j dx jdy 

Q a Q z 

Now we can apply this lemma to the inner integral on the right-hand side 
of (6). 

Let e 2 (*i) be the projection of the section Q Xl on the jc 2 -axis and Q XlX » be 
the section of (the (n— l)-dimensional set) Q Xl by the plane jc 2 = *§. Then 
we have 

j /(*) dx = J dx i j dx 2 j f(x u x 2 , x 3 ,..., x„) dx 3 ... dx n 

Q e\ n*ix> 
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provided that all the sets Q XlXt (x 2 € ^ 2 (^ 1 )) are measurable in the ( 71 —2)- 
dimensional sense and that f(x l9 x 29 Jt 3 , .. x n ) as function of (jc 2 , ..., x„) 
is integrable on Q X{Xt . 

Proceeding in this way we finally arrive at the formula 

J fdx = j dxx J dx 2 J dx 3 ... j f(x X9 ..., x„)dx n (7) 

q e x e t {x{) e t (x u x t ) e n (x x . 

Here all the sets e l9 e 2 (x x ) 9 .. . 9 e„(x u ..., jc„_i) are one-dimensional and 
are supposed to be measurable; besides, we assume that the integral on the 
left-hand side of (7) and also all the inner integrals on the right-hand side 
exist. 


Example 3. The volume |£?| of the ellipsoid Q determined by the in- 

y2 ^2 

equality -^-+-^+^2 «s 1 (a, b, c =» 0) can be computed as follows (see the 
explanations below): 

a 

Q = JJJ dxdydz = j dx J dydz = 

Q —a Q x 

a b]/l-(x*la *) cYl-(x*la*)-(y*lb*) 

= J dx J dy j dz = 

a bYl-(x*la*) 

= j dx j 2 ci 1 —(x 2 /u 2 )—(y 2 /^ 2 ) dy = 



* 

O 2 





6* 





The set Q is measurable since its boundary consists of two continuous sur¬ 
faces 

F 1 ? ^ (!+£«>) 

each of which is projectable in a one-to-one manner on a bounded closed set 
in the xy-plane. 

The sections of Q by the planes and straight lines parallel to the coordinate 
axes are also measurable and closed in the one- and the two-dimensional 
sense respectively; indeed, these sets, when they are nonempty, are ellipses 
°r separate points for the section by the planes and are line segments or 
^parate points for the sections by the straight lines. 
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Thus, the function 1 is integrable on Q and on all indicated sections of Q 9 
whence follows that equality (7) is in fact applicable. 

If a function / (x, y) is bounded on a rectangle A = {a x *sb 9 c*sy*^ 
= [a, b]X[c 9 d] and if its points of discontinuity, provided there 
are such, form a set E of two-dimensional measure zero and, besides, 
/(x, y) as function of y considered for any fixed x has points of discontinuity 
only on a set of one-dimensional measure zero, then, by virtue of Lebesgue’s 
theorem, the conditions of Theorem 3 hold. Therefore we have the equality 

b b 

///(*> y)dxdy = 

A a c 

where both integrals on the right-hand side (taken with respect to x and with 
respect to y) are understood in the Riemann sense. 

In particular, these conditions hold when we deal with a function f(x 9 y) 
defined and continuous on A except possibly on a finite or countable set of 
points. 

If f(x 9 y) = cp(x) tp(y) ((x, y) € A ) where the functions <p and ip are bounded 
and continuous on the closed intervals [a, b] and [c 9 d] 9 respectively, except 
possibly at points forming some sets E\ and E 2 which are countable or, gener¬ 
ally, are of one-dimensional measure zero, then the function /(x, y) is bound¬ 
ed on A and can only have points of discontinuity belonging to the sets 
EiX[c 9 d] and [a 9 b]XE 2 which obviously are of (two-dimensional) measure 
zero. Therefore equality (6) holds for /; in this case it can be written in the 
form 

b d b d 

/ / <K X ) W(y) dxdy = j dxj <p(x) f(y) dy = J f(x) dx J f(y) dy 

A a c a c 

The extension of these properties to many-dimensional integrals is carried 
out quite easily. 

§ 12.13. Continuity of Integral Dependent on Parameter 

Let us consider the integral 

F(x) = F(x u . . x m ) = j.. .jf(x i, .x m ; j>i, ..J>„) dy t ... dy„ = 

Q 

= //(*> y) dy (1) 

Q 

where Q is a measurable set in the /i-dimensional space of the points y = 
= (yu ... 9 y n ) and the function /(x, y) is integrable with respect to y over 
Q. Then integral (1) is a function F(x) of the point x. Such an integral is 
spoken of as an integral dependent on the parameters Xi, ..., x m . 

The theorem below provides a sufficient test for the continuity of a func¬ 
tion of the type of F(x). 


j dxjf(x 9 y)dy (8) 
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Theorem 1. If a function /(x, y) is continuous on a set of the form 

GXQ (x£G,y €0) (2) 


lying in the (n + m)-dimensional space ofpoints (x, y) = (xi, .. . 9 x m ;y l9 .. . 9 y„) 
where G and Q are bounded closed sets belonging to the corresponding spaces 
of the points x and y 9 integral (1) (i.e. the function F(x)) is a continuous func¬ 
tion of the point x 6 G. 

Proof. Let us denote the modulus of continuity of the function / on set (2) 
bv the symbol o>(5,/), This set is bounded and closed and the function /is 
continuous on it; consequently co(5,/) 0(5 -► 0). Hence for x,x' £ G, we 
have 


|F(x')-F(x)| = 


f [/(*', ?)-/(*,?)] dy 


J l/(*\ jO-/(*>.P)l dy «s J ft>(|x'-x|,/) dy = 

Q Q 

= G)(|x' —x|,/) \Q\ 0 (x' x) 


which proves the theorem. 

Now let us consider an integral generalizing (1) in the case when y is a 
scalar (not vector) variable: 

F(x) = F(x i,..., ~~ j /C^i» • • • 9 Xffi 9 y) dy = 

<p(x lt ....X") 

v(x) 

= j f{x,y) dy (x € G) (3) 

tf*) 


For an integral of type (3) we shall prove the following theorem. 

Theorem 2. If a function /(x, y) is continuous on a set H of points (x, y) = 
= (xi, .. x m \y) belonging to the (m+ Yydimensional space of the variables 
* 1 , x 29 ..., x m ; y such that the points of H satisfy the inequalities <f(x) < y 
< y(x) (x £ G) where q>(x) and y(x) are continuous functions defined on a 
bounded closed set G of points x = (xi,..., x m ) belonging to the m-dimensional 
space of the variables x l9 ..., x m9 then thefunction F(x) determined by formula 
(3) is continuous on G. 

Proof First of all we note that if <p(x) and y(x) are constant functions, i.e. 
(p{x) = a and rp(x) = b (a 9 b = const), then 

b 

F(x) = J /(*, y) dy (4) 

a 

where/(x, y) is continuous on H = GX[fl, b]. For this case the continuity 
°f F on G was already proved in Theorem 1. 


4—3737 
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Let us proceed to the general case. Since /(x, y) is continuous on the boun¬ 
ded closed set H there is a constant M such that | /(x, y) | < M on H. 

Let x° £ G and let us assume at present that<p(x°) < On setting an 
arbitrary number e > 0 such that e •< l/2[y(x°)— 9 >(x°)] we can find, by 
the continuity of <p and y> at the point x°, a number 8 > 0 such that 

<p(x°)-s < 9 >(x) < (p(x°)+s 
and 


y(x9)—e < y>(x) < y(x°)+e 

for all x belonging to G and satisfying the inequality | x—x° 
x’s we can represent Fas the sum 

F(x) = Fi(x)+F 2 (x) 

where 

9 **°)+* vOO 

Fi(x)= J f(x, y) dy + J f(x, y) dy 

9>{x) yfx<>)-8 

and 

Fi(x) = j f(x, y ) dy 

pC* 0 )-* 

The term Fi satisfies the inequality 

Fi(x) | 2Me+2Me = AMs 


8 . For such 


for the indicated values of x, that is it can be made arbitrarily small for a 
sufficiently small 8. The second term F 2 is continuous at the point x°, which 
follows from the remark concerning integral (4) if we put a = <p(x°)+£ and 
b = ^(x 0 )—s. Therefore the function Fis also continuous at the point x° (see 
Lemma 1,§ 11.7). 

Finally, in the case <p(x°) = ^(x 0 ) we have 


|F(x)-F(x°)| 


v(x) 

j /(*, y) dy 


\y(x)-<p{x)\M - 


Irt*) I 

|y(x 0 ) — 9 >(x°)| M =0 (x -► X°) 


This completes the proof. 

It should be noted that if the conditions of Theorem 2 hold we have the 
equalities 

vt*) 

JJ/(X, y)dxdy= j dx J f{x, y)dy = j F(x) dx 

H G <p(x) G 

Indeed, the leftmost integral exists since if is a bounded closed measurable 
set and / is continuous on H. The first equality follows from the lemma 
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proved in § 12.12(6); the inner integral (with respect to y) of the con¬ 
tinuous function /(x, y) in the middle term exists for any x£G. The second 
equality is obtained if we substitute the expression on the right-hand side of 
(3) for F(x). If we only knew that the conditions of the above-mentioned 
lemma hold it would only follow that F(x) is integrable (with respect to x) 
on G. In the case under consideration we have more information concerning 
the function F(x), namely, we know that it is continuous on G. 

Example. Let us consider a continuous function /(x, y 9 z) defined in unit 
ball ft). The integral of the function over that ball can be written as 

+1 Yl-x* Yl-x*-y* 

j/dco= J dx J dy J f(x, y, z) dz 

® -i -Yi- x *-y* 

The inner integral 

Yl-x*-y* 

Fix, y) = j fix, y, z) dz 

is a function F on (jc, y) defined in the circle 8 determined by the inequality 
x 2 +y 2 < 1. It is continuous on a. Indeed, the function /is continuous in the 

closed ball co and the surfaces z =—tf 1—x 2 —y 2 and z = Y 1 — x 2 —y 2 
(x 2 +y 2 ■« 1) bounding the ball are described by functions continuous in the 
circle a. Therefore the continuity of F on a follows from the above theorem. 
Hence we have 

i / \ 

Jfdco =1^1 / F{x,y)dy\ 

® -1 ) 

The integral 

YT^x* 

0 (x) = J F(x, y) dy 

is in its turn a continuous function of x 6 [— 1, +1], which follows from the 
same theorem. Indeed, F(x, y) is continuous in the circle o which is a bounded 

clos ed set of points (x, y) 9 and the boundary curves y =—]/l —x 2 and y = 

= YT-x 2 (— 1 ^ x < 1) of a are continuous. Consequently, by Theorem 2, 
®(x) is continuous on [— 1, +1]. 

§ 12.14. Geometrical Interpretation of the Sign 

of a Determinant 

Let us take a system of rectangular coordinates (xi, X 2 ) in the plane (see 
Figs. 12.7 and 12.8). 

For definiteness, we shall suppose that the positive half-axis Xz is obtained 


4 


iftn'ipwiiii' 
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Fig. 12.7 Fig. 12.8 


from the positive half-axis x\ by rotating the latter through an angle of 90° in 
counterclockwise direction. Let us also consider two nonzero vectors a — 
= (au d 2 ) and b = (hi, h 2 ) issued from the origin such that the determinant 
formed of their components is different from zero: 

A= Ql bl ?£0 (1) 

d 2 b 2 

If the determinant A is positive (A >» 0 ) the direction of the vector b is 
obtained from that of the vector a by turning the latter in the counterclock¬ 
wise direction through an angle less than n\ if A < 0 it should be turned 
through an angle greater than a. Indeed, without violating generality, we can 
assume that a and b are unit vectors: a = (cos a, sin a) and b = (cos/?, 
sin/?). Then A = sin (/?—a) whence A > 0 for 0 < /?—a< n and A <0 for 
7r</?—a< 2 jt. 

Now let us consider three vectors a = (du a* ^ 3 ), b = (hi, h 2 , h 3 ) and c = 
= (Cl, c 2 , c 3 ), in the three-dimensional space with rectangular coordinates 
(xi, jc 2 , jc 3 ) (see Fig. 12.9), such that the determinant formed of their compo- 



Fig. 12.9 
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neats is different from zero: 

ai h ci 

A = a% bz Cz ji. 0 

a 3 b 3 c 3 

The similar determinant formed for the unit vectors ii = (1, 0, 0), iz = 
ss (0,1,0) and is = (0,0,1) of the axes Ox i. Ox 2 and Ox s is positive: 

1 0 0 

0 10=1 

0 0 1 

If A > 0 then it is possible to construct three continuous vector functions 

a(0 = (ai(/), a 2 (0, « 3 (0) 

m =(^(o, m> m) 

and 

Y(0 = (yi(0. M0> M0) 

defined on the closed interval 0 < t < 1 such that the conditions 

a(0) = a, 0(0) = A, 7(0) = c, a(l) = i u 0(1) = i 2 , 7(1) = / 3 

are satisfied and the determinant of the components of these vectors is posi¬ 
tive for any t € [0,1]: 

«i(0 « 2 (0 a 3 (0 

40 = m 0 2 (O 0z(t) > 0 (2) 

7i(0 72(0 ys(0 

If d < 0 it is impossible to construct three continuous vector functions 
possessing the indicated properties and such that A(t) ^ 0 for f € [0,1] and 

41) = 1. 

' In the case A > 0 the ordered triple of vectors a, A, c is said to be oriented 
like the triple iu i* 2 , / 3 while in the case A < 0 the triple a, A, c is said to have 
the orientation opposite to that of the triple iu * 2 , h- 
A similar characteristic (of the first and second cases) can be given for 
pairs of vectors a and A in the plane (see § 13.8). 

Let us prove the assertion stated. It is evident that for the interval 
[0,1/4] of the variation of the parameter t we can choose the vectors a(t\ 
0(0 and 7(0 so that they coincide with a, A and c for t = 0 and retain the 
directions of the given vectors a, A and ^respectively, for t € [0,1/4] while 
their lengths vary continuously and monotonically so that |a(l/4)| = 
5=2 10(1/4)1 = |7(l/4)l = 1. Next we keep the vectors a and 7 constant on 
the interval t g [1/4,1/2] (a(t) = a(l/4), 7(0 = 7(1/4)) while the vector 0 is 
rotated continuously and monotonically in die plane L of the vectdrs a and A 
(°r> which is the same, in the plane of the vectors a(l/4) and 0(1/4)) so 
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that for the value t = 1/2 of the parameter the vector /J(l/ 2 ) is perpendicular 
to a(l/4) = a(l/2). Let us consider the unit vector d perpendicular to L whose 
terminus lies on the same side of L as the terminus of 7(1/2). Now let us keep 
the vectors a and /? invariable for the interval t € [1/2, 3/4] and vary only 
the vector 7 , namely rotate it monotonically and continuously in the plane 
of the vectors 7(1/2) and d so that it coincides with d for / = 3/4 (7(3/4)= 
= </). Now we have the triple of vectors a(3/4), /?(3/4) and 7(3/4) which 
are mutually perpendicular and have unit lengths. Finally, for the interval 
[3/4,1] of variation of the parameter t we regard the triple a, /J, 7 as a rigid 
tetrahedron which is rotated as a rigid body so that for t = 1 we have 

a(l) = ix, (i(l) = f 2 , 7(1) = i/s (3) 

If we have J(0) > 0 at the beginning of the above process then we shall 
have A(t) > 0 for all the values of t belonging to [0, 1 ] because this process is 
such that the vectors a(t)> fi(t) and 7(0 are not coplanar for any value t £ 
€ [0,1] and thus A(t) 0, whence it follows, by the continuity of the func¬ 
tion J(0 , that A(t) > 0 for all t € [0, 1 ]. Consequently, if A(0) >0 then there 
must be in fact the sign in the third term of (3) (i.e. 7(1) = is). It is also 
evident that if A(0) < 0 then A( 1 ) < 0 and 7(1) = —is. 

§ 12.15. Change of Variables in Multiple Integral. 

Simplest Case 

We shall investigate how the integral 

J J f(xu x 2 ) dxi dx 2 (1) 

or 

is transformed when a change of variables of the form 

jcl = axi+bx 2 , x 2 = cxi+dx 2 (2) 

is made in it on condition that 


|c d\ 

Let us suppose that Q' is a domain with a continuous piecewise smooth 
boundary curve f 1 ' (Fig. 12.10). 

The transformation inverse to (2) specifies a mapping of Q' on a domain Q 
in the JCiXa-plane having a piecewise smooth boundary r (Fig. 12.11) and 
determines the function 

F(x i, JC 2 ) = f(axi+bx 2 , cx!+dx 2 ) ((* 1 , x 2 ) € fi) 

defined on Q. 

Let us construct a rectangular network in the XiXz-plane with squares A 
having sides of length h. Equations (2) determine a transformation of this 
network into a network lying in the xix^piane which is oblique-angled in 
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O 

Fig. 12.11 


the general case and partitions the xixi-plane into congruent parallelograms 
(the images of ri’s) with areas 

\A'\ = \D\ \A\ = |2>|A 2 , D= ° b (3) 

c a 

Thus we obtain some partitions g and g' of the domains Q and Q\ respec¬ 
tively, specified by these networks. 

For the corresponding integral sums we can write 

W) = E/(^^2)M'I =ZF(x 19 x 2 )\D\\A\ = 

= S q (\D\F) ((x* x 2 ) € ri) 


(4) 
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We extend the second sum in (4) only over the entire squares A c Q and the 
first sum only over the entire parallelograms A' corresponding to them. On 
passing to the limit in (4) as h 0 we arrive at the formula 

JJ*a) dx 2 = JJ F(x 1 , x 2 )\D\ dx 1 dx 2 = 

& Q 

= \D\ JJ F(x 1 , x 2 ) rfxi rfx 2 (5) 

Q 

In this argument we can assume that the function / is continuous on Q'\ 
then the function F is continuous on D and both integrals in (5) exist. The 
fact that equality (5) holds was proved above. But it also suffices to suppose 
that/is integrable on Q'\ then the first sum in (4) tends to a finite limit as 
d(A r ) -*» 0, which automatically implies the existence of the limit of the second 
sum equal to the former when d(A) -+■ 0, that is the existence of the second 
integral in (5) equal to the first one. 

In the next section we shall derive and prove a more general formula for 
change of variables in multiple integrals. 

§ 12.16. Change of Variables in Multiple Integral. 

General Case 

Theorem 1. Let Q be a measurable domain in the n-dimensional space R=R n 
of the points x = (jci, ..., x n ) and Q’ be a measurable domain in another n- 
dimensional space R r = Rhof the points x' = (xi, ..., x'„). 

We shall suppose that transformation formulas 

x'j =<Pj(x) = <Pj(xu 0 = 1, x$Q) (1) 

specify a mapping of D on Q’ under which the points x £ D go into the points 
x r £ This mapping will be written in the shortened form as 

x' = Ax (10 

Let us suppose that the operator A possesses the following properties : 

(i) The mapping of Q on O'* under the operator A is one-to-one: 

QzzQ' ( 2 ) 

(we do not require that the operator A should specify a one-to-one correspon¬ 
dence between the points of the boundaries of Q and Q’). 

(ii) The functions f p,(x) are continuous and possess continuous partial deri¬ 
vatives of the first order on Q. The Jacobian** of the functions <pj(x) will be 

* The condition that O' is a domain may not be stated initially because it follows 
from the continuity of Ax on Q and from (2) (see § 12.20, Theorem 3). 

** We do not impose any conditions on the sign of D(x). But the conditions of the 
theorem do in fact automatically imply that the inequality D(x) > 0 or D{x) 0 is ful¬ 
filled throughout Q (see § 12.21). 
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denoted as 



fa 

d<Pi 

dxi 

9x, 


&P. 

0*1 ’ ’ ’ 

&x H 



Further , let 


F(x') =/(*i. • • *n) 

be an integrable function defined on Q*; substitution (1) transforms it into the 
function 

F(x) = f{Ax) = f[<f! (x), ..., 9 >„(x)] (x € Q) (4) 


Under these conditions there holds the formula 

J fix’) dx’ = j F(x)|D(x)| dx (5) 

Of Q 


for change of variables in the multiple integral which asserts that the integral 
on the right-hand side of (5) exists and is equal to the integral on its left-hand 
side. 

In particular , if the function fix') is continuous on D r then Fis also a contin¬ 
uous function on D and both integrals in (5) are sure to exist. In this case the 
meaning of formula (5) is that these integrals are equal. 

The most intricate part of the theorem can be stated separately as the lem¬ 
ma below whose proof will be given in§ 12.17. Here we shall state the lemma 
and show immediately that equality (5) follows from it. 

Lemma. 1 Let the conditions of Theorem 1 hold and let A (zQ be an arbit¬ 
rary cube with edge h and A ' = A(A) be its image {lying in Q') under the map¬ 
ping A. Then there holds the relation 


\A’\ = \D(x)\ \A\+0 (h”co(h)) (|0 {h"co{h))\ *zC\h"co(h)\) 


where D(x) is the value of the Jacobian D at one of the points x £ A, 


and 


co(h) = sup cofj(h) 
y* 1. •. •» h 



COijih) = 


sup 

\x-y\ -cA 




(the latter expression is the modulus of continuity °f^~ on @) / constant 
C In (6) is independent of A, that is of h and of the location ofA within Q. 
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It is important to note that since, by the condition of the theorem, the 

partial derivatives are continuous on the bounded closed set Q, their 

moduli of continuity tend to zero as h -► 0 
therefore we also have 

<o(h) - 0 (h - 0) (8) 

Consequently the remainder term in formula (6) satisfies the inequality 

1 0(h n <o(h)) | < Ch n eo(h) = o(h n ) (h - 0) (9) 

which holds uniformly with respect to x £& because the right-hand member 
of (9) does not depend on x € As to the first term on the right-hand side 
of (6), it can be written as 

|D(x)| \A\ = |D(x)| h n 9 i.e. \A'\ = |D(x)| h n +o(h n ) (h -*■ 0) 

In particular, this equality shows that, given any x £ Q, there holds the 
relation 

Um ^ = |D(*)| (x € A) (10) 

which means that | D(x) | is equal , to within an infinitesimal o(l) (h -► 0), to 
the magnification coefficient of an elementary volume in the vicinity of the 
point x under the transformation specified by the operator A . 


(o)ij(h) 0 for h 0), and 
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Fig. 12.12 



J ? 1 


Let us break up Q with the aid of a network consisting of cubes with 
edges of length h (Fig. 12.12). The part of the network contained in Q goes, 
under the mapping A, into a network of curvilinear surfaces dividing Q' into 
measurable parts (Fig. 12.13); in this connection see Theorem 3, § 12.5. 

Let us denote by A the entire cubes of the network which enter into Q to¬ 
gether with their boundaries. Under the mapping A the interior of A goes 
into the idterior of A’ and the boundary of A into the boundary of A' (this 
assertion requires a formal proof; see§ 12.20, Theorem 3 and the remark to 
this theorem). If h -*» 0 then the maximum diameter of the subsets forming 
the corresponding partition of Q’ tends to zero because the functions q>j(x) 
in transformation (1) are uniformly continuous on Q. 
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According to Lemma 1, we have 

£/(*') M' I - I F(X) (| 0(x) I \A |+ 0(co(h)h”)) (11) 

where A' = A(A) 9 the sum extends over all A\f(x’\ F(x) and D(x) dentoe, 
respectively, the values of/, Fand D at one of the points of A' or A. On pass¬ 
ing to the limit in (11) as A 0 we arrive at equality (5). Indeed, the constant 
C (see (6)) is one and the same for all the summands on the right-hand side of 
(11), and therefore, taking into account the boundedness of F on Q (|F| < 
K)> we obtain 

\^F(x)0(co(h)h n ){ ^£Co)(A)£|zl| *sKCw(h)\Q\ - 0 (A - 0) 
Further, by the integrability of / on Q\ we have 


Km !/(**) M'I 
*-►0 


lim Y l /(x r )\A'\ = f fix') dx' 

max | ^ |-^0 J 


Consequently there exists the limit 


lim£F(x)|L>(x)||J| = f F(x)|D(x)| dx 
h-+0 i 


equal to the integral on the right-hand side of the above relation. Hence, the 
integral of F(x) | D(x) | over Q exists. We have thus shown that formula (5) 
follows from Lemma 1. 

§ 12.17. Proof of Lemma 1, § 12.16 

We shall carry out the proof of Lemma 1 for the case of dimension n = 2: 

x'i = (pix i, x 2 ) (i = 1, 2) (1) 

From the course of the proof and from the remarks it will readily be seen 
that the same argument can be applied in a completely analogous way to the 
n-dimensional case. 

Thus, let A = {x? < x t < x?+A; i = 1, 2}*; this set is shown as the 
square PA X CA 2 in Fig. 12.4. Let A' (the image of A) be the curvilinear paral¬ 
lelogram F'A^C'Ai (see Fig. 12.15). The set A' is a domain whose boundary 
/ is the image under A of the boundary y of the square A (see § 12.20, 
Theorem 3). For instance, the side of A described by the equation x 2 = *g 
goes into its image which is the curve 

A = A = <p 2 (x x, xg) (xg x ± < xg+A) 

specified by the continuously differentiable functions q> x (x l9 xg) and q> 2 (x l9 xg) 
of the parameter Xi.** We do not call this curve smooth because it is not 

* In the n-dimensional case A = {*? < x# < xf+h; / = 1, ...»/*}. 

** In the ^dimensional case the part of the boundary of A' corresponding to the face 
*i 853 is determined by the equations = <pfac l9 .. xf, x i+ i,..., x H ) 
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l 



o* *; 

Fig. 12.15 


excluded that the partial derivatives (x x , x%) and (x x , x£) may simul¬ 
taneously vanish for some value of Xi. But nevertheless, it is of measure zero 
(see Theorem 3, § 12.5). 

We have to prove the equality 

M'| = |D(x»)| \A\+OQtko(h)) (|0(/fto0O)l < C]/i%(/i)|) (2) 

where the constant C is independent of x° € Q. This independence means that 
equality (2) remains valid when x° is replaced by an arbitrary point x£ A* 
Since the functions q>t are continuously differentiable we have 

x't = x?'+(g) i (x 1 -x^+ (g)/x 2 -xg) (» = 1,2; x € A) (10 

where ( )i denotes the result of the substitution of a point x = (xi, xs) € ^ 
into ( ). 

* By virtue of§ 12.16(7), wehave||D(x)|-|XK* # )ll ^ |D(*)-.D(x 0 )| «s|Ca<A^2)l < 
< 2CaA.h). 
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Together with mapping (1) which can also be written in equivalent form 
(1') we shall consider the linear mapping x" = A*x specified by the relations 

=^'+(§S)o (xi -^ )+ (l5)o (x2 ~^ ) (i = h 2) (3) 

with constant coefficients ((^) 0 k result of the substitution of the 

point x° into Under mapping (3) the set A goes into a parallelogram 

J" with a boundary y". The parallelogram can be regarded as being con¬ 
structed on the vectors 

“ WS).- *(S)J (i “ >• 2 > 

(as sides) issued from the point x°. Their lengths are 

i™'"'"* 0 - “-V (£)!+(£•)! < 4 > 


(/= 1 , 2 ) 


Let us estimate the distance between the points x' and x" corresponding to 
one and the same point x £ A. From the equality 

we obtain (see§ 7.10 (10))* 

| x'i'—x't | «s a(jl/2fi)h+(o(y2h)h 4to(h)h (5) 

f 

and 

I = Kxi-xtfHxZ-xtf c 6co(/i>A = A (6) 


Thus, the point x' is inside the circle of radius A with centre at x". 

Let us describe the circles «V' of radius A with centres at each point x" £ y" 
(y" is the boundary of A") and denote by e the union of all «V' correspond¬ 
ing to all x € y. If the acute angle of the parallelogram A" is not too small 
the set e will have a shape like that shown in Fig. 12.16, that is it will look as 
a “frame” with rounded outer angles enclosing the parallelogram A"—e. 

The circle where y" is the centre of the parallelogram A" is entirely 
contained within^"— e. Since the centrey of the square A goes into y” under 
the mapping A * we have y r g c A''—e. 

Let us denote by Hi the altitude of A " perpendicular to its /th side (the 
length of the ith side is ajt\i = 1,2). The disposition shown in Fig. 12.16 is 
sure to take place if 

Hi > 4A (i = 1, 2) (7) 


* In the case of dimension n we s hould replac e the numbers 4 and 6 in the right-hand 
sides of (5) and (6) by n(Yn+ 1) and 1) 2 respectively. 
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The area of the frame e obvi¬ 
ously does not exceed the sum 
of the areas of the four circles 
of radius A with centres at the 
vertices of y" plus the sum of 
the areas of the rectangles of 
altitude 2 X constructed on the 
sides of the parallelogram A 
as bases. 

Consequently* 

2 

\e | 2 Xa t h «= 


19 


i=l 

Kh\o{h) 


( 8 ) 


up, and 


ty>t 

dxj 


are bounded on 


m 


'i 


Q because so are a t and co(h)j where JST is a constant independent of h and 
of the location of A within Q. 

Since y' is contained in the set e and A 9 is a bounded set (because the 
functions (pi are continuous and therefore bounded on Q) it is intuitively 
clear that 

A”—e a A 9 <z A" + e (9) 

Below we present a rigorous deduction of relation (9), and now we shall 
use it to estimate \A'\. 

It follows from (9) that \A'\ = \A"\+0\e\ (— 1 0 < 1). 

Consequently, by virtue of (8), and taking into account that the area of 
the parallelogram A" is equal to the absolute value of the determinant 
formed of the components of the vectors serving as its sides, we see that 

\A f | = \LKxP)\h 2 +0(hMh)) 9 \0(h^(h))\^Ch*a>(h) 

where the constant C is independent of x° and h. 

Let us prove (9). The inclusion relation A"—e c A' follows from the fact 
that A”—e necessarily contains at least one point y* 6 A 9 and does not 
contain any boundary point of A 9 since all the boundary points of A' belong 
to e. If A"—e contained a point z not belonging to A r then the line segment 

y’z (joining the pointy' € A 9 with the point z £ A 9 ) would contain a boundary 
point of A r . 

The inclusion relation A 9 c A"-he can be established as follows. Suppose 
that there is a point z 9 6 A'—(A” + e). Let us issue from the centre of A” a 
ray passing through z! and watch the variable point moving along that ray 
from the centre of A" to infinity. Since A' is a bounded set (because the func- 


* In the case of dimension n we shall have Kco(h)h H on the right-hand side. 
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tions (pi and q >2 are bounded on 3) this variable point must necessarily pass 
through a point belonging to y' (/ is the boundary of A% which is impos¬ 
sible since / c e. 

It now remains to consider the case when there holds the inequality 

Hi AX (10) 

for some 1 = 1,2 (in particular, this is the case when D(x°) = 0 and the pa¬ 
rallelogram A" degenerates'). 

In this case, by (8), (4), (5) and (6), we have 

D(x°)h 2 = \A"\ = dihHi = OQiMh)) 

and 

\A'\ = \e\ + \A"\ = 0(h 2 co(h))+0(hMh)) 

which means that equality (2) is valid because the difference between its 
left-hand member and the first summand on its right-hand side is of order 
O(h n co(h)y 

Thus, in all the possible cases we have relation (2), and the constant C 
is independent of h and of x° £ Q. The remarks made in the course of the 
proof show that the general case of an arbitrary dimension n can be treated 
in just the same way. 


§ 12.18. Double Integral in Polar Coordinates 


The formulas 


x = q cos 0, y = q sin 6 



describe the transformation of polar coordinates in the plane into Cartesian 
coordinates. The right-hand sides of (1) are continuously differentiable func¬ 
tions with Jacobian 


n _ />(*, y) _ 


cos 0 
— gsinO 


sin 0 
q cos 0 



0 



Let us consider an auxiliary plane with Cartesian coordinates (g, 6 ) and 
the domain 


A = {q > 0, 0 < 0 < 2jz) (3) 

lying in this plane. It is obvious that formulas (1) specify a one-to-one 
mapping of A onto the xy-plane with the positive half-axis x (i.e. the ray 
® = 0 in the xy-plane) deleted. We shall denote this plane (with the deleted 
, r ay) as A'. The Jacobian D is positive onA(D > 0). 

Now let us consider an arbitrary measurable (in the two-dimensional 
sense) domain in the xy-plane and a continuous function /(x, y) defined in 
fhe closure of that } domain. On deleting from this domain die points belong- 
to the ray 0 = 0 (provided there are such) we denote the remaining set 
^ Let us suppose that Q f is a domain or a union of a finite number of 
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pairwise nonintersecting domains. Formulas (1) specify a mapping Q ** Q’ 
of the set Q' on a set Q (we shall additionally suppose that Q is measurable). 
Under these conditions there holds the equality 


///(*» y)dxdy = jjf(q cos 0, q sin 0)g dq dd 


(4) 


sr 


m 


for the conditions stated imply that all the requirements of the theorem on 
change of variables in a double integral are fulfilled (that is the function/is 
continuous on transformation (1) is continuously differentiable on Q> its f 
Jacobian is equal to q > 0 and £2 ** £?'). 

In the resultant formula (4) we can now replace Q and Q' by their closures 
D and respectively, because this only adds to the domains of integration f 
some sets of measure zero. 

If the domain Q has the shape of a sector bounded by two rays 0 = 0i and 
0 = 0 2 (0i < 02 0 i+2tt) and by a continuous curve q = y>(Q) then for¬ 

mula (4) yields 

Bt y(0) 

///(*, y)dxdy = j dd j f(q cos 0, q sin 0)g dq (5) 

Of «i o 

Formula (4) can also be derived on the basis of geometrical considerations 
without resorting to the auxiliary plane with Cartesian coordinates (q, &). 



jS&I 


'4 


r- 

‘•j*?" 

es 


To this end we break up the xy-plane into small cells with the aid of con¬ 
centric circles with centre at the origin and rays issued from the origin (see 
Fig. 12.17). The area AS of a small curvilinear cell of this partition located 
in the vicinity of a point (g, 0) (or, as we say, the element of area in polar 
coordinates) is equal, to within infinitesimals of higher order, to qdqdO: 
AS ~ qdq dd. Therefore, if we proceed from such a partition and pass 


1 
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to the limit in the corresponding integral sums we arrive at 

lim YJte A eAQ = f f /(e, 0 )q dq dd 

4?, 49-0 J Q J 

Example: 

R 2 n 

JJ e^ xZ+yl) dx dy = J J efqdq J0 = 7r(e**— 1) 

o o 

Remark. The mapping (or, synonymously, operator or transformation) 
determined by formulas (1) is continuous on the closure A of the domain A 
and establishes a one-to-one correspondence A ** A'. However, this does not 
necessarily mean that there is a one-to-one correspondence between the 
points of the boundaries of A and A ' (see Theorem 1,§ 12.16). 


§ 12.19. Triple Integral in Spherical Coordinates 
The formulas 

x — q cos 0 cos q> 9 y = q cos 0 sin <p, z = q sin 0 


( 1 ) 


describe the transformation from spherical (polar) coordinates in space to 
Cartesian coordinates (see Fig. 12.18). Here q is the distance from the 
variable point P(x 9 y 9 z) to the origin, 

0 is the angle between the radius vector 
q of the point P and its projection on 
the xy-plane and <p is the angle between 
this projection and the positive x-axis. 

The angle <p is reckoned in the direc¬ 
tion of the shortest rotation of the x- 
axis about the z-axis making the former 
coincident with the y-axis. 

The functions on the right-hand sides 
of (1) are continuously differentiable, 
their Jacobian being 

D = tstHtt = e 2 cos 0 (2) 

Let us consider an auxiliary three- 
dimensional space with Cartesian co¬ 
ordinates (q 9 0, <p) and the open set 



0<y, 0 < 


2jrJ 


(3) 


lying in this space. 

Transformation (1) establishes a one-to-one correspondence between the 
points of A and the points of the three-dimensional space (x, y 9 z) with the 
half-plane <p = 0 (i.e. the set of the points (x, 0, z) 9 x 0) deleted; denoting 


5—3737 
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this space with the deleted half-plane by A', we can write 

A ~ A (4) 

Now let us consider an arbitrary measurable three-dimensional domain in 
the xyz- space and a continuous function /( x 9 y 9 z) defined in the closure of 
that domain. On deleting from this domain the points belonging to the half¬ 
plane tp = 0 (provided that it contains such points) we denote by Q r the re¬ 
maining point set. Let us suppose additionally that £?' is a domain or a finite 
sum of pairwise nonintersecting domains. The image of Q' under mapping 
(4) is a set Q; we shall suppose that Q is also measurable. 

Under the conditions imposed there holds the equality 

J J /(*, y 9 z)dxdydz = jjj F(q 0, tp) g 2 cos 0 dq df) d<p (5) 
or o 

where 

F(g, 0 9 tp) = /(g cos 0 cos q> 9 q cos 0 sin tp 9 q sin 0) (6) 

Indeed, the above conditions mean that all the requirements of the theorem 
on change of variables in a multiple integral are fulfilled. 

Now we can replace, if necessary, Q and Q' in (5) by D and D' respectively. 

Suppose that o’is a surface described in spherical coordinates by a function 
q = y(0, tp) ((0, tp) € co where co is a domain) which is continuous on the 
closure of co. Let Q be the measurable three-dimensional domain in the xyz- 
space bounded by the surface a and by the conical surface whose vertex 
is at the origin and whose elements pass through the edge of a. Then if 
f(x 9 y 9 z) is a continuous function on Q we have 

v(o,<p) 

j j jfdxdydz = j j dd dq J Fg 2 cos 6 dq 

Q co 0 

In particular, if co corresponds to the entire unit sphere the above integral is 

ff/2 2 n tp(O t 9) 

equal to J cos 0 dO J dtp J Fg 2 dq . 

-w/2 0 0 

To derive the expression of the element of volume in spherical coordinates 
in a visual way let us partition the xyz-space into small cells with the aid of 
a family of concentric spherical surfaces with centre at the origin O (i.e. at 
the point q = 0), a family of planes passing through the z-axis and a family 
of circular surfaces having Oz as axis. It is readily seen that the volume Av 
of a small cell thus obtained lying in the vicinity of a point (g, 0, q>) equals, 
to within infinitesimals of higher order, to g 2 cos 0 dq dO dtp : Av ~ 
~ g 2 cos Odq d6 dp. 

Remark. Operator (1) is continuous on the closure A of the domain A 
and sets up a one-to-one correspondence A ** However, this does not 
necessarily mean that there is a one-to-one correspondence between the 
points of the boundaries of A and A. 
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§ 12.20. General Properties of Continuous Operators 

In this section we shall discuss some general properties of an operator 
A specified by relations of the form 

x' = Ax, x = (xi, .. x n ) € & c R, x' = (x\ ..x«) £ £?' c R' 

establishing a one-to-one correspondence £2 ** £2' between the points of some 
sets £2 c R and £2' c R'. It is thus assumed that the inverse operator A" 1 
(x = A^x', x' £ £2') exists. 

We shall use the following notation. If a point belonging to £2' is denoted 
x' this will mean that x' = Ax (x £ £2). By e' we shall denote the image of 
e c £2 under A: e' =- Ae. Finally, a x and oy will, respectively, denote some 
balls in R and R' with centres at x g R and x' £ F'. 

Theorem 1. Tjf fAe operator A is continuous and one-to-one on a bounded 
closed set F then the set F' (the image of Funder A) is also bounded and closed , 
and the inverse operator A “ x is continuous on F'. 

Indeed, let x\ £ F’ (/ = 1, 2,...), y 0 g R' and x/ y 0 . Then there is a 
subsequence X 4 and a point xo € Fsuchthatx/^ x 0 (because F is bounded 
and closed) and, by the continuity of A on F, we have x\ h = Axj k -*■ Axo. 
Consequently, y 0 = Axo which shows that F' is a closed set. The set F' is 
bounded because, if otherwise, there would exist a sequence of points x\ 
with |x /1 00 , which is impossible because then there would exist a sub¬ 

sequence X 4 and a point x 0 <i F such that Axi h -»> Ax 0 . 

Now we must prove the continuity of the inverse operator. Let x/, xi 6 F' 
(/ = 1,2,...) and xj xi. If we supposed that the point x/ did not tend to 
x 0 then there would exist a subsequence xi k and a point x m x 0 such that 
x {* x * (k -► 00 ) since the set Fis bounded and closed. It would follow that 
xi k Ax k and, since x'i k -+■ Ax 0 , we would obtain Ax 0 = Ax k . Since the 
operator A is one-to-one this would imply that xo = x*, and we would 
arrive at a contradiction. 

Theorem 2. Let the conditions of Theorem 1 hold . Then the image ( o x )' of 
any ball o x c F under the mapping A contains a ball oy, that is if g c Fis an 
open set (or a domain) 9 the set g' is also open (or, respectively , is a domain). 

, This important theorem was proved by L. E. J. Brouwer; the proof which 
we do not present here can be found, for instance, in the book by W. Hure- 
wicz and H. Wallman, Dimension Theory , Princeton, 1941. 

For the special case when the operator A is continuously differentiable 
and the corresponding Jacobian does not vanish on g the proof was given in 
§ 7.18. 

Theorem 3. Let Q be a domain and let a continuous operator A (Ax = x') 
defined on Q establish a one-to-one correspondence 

£2 s* Q' f 2 ') 

between the points of the sets Q and £2'. 


5 
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Then 

(i) if g czQ is a bounded domain and g c Q 9 then the boundary y of g is a 
nonempty set 9 g' is also a domain and its boundary is y r (the image of y under 

A): 

(ii) if g c Q is an arbitrary domain then g r is. also a domain; in particular , 
the set Q' is also a domain . However , the correspondence between the boundaries 
of Q and Q r may not be one-to-one (see the remarks at the ends of §§ 12.18 
and 12.19). 

By the condition of assertion (i), the bounded closed set g+y = g goes 
into the set g'+y' under the continuous operator A 9 the correspondence 
between the points being one-to-one. Therefore, by the foregoing theorem, 
the set g'+y' is closed andV is a domain since it is the image of the domain 
g c g+y = g. Therefore y' is closed and, moreover, it is the boundary of 
g f ; the latter property is implied by the fact that under A and, consequently, 
under A" 1 as well, a domain is mapped onto a domain. 

Now let us suppose that g c Q is an arbitrary domain (it is not required 
that it should be bounded and that g should belong to the domain £?; see 
the condition of assertion (ii)). Let Xq £ g f and let o Xo c g be an open ball 
(which is a bounded domain) such that a Xo c g. As was proved above, 
(a Xo ) r is a domain and consequently it contains a ball o X q9 which means that 
g' is an open set. The connectedness of g' follows from the connectedness 
of g since the operator A (Ax = x') is continuous. 

Remark. Suppose that the conditions of the theorem on change of vari¬ 
ables in a multiple integral are fulfilled (§ 12.16). Then the following asser¬ 
tions hold: 

(i) If A is a (closed) cube contained in £2 then its interior goes into the inte¬ 
rior of A' under the mapping A while the boundary of A goes into the boun¬ 
dary of A' (see Theorem 3). 

(ii) There is no cube contained in the set Qo = (2>(jc) *= 0}. For, if there 
were a cube A c Qq 9 its interior would be mapped by the operator A on a 
nonempty open set A' and this would imply that \A'\ > 0. On the other 

hand, \A'\ = j | D(x) | dx = 0, which leads to a contradiction. 

A 

% 

§ 12.21. More on Change of Variables 
in Multiple Integral 

We shall show in this section that if the conditions of the theorem on change 
of variables (§ 12.16) are fulfilled 9 then there cannot exist a pair of points 
y 9 z € Q such that D(y) > 0 and D(z) «< 0. 

We shall prove this assertion by contradiction. Suppose that there is such 
a pair of points; then there also exists a cube A c Q within which the Jaco¬ 
bian D changes sign. Let us prove this auxiliary assertion. 

To this end we join y and z with a continuous curve C c Q. Each point of 
C can be covered by an open cube, with edges parallel to the coordinate axes 
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and centre at that point, lying within Q. This system of cubes contains a fi¬ 
nite subsystem as2li,ri 2 » .. 4v so that they follow one after another along 
the curve C regarded as being oriented from y to z. One of these cubes must 
necessarily satisfy the indicated property. Indeed, if a change of sign ta¬ 
kes place in A\ then this property obviously holds. If this is not the case let 
us assume, for definiteness, that D(x) s* 0 on A± and denote by k the 
largest of the indices j for which D(x) > 0 on Aj (J = 1, ..., k). Then either 
D(x) changes sign on A k+1 or D(x) 0 on A k+1 . But the latter is impossible 
because this would mean that 


D{x) = 0 on the nonempty rect¬ 
angle A k A k+1 (see assertion (ii) 
in the remark in§ 12.20). We have 
thus proved the existence of a 
cube A within which D changes 
sign. 

If A is a rectangle in which D 
changes sign, that is if there are 
interior points jr and z of A such 
that D(y) > 0 and D(z) < 0, we 
can always assume that both 
points are in one plane Xj = a for 
some a. 



Fig. 12.19 


Indeed, let us construct cubes 

A' and A" consisting of interior points of A with centres aty and z respect¬ 
ively, such that D(x) > 0 on A' and D(x) <0 on A”. Let the faces of A' 
perpendicular to Xi-axis be Xi = a x and Xi = a 2 (ai < a 2 ). If we suppose 
that the last assertion does not hold this would mean that D(x) >0 on 
the rectangle 4,«* consisting of all the points x g A for which a x < x x < a 2 . 
Besides, we would have D(x) 0 for all the points x € A belonging to the 
rectangle 77 constructed on A" as base with lateral faces parallel to the 
Xi-axis. Therefore we would have D(x) = 0 on the nonempty intersection 
774 ,0, containing a cube, which is impossible (see assertion (ii) in the 
remark in§ 12.20). See Fig. 12.19 where the two-dimensional case is shown; 
in the figure x' corresponds to y and x" to z. 

Now we proceed to show that the change of sign we spoke of cannot take 
place. 

We begin with the case when A is an open two-dimensional rectangle (Fig. 

12 . 20 ). _ 

The oriented line segment ab divides the rectangle A intcjtwo open rectang¬ 
les Ai and A 2 . Under the operator A the line segment ab goes into the ori¬ 
ented segment a’b' of a continuous curve* cutting A* into .two domains A and 
Q (Fig. 12.21). 


* The curvilinear segment db' is determined by xj = <pix ly * 2 ), x' x = v*(*i> * 2 ) as func¬ 
tions of x 2 which are continuous together with their first-order derivatives. These deriva¬ 
tives may simultaneously vanish at some points x 2 but this does not affect the further course 
of our argument. 
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Thus, we have either (i) A' 2 = A or (ii) A' 2 = £?. If we assume that (i) 
takes place this would contradict the inequality D(z) < 0 since the latter 
indicates that the points of A 2 lying sufficiently close to z must go, under the 
operator A, into points lying to the left of the oriented curve a'b' (when 
moving from a ' to ft'), which implies (ii). 

Finally, assumption (ii) contradicts the inequality D(y) > 0 which indi¬ 
cates that the points of A 2 lying sufficiently close to z go, under A, into points 
lying to the right of the curve a'b'. 

We have completed the proof for the case of dimension 2. 




In the three-dimensional case A is a three-dimensional rectangle (i.e. a 
rectangular parallelepiped). In this case the role of the oriented line segment 
aB is played by the rectangular plane area a which is cut out of A by the 
plane x\ = a. The surface a divides A into two parts with interiors A ± and 
A 2 . Let us choose a certain orientation of a. Then every closed smooth con¬ 
tour r c a receives the orientation coherent with that of or, that is a positive 
direction of traversing this contour will be defined. In this sense the image a* 
of a will also be accordingly oriented. But it should be noted that at the points 
of or where D(x) = 0 the normal to a may not exist and therefore in this sense 
our definition of orientation is not completely applicable to a. Suppose that 
D(y) > 0 and D(z) < 0 where y and z are interior points of A belonging to or. 
On the normals drawn to or', at the points y', z’ € or' we now ta ke so me p oints 

y" and z", respectively, belonging to A[ so that the vectors y'y" and z! z" 
(with their origins deleted) are entirely contained in A'. These vectors togeth¬ 
er with small oriented areas oy, a* c & containing the points y' and z' form 
oriented elements. The operator A* 1 transforms the element corresponding 
to y' into an element oriented in the same sense (Z)(y) > 0), while the element 
corresponding to z' is transformed into an element oriented in the opposite 
sense (D(z) < 0). This means that there are points of A x lying on the opposite 
sides of a in the vicinity of y and z, respectively, which is impossible. 


V 
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§ 12.22. Improper Integral with Singularities 
on the Boundary of the Domain 
of Integration. Change of Variables 

Lemma 1. Let £? 2 , £ 3 , .. • be a sequence of open sets. Then the set Q = 


= £ is also open. 

Indeed, if a point jc° belongs to Q> there is k such that x° g Q k . Since Q k is 
an open set there is a ball V with centre at x° contained in Q k and, conse¬ 
quently, in Q. 

Lemma 2. If the conditions of Lemma 1 are fulfilled and if in addition , 
Qx c £? 2 c: £?3 c ..., then for any bounded closed set F c Q there is k such 
that F c Q k . 

Indeed, if we assume the contrary, then for every k = 1, 2, ... there is a 
point x k belonging to F and not belonging to Q k .Since Fisa bounded closed 
set, the sequence of points {x*} belonging to it contains a subsequence {x*,} 
convergent to a point xo € F(x^ Xo). But we have xo € F c Q 9 and con¬ 
sequently xo € 4 0 for some k 0 . The set Q ko being open, there is a ball V 
with centre at xo belonging to £?*<,• The points x kj belong to the ball V for 
sufficiently large j. Let us take one of these points with kj > fco; for this 
point we have x^f c Q ko c and thus arrive at a contradiction. 

Lemma 3. If the conditions of Lemma 2 hold and 9 besides , the sets Q and Q k 
are measurable then 

lim \Q k \ = \Q\ ( 1 ) 

k-+oo 


Proof. It is obvious that \Q k \ < \Q*\ ^ |£?| (k < k'). On the other hand, 
given any e > 0, there is a closed measurable set Fc Q such that |F| > |i2|— 
—e. For instance, we can take as F a figure consisting of cubes c £ belong¬ 
ing to a sufficiently refined network. According to Lemma 2, there is k 0 such 
that F c Qi^. For this ko we have |£?| — e < |F| < |£?*J < \Q k \ (k s* ko) 9 
and equality ( 1 ) is thus proved. 


Definition. Let a function/(x) be defined and continuous (but not bound¬ 
ed) in a domain Q (which is not necessarily measurable). If the limit 


lim J /(x) dx = J f dx 


( 2 ) 


Qk 


exists where {Q k } is an arbitrary sequence of measurable domains possessing 
the properties 

D k <z£2 9 £?i c f ?2 c ... and Q = ]T Q k (3) 

k =1 


(we also suppose that Q k have smooth or piecewise smooth boundaries) 
we call (2) die improper integral of f{x) on Q. 
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The existence of limit (2) is understood in the sense that it is independent 
of the choice of such a sequence {£?*}• ^ d*® function f(x) is nonnegative on 
Q then the existence of limit (2) for one such sequence {£4} automatically 
implfes the existence of the limit, equal to the former, fdr any other sequence 
{£%}. For, given any k, there is, by Lemma 2, a number / = l(k) such that 
Die c &i, and therefore 


J fdx = J fdx -s J* fdx 


whence it follows that limit (2) for sequence {Q' k } exists /since the number 
sequence j J / del is monotone j and is not less than limit (2) for sequence 

Reversing the argument we conclude that, conversely, limit (2) for {££} 
is not greater than limit (2) for {£*}» whence follows the desired equality 
of the limits. 


Theorem. Let relations 

x - <p(u, v), y = yi(u, v ) ((«, v) 6 Q) (4) 

specify a transformation continuously differentiable on the closure D of Q 
(which is a measurable domain) such that the corresponding Jacobian is 
different from zero on Q: 

dtp d<p 

D(u, v) = ^ 0 ((«, v) € Q) 

dtp dtp 
du dv 

Let the mapping ofQonQ' under (4) be one to one: 


If fix 9 y)isa continuous (but not bounded) function defined on £2' such that 
the function 

F(u, v) | D(u, o)| = f[<p(u, o), f(u, o)] |D(i/, o)| 

is uniformly continuous on Q (and therefore can be continuously extended to 
D) then 

J J fix, y)dxdy = ^ F(u, o) | D(u, v) | du dv (5) 

Of Q 

where the integral on the left-hand side is understood in the improper sense 
defined above . 

Proof Let us take an arbitrary sequence of domains {£2 r k } satisfying condi¬ 
tions (3) (in which the letter 12 must be everywhere replaced by £2'). To this 
sequence there corresponds a sequence of domains {&*} which, by the bicon- 









MULTIPLE INTEGRALS 


73 


tinuity (i.e. the continuity in both directions) of transformation (4), also 
satisfies conditions (3). 

By the basic theorem on change of variables (which is applicable since / is 
continuous on D' k ) 9 we have 

JJ/(x, y) dx dy = JJ F(u 9 v)\D(u 9 v)\ du dv (k = 1, 2, ...) (6) 

Q’ h Q k 


Using Lemma 3 we write 


JJ F(u 9 v)\D(u 9 v)\du dv— j j F(u 9 v) 

Q O* 


D(u 9 v)\du dv | = 


II v) 


Q—Qi 


D(u 9 v) | du dv | «ss M\Q—Qk\ -► 0, 


oo, 


M 3. fF(«, v) D(u, v) | ((«, v) € 8) 


and therefore the right-hand member of (6) converges to the right-hand mem¬ 
ber of (5). Consequently the left-hand member of (6) converges to one and 
the same number irrespective of the choice of the sequence {£*}* The the¬ 
orem has been proved. 

It should be noted that, according to the properties of transformation (4) 
(whose Jacobian is different from zero on Q) 9 the smooth (piecewise smooth) 
boundary of Q' k goes, under operator (4), into the smooth (piecewise smooth) 
boundary of £&, whence follows the measurability of 

Examples of such integrals see in § 12.23 (in particular, Example 1). 


§ 12.23. Surface Area 

Let us consider the three-dimensional space R with rectangular coordi¬ 
nates (jc, y 9 z) and a surface S described by an equation 

Z = fix, y) ((x, y) 6 &) 0) 

We shall suppose that G is a measurable open domain and that the func¬ 
tion / possesses the continuous partial derivatives 

0 / . 0 / 

P = l£ and 9 = W 

in (7 (see § 7.11). 

According to the definition stated in § 7.19, S is a smooth surface element 
projectable in a one-to-one manner on the plane z = 0. 

Let us break up G into a finite number of measurable (in the two-dimen¬ 
sional sense) parts Gi, ..., G N (G = Gi+G 2 + ... +G N ) any two of which 
either do not intersect or intersect only along some parts of their boundaries. 
Let (xj 9 yj) be an arbitrary point of Gj (j = 1,..., N). To this point there 
corresponds the point Pj € S with coordinates (x >, yj 9 fj) where fj = /(*), 
yi). Let us draw through the point Pj the.tangent plane Lj to S. The cylindri- 
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cal surface 1 y with the boundary of Gy as directrix and elements parallel to 
the z-axis cuts a portion ej out of the tangent plane Ly. Let | e } | denote the 
area of that portion. 

The area of the surface S is defined as the limit 

|S|= Urn %\ej\ 

max (Gj)-+-0 j__i 

The cosine of the acute angle between the normal rij to S at the point Pj 

and the z-axis (see§ 7.5 (13)) is equal to cos (/*/, z) = l/^l +pj+qj where the 
square root is taken with the sign “+ ” and p f and qj are the results of the 
substitution of Xj and yj into p and q. It is evident that Qj is the projection 
of ej on the xy-plane and, conse quently, th e measure of Gy is | Gj | = \ej\X 

Xcos (n j9 z) where \ej\ = |Gy| yi+pf+qj (J = 1, .. N) and 
I SI = lim £ \ej\ = lim £ I'l+/>?+$IGj| = 

/=1 max j = i 

= JJ 1^1+P 2 +^ 2 dx dy (2) 

G 


We have derived the formula for the area of a surface represented explicitly 
in form (1). 

Let us consider the transformation of integral (2) with the aid of a substi¬ 
tution. 

x = <p{u, v\ y = y)(u 9 v) ((«, v) € D) (3) 

establishing a one-to-one correspondence between the measurable domain G 
and a measurable domain £2 on condition that the functions q> and ip are 
continuously differentiable on Q and their Jacobian does not vanish on Q: 


D (x t y) 
D(u 9 v) 


^0 on Q 



Let us put z = f(<p, ip) = x(u 9 v). On the basis of the theorem on change of 
variables in a multiple integral (see§ 7.26 (4)) we obtain the equality 


J/ki+p 2 +« 2 ^^ = /J1/i+(^| 

Q Q 



X 


X dudv 

WM>v) 

whence it follows that the area of the surface S is given by the formula 

w - jj k (sgsr+as#* (sir * * -11 mi * * ® 


Q 


Formula (5) makes it possible to define the notion of the area for a surface 
represented parametrically which is not necessarily projectable in a one-to- 
one manner on one of the coordinate planes. 
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Let us take a smooth surface S represented by a vector equation 

r = q>(u 9 v)i+ip(u 9 v)j+%(u 9 v)k (|# B X^| > 0, (u 9 v) 6 Q ^ S) (6) 

where Q is a measurable set in the tw-plane and q> 9 rp and % possess continuous 
partial derivatives of the first order on D. As usual, the symbolic relation 
Q ss S indicates that equality ( 6 ) sets up a one-to-one correspondence be¬ 
tween the points of Q and & 

Since the set Q is measurable it is bounded and therefore has a nonempty 
boundary y. The boundary y goes, under the mapping specified by equality 
( 6 ), into the edge jT = S—S of the surface in question. It is not required that 
the mapping of y on JT should also be one-to-one. There are many important 
examples in which such a condition does not hold (see examples below). 

By definition, by the area of S (or of S) is meant the number 

|5| = JJ |r B X*e| du dv (7) 

Q 


We shall enumerate a number of properties of integral (7) demonstrating 
the expedience of this definition of area. 

(i) The magnitude \S\ is invariant with respect to the admissible transfor¬ 
mations of the parameters, that is if 

u = A(h', v') 9 v = p(u' 9 v') ((«', v') g Q r 5 * J{2) 


where A and ft are continuously differentiable on Q' and 


then 


IKK ft) 

D(u\ v') 


7* 0 


(<«\ i/) € O') 


// *xm * *=H * - 

q a 

_ ff u Wx,y) y ■ / txy* z) Y i ( *> \Y /2 | - p (“ , ><Q | I a«, y) | d 'i v ,_ 
J J l W, to) + W, vT)} + «0/ i D(u, v) I D(u', 1 /) I dU d 


= // du> dv> 
sr 


(ii) Let the surface S be projectable in a one-to-one manner on the plane 
z = 0 and let the equalities 


x = (p(u 9 v) 9 y = y)(u 9 v) (Q ^ G ^ (x, y)) ( 8 ) 


set up a one-to-one correspondence between the measurable domains Q and 
G with the Jacobian 


D(X, y ) 

D(u 9 v ) 


7*0 



Let the partial derivatives p = |^and q= ~ of the fimction z = f(x 9 y) = 
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= %(u(x 9 y), v(x 9 yj) ((*,;>) € G) where u(x 9 y) and v(x 9 y) is the solution of 
equations j(8) be not only continuous on G (this follows form the theorem 
on implicit functions) but also uniformly continuous. Then there holds 
the equality 

\S\ = JJ | r u Xr v \dudv = JJ Yl+p 2 +q* dxdy (10) 

Q G 

which was already proved above (see (5)). 

We see that the new definition of the area of a surface is equivalent to the 
old definition if the conditions of the latter hold. 

It should also be noted that if the condition of uniform continuity of p 
and qonG did not hold, that is if p and q were only continuous and bounded 
on G 9 equality (10) would nevertheless hold because in that case all the re¬ 
quirements guaranteeing the possibility of the change of variables in the in¬ 
tegral would be fulfilled. 

Moreover, if p and q are continuous but not bounded on G (while the 
functions q> and y) possess continuous partial derivatives on D) equality (10) 
nevertheless remains valid if the integral on its right-hand side is understood 
in the improper sense (see§ 12.22). 

(iii) If co is an arbitrary measurable open set belonging to Q (co c Q) 9 the 
part S(co ) of the smooth surface in question corresponding to it which is 
determined by the equalities 

r(u 9 v) = <pi+y)j+yk ((u 9 v) g co s* S(co)) (11) 

is in its turn a smooth surface whose area is given by the formula 

IS^a))! = JJ l*«Xr„| dudv (12) 

<0 

The integral on the right-hand side of (12) also makes sense when co is an 
arbitrary measurable subset of Q. It is natural to regard the value of the 
integral as the area of the part S(co) of the smooth surface S described by 
vector-function (11). 

It is obvious that 

\S(a>)\ = \S(co)\ 

and, in particular, 

|S| = \S(D)\ = \S(Q)\ = |S| (13) 

Thus, we can speak of the parts S(co) of the surface (set) S which, in accor¬ 
dance with equality (11), correspond to all the possible measurable subsets 
co c£?. To each such part (which is a subset of the set S) we can assign the 
nonnegative number |S(co)| specified by integral (12). This dependence (of 
the number on the subsets) possesses the additive property 

| jS(o>i-f-a)2) I = ! S(p)i) | +1 S((02) | 

if a>i and o> 2 either do not intersect or intersect only along some parts of their 
boundaries. 








MULTIPLE INTEGRALS 


77 


The magnitude | S(co) | is a concrete example of the notion of an additive set 
function playing an important role in mathematics. Another such magnitude 
which we dealt with is the measure of a (measurable) set. 

The expression dS = \r u Xr v \ du dv is called the differential of area of the 
surface S. The area of the part of S corresponding to the variations of u from 
u to u+du and of v from v to v+dv is equal to 


u+du v+dv 


AS 


- J j \r u X*v\dudv = 


U 


V 


r„Xr v 


u =t du dv 

V=T] 


— (I^X^I + e) du dv = dS+o(du du) (du, dv 0) 


In the second equality we have used the mean value theorem and in the 
third equality the point (£, rj) at which the value of |r„Xr v | was originally 
taken is replaced by (u, v), the discrepancy being compensated for by the 
addition of the term e which tends to zero as du, dv -+ 0 since the function 
|p«X^| is continuous. 

Hence, dS can be defined as a (uniquely determined) expression of the 
form A du dv where A is independent of du and dv such that the difference 
between A du dv and AS is o (du dv) (du, dv -*■ 0). 

Example 1. Let us consider the area of a spherical surface. The equations 
x = cos 0 cos <p, y = cos 6 sin <p, z = sin 0 (|r*x^| = cos 0) (14) 

Q = {0 -< q> < 27t, — tz/2 ’C 0 < tz/2} 

specify a smooth surface S which is the part of the sphere of unit radius with 
centre at the origin obtained from the latter by deleting the meridian <p = 0> 

1 0 1 < jt/ 2. Conditions (6) obviously hold in this case. In particular, there 
is a one-to-one correspondence Q ** S. However, equations (14) do not 
establish a one-to-one correspondence between y = Q—Q and J 1 = S—S. 
The edge jT of the surface S is the above-mentioned meridian. By virtue of 
equality (14), to each of its end points there corresponds the infinite set of 
points of y composed of two opposite sides of Q and to every other point of 
r there corresponds a pair of points belonging to y which lie on the other 
two opposite sides of Q. 

The surface of unit sphere is the closure S of the surface S described by 
parametric equations (14). By formula (7), we have 

?r/2 

|S| = |S| = JJ |cos 0\ dd dtp = 2rc-2 J cos 6 dd = 

Q 0 

It should be noted that the area of the unit sphere S can be regarded as the 
sum of the areas of the eight congruent parts cut out of S by the coordinate 
planes. One of them U the part o which li es in the fi rst coordinate trihedral 

and is described by the function z = —x 2 —y 2 (x, y s* 0; x?+jp 1) 
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possessi ng the unb ounded partial derivatives p = —x/j/l— jc 2 —y 2 and q = 
= ~y/|/l-x 2 --y 2 . 

As was mentioned, it is possible to evaluate the area of a with the aid of 
formula (2) for the computation of the area of a surface in Cartesian coordi¬ 
nates but the integral should be understood in the improper sense (see the end 
of § 13.13, Remark 1): 


•-* 1 




x > 0, y > 0 


The formula for the area of a small element of a spherical surface of 
radius R can be derived on the basis of geometrical considerations. The 
network of meridians and parallels drawn close to each other divides the 
spherical surface S in question into small parts. The area A S of such a part 
lying in the" vicinity of a point A = (R, 0, <p) (0 > 0) can obviously be estimat¬ 
ed by the equalities 

R cos (0+ dO) dtp RdO < AS < R cos 0 dtp RdQ 
whence follows 

AS = R 2 cos 0' dtp dO = JR 2 cos 0 dtp dO+dtp o(d&) 

(0 < 0' < 6 + dd, dO -.0) 

Example 2. Let us compute the surface area o; the torus specified by the 
equations 

x = ( b+a cos 0) cos tp 9 y = a sin 0 (0 *< a < b) 9 

z = (b+a cos 0) sin tp (Ir^Xr*! = a(b+a cos 0) > 0) (15) 

To apply the above considerations we should regard this surface as the 
closure T of the smooth surface T described by equations (15) with (0, tp) 
ranging over the domain Q = (0 < 0, tp < 2rt}. 

In this case relations (6) and the corresponding conditions of continuous 
differentiability hold when T is taken as S 9 and therefore 

2 n 2 n 

\T\ = \T\ = j dtp ja(b+a cos 0) dd = InaQnb+O) — An 2 ab 

o o 


Example 3. Let us consider a circular cylinder of radius R and altitude H. 
Let a denote its lateral surface and | cr| the area of that surface. On dividing a 
into parts with the aid of a system of equidistant planes perpendicular to 
the axis of the cylinder with step (the distance between the neighbouring 
planes) equal to HjN z 9 we denote by C 0 , C l9 ..., C N * the circles appearing 
in the sections of the surface a thus obtained. Let these circles be numbered 
consecutively in the upward direction of the axis of the cylinder. Next we 
partition the circle Co with the aid of equidistant points into 2 N equal parts. 
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These points will be consecutively numbered along C 0 . Let us draw the 
elements of the cylindrical surface a through these points of division; each 
such element will intersect every circle C* at one of its points. The points on 
Ck thus obtained will be numbered according to the rule that the points of 
division of the circles Ck lying in a common element of the cylindrical surface 
receive the same index. The further step of this construction (known as the 
example of Schwarz *) is to delete from the circles C k with even indices k 
the points of division with odd indices and from the circles Ck with odd indi¬ 
ces k the points with even indices. Then there remains a finite system of points 
marked on the surface a. On constructing on each triple of neighbouring 
points of this system a triangle A (with these points as vertices) we obtain a 
polyhedral surface on inscribed in a . Two points of each such triple are 
neighbouring points belonging to some Ck while the third point is either 
on C k +i or on C *_ l9 the element of the cylinder to which the third point 
belongs lying in the smallest dihedral angle with the axis of the cylinder as 
edge and faces passing through the element of the cylinder to which the 
former two points belong. 

The number of the triangles A is obviously equal to 2N-N 3 = 2N\ and 
the area of A is 

M | - -i 2 sta i *}/ /P(l -cosi)’ + (£f ~ i RR 1 (i)’ >- cN-‘ 

(N oo, c > 0) 

Therefore |cr^| > CiiVW*" 3 = CxN (ci = const > 0) despite the fact that the 
diameter of A’s tends to zero as N -► oo. 

We see that the area of a surface cannot be simply defined as the limit of 
the area of a polyhedral surface inscribed in the former when the maximum 
diameter of its faces tends to zero. Such a definition is inapplicable even to 
the case of a very simple surface such as the cylinder we have considered. 


* H. A. Schwarz (1843-1921), a German mathematician. 
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CHAPTER 13 


Scalar and Vector Fields. 
Differentiation and Integration 
of Integral with Respect 
to Parameter. 
Improper Integrals 


§ 13.1. line Integral of the First Type 

Let us consider the three-dimensional (geometrical) space E with rectan¬ 
gular coordinates (x, y, z) in which is defined a continuous piecewise smooth 
curve r described by parametric equations 

i 

X = tp(s), y = ip(s), z = x(x) A) (1) 

where the parameter s is the arc length. This means that the functions q> 9 
ip and % are continuous on the closed interval [0, A] and that this interval 
can be split into a finite number of parts with the aid of points of division 
0 = $o ■< $i ■< ... «< sn = A so that the functions q> 9 rp and % possess con¬ 
tinuous derivatives on each (closed) subinterval [ay, £/ + i] which satisfy the 
condition 


<p\sf + ip'(s) 2 4* x'( s Y = 1 (2) 

The values of <p\s) 9 yj f (s) and %'(s) at the end points sj and sj+i are understood 
as the corresponding one-sided (i.e. right-hand or left-hand) derivatives. 
The partition of the interval [0, A] induces the corresponding partition of 
the curve r which splits into the finite number N of smooth parts Fj \ T = 

N 

= jTy. Let us also consider a function F(x 9 y 9 z) defined at the points of JT 

i 

or on a wider set containing jT which is continuous on each smooth part 7 1 /; 
this condition means that the points of discontinuity of the function F(cp(s) 9 
ip(s) 9 x(sj) (provided there are such) can only be at some of the points sj 
and are of the first kind. 

The line integral of the first type of the function F over the curve T is defined 
as the expression 

A 

J F(x, y,z)ds = j F(<p(s), y>(s), %(s)) ds (3) 

r o 

The left-hand member of (3) is simply the notation of the line integral of 
the first type while the right-hand member is an ordinary Riemann integral; 
this integral shows how the line integral can be computed. 
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If, for instance, T is a “material curve” whose mass is distributed with 
linear density assuming the values F( jc, y 9 z) at the points (jc, y 9 z) g F 9 the 
total mass of the curve is equal to integral (3). 

The curve/ 1 can also be specified by the parametric equations x = tp(A—s) 9 
y = y>(A—s) and z = %(A—s) (0 < s ■ss A) but this does not alter the value 
of integral (3): 

A 0 

J* F(<p(A-s), ip(A-s), x(A~s)) ds = - j F(<p(s'), %(/)) ds' = 

0 A 

A 

= J F(<P(s), rp(s), %(s)) ds 
’ 0 

§ 13.2. Line Integral of the Second Type 

Let us consider an oriented continuous piecewise smooth curve JT with 
initial point Ao and terminal point A\ lying in the space E with rectangular 
coordinates (x 9 y 9 z). If the curve jT is closed, the point A\ coincides with Ao- 
Let 

X = <p(s), y = v*s), z = x(sy (0«ss«s A) (1) 

be parametric equations specifying 7 1 where s is the arc length reckoned 
along r (see § 10.3). It is meant that to the value s = 0 of the parameter s 
there corresponds die point Ao and to the value s = A the point A\ and that 
the direction of increase of s is coherent with the orientation of T. 

At each interior point A of every smooth part of F (such a point A must 
not be a corner point of J 1 ) is uniquely determined unit tangent vector t to F 
(drawn in the direction of increase of s). 

We shall also suppose that there is a vector (or, more precisely, a con¬ 
tinuous vector field) 

a = P(x 9 y 9 z)i+Q(x 9 y 9 z)j+R(x 9 y 9 z)k 

defined on jP or on an open set Q containing J 1 where P, Q and R are con¬ 
tinuous functions defined on jT (or on Q). 

The line integral of the vector a over the oriented curve jT is defined as the 
magnitude 

A 

(P dx+Qdy+Rdz) = J (at) ds = J ( at)ds (2) 

r r r o 

♦ 

The first three members in (2) are symbols denoting the line integral of a 
over the oriented curve F while the fourth member is an ordinary Riemann 
integral defining the line integral and showing how it can be computed. 
In the general case the function (ax) can be piecewise smooth, its dis¬ 
continuities being of the first kind and lying at some of the comer points 
ofr. 
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If the same curve 7 1 is oriented oppositely its unit tangent vector is equal 

to — t; denoting the contour as jT_ we thus have j (a ds) = —J (a ds). 

r_ r 

Since cos (t, jc) = (p\s) 9 cos (t, y) = y'C 5 ) an d cos (t, z) = %'(*)» line integral 
(2) can also be written in the form 

j(ads) = j{P cos (r, x)+Q ccs (r, y)+jR cos (r, z)} ds = 
r /* ‘ 

A 

= J [p(?<-s), vC*). %(*)) ?'(*)+vC^X *(■*)) v'0)+ 

+ R(<p(.s), v>(s), x(s)) x' CO] ds (3) 

where the right-hand side is an ordinary definite integral. 

The oriented smooth curve r can also be specified with the aid of an 
arbitrary parameter t by means of equations 

* = ?>i(0» y - Vi(0> 2 = Xi(*) Oo To) (4) 

where t = X(s) is a function possessing a continuous derivative X’(s) > 0 on 
[0, A]. Then integral (2) is computed according to the formula 
r, 

J (ads) = j [p(<p!(o, fi(t), *i(0 )vUQ+QCpiCQ* Vi(0. Xi(0)vi(0+ 

+T*(?>i(*X Vi(0> Xi(0) fr(0] dt (5) 

We have performed the change of variable t = A($) in the definite integral 
on the right-hand side of (3). According to this change we have 

<p'(s) ds = {q>’i(t) dt} = (p’jft) dt 

The second expression in (2) is a convenient symbol for the notation of the 
line integral of a over the oriented curve jT. It is also called the line integral of 
the second type . This expression not only symbolizes the integral but also 
shows in which way it can be computed. Namely, it means that the curve jT 
should be represented by equations (4) with a parameter t the direction of 
whose increase should be coherent with the orientation of J 1 , after which x 9 y 9 
z 9 dx 9 dy and dz are replaced, respectively, by q>i(t) 9 rpi(t) 9 %i(t) 9 q>[(t) dt 9 
%p[{t) dt and dt and the definite integral of the resultant function of the 

variable t over die closed interval [fo. To] is computed. 

The oriented curve J 1 can be represented (in infinitely many ways) as a 
sum of two oriented curves A and A specified by the same equations (1) 
(or (3)) and corresponding to the variation of the parameter s over closed 
intervals [0, s,\ and [s* 9 A] 9 0 < s* < A. Then, obviously, 

(P dx+Q dy+R dz) = J (Pdx+Q dy+R dz)+ J (P dx+Q dy+R dz) 

A r. 
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If the oriented curve JT is a closed contour the line integral of a taken round 
it is also called the circulation of the vector (vector field) a over JT. 

It is sometimes convenient to regard as the contour of integration the 
union C = Ci + ... +C m of several disjoint oriented contours C l9 >... C m9 
the contour C being also understood as an oriented curve. Then, by definition, 
the integral of a over C is equal to the sum of the integrals of a over the 
constituent contours C k : 

m 

= E 
1 

Formula (5) not only applies to a smooth but also to a piecewise smooth 
continuous curve (4) for in this case JT is a finite union of smooth oriented 
parts j Vj corresponding to intervals [sj 9 ty+J (or [t j9 z)+i]) of variation of 
the arc length s (or of the parameter t) 9 and consequently 




where by the element of integration in the integral on the right-hand side is 
meant the same expression as the one in the integral on the right-hand side of 
(5). 

Finally, it should be noted that if a is a field of force, the line integral of a 
over r is obviously equal to the work of the field a performed in the motion 
along the oriented path jT. 


§ 13.3. Potential of a Vector Field 

An important special case of a vector field a is the one for which there is a 
function U(x 9 y 9 z) defined in the domain G where the field is considered and 
possessing continuous partial derivatives for which the equalities 


dU 

0jc 




and 



(on G) 


are fulfilled. Such a function U (determined to within an arbitrary constant) 
is called a potential (or a potential function) of the vector a . We see that in 
this case the vector a is the gradient (see § 7.6) of the function U: 


grad U = 


0 U 

0JC 





a 


Let us prove the following theorem. 


Theorem 1. Let a continuous vector field a be defined in a domain G <zE. 
Then the following properties are equivalent: 

(i) There is a one-valuedfunction U = U(x 9 y 9 z ) possessing continuous partial 
derivatives for which the equality grad U = a holds at each point of G . 
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(ii) The integral of a over any closed continuous piecewise smooth contour C 
lying in G is equal to zero: 

J (a ds ) = 0 

c 

(iii) IfAo is a definite fixed point in G, the integral f (a ds) over my ori- 

ented piecewise smooth curve Ca 0 a c: G with initial point A o and terminal 
point A depends solely on Ao and A and is independent of the shape of the 
curve. This means that 

j (a ds) = V(A) = V(x, y, z) 

C A 0 A 

for any fixed point Ao. 

The function V(x , y , z) is a potential function of the vector a on G, that is it 
differs from U by a constant. 

Proof Implication (i) (iii). Let there be a function U on G serving as a 
potential of a. 

Denoting by Ao = (*o, yo 9 zo) a definite point of G and by A = (x 9 y 9 z) 
the variable point we join Ao to ^4 by a continuous piecewise smooth curve 
C = Ca 0 a specified by equations 

x = <p(i) 9 y = y>(r) 9 z = %(r) (to^r^t) 

Thus, to the values to and t of the parameter r there correspond the points 
Ao and A respectively. 

On replacing jc, y and z in U by the functions <p 9 rp and % respectively we 
obtain a continuous piecewise smooth function of the variable r (for which 
we retain the notation U). By virtue of the theorem on the derivative of 
a composite function, we have 

dU _ dU dq> . QU dtp j W d% 
dt ~~ dx dt dy dr 6 z dr 

at the points of smoothness (i. e. at the points at which the tangent exists) 
of the curve C. It follows that 

t 

J(. Pdx+Qdy+Rdz)= U(<p(t), %(/))- U((p(t 0 ), y(/o), %(to)) = 

C to 

= U(x 9 y 9 z)-U(x 09 yo 9 z 0 ) = U(A)-U(A 0 ) = V(A) 

which shows that, for a fixed initial point Ao, the line integral is dependent 
solely on the position of the point A £ G and is independent of the shape 
of the path connecting Ao and A. 

Implication (iii) -► (i). Let us choose a point Ao € G and fix it. Suppose 
that it is known that the given field of a vector a is such that the line integral 
over any piecewise smooth curve connecting Ao with an arbitrary point 
A 6 G is independent of the shape of the curve and is dependent solely on 
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the point A. This means that there is a one-valued function V(A) such that 

f (Pdx+Q dy+R dz) = V(A) = V(x, y , z) 

dV 

In order to prove that = P at an arbitrary point A x = (jti, yi, zi) 

belonging to G we make the following construction. Through the point 
Ai is drawn a line segment A%A\ lying within G and parallel to the x-axis. 




Fig. 13.1 


For definiteness, let it be the line segment y = y l9 z = zi, X 2 < x < Xi. 
Thus, = (x 2 , yi, Zi). Next, the point A 0 is connected with A 2 = (x 2 9 
yu z i) by an arbitrary oriented continuous piecewise smooth curve C x 
going from Ao to A 2 . Let C' denote the line segment A^A oriented in the 
direction from A 2 to A 6 A 2 A x . Then C = C x +C OFig. 13.1) and 


V(x 9 y l9 z x ) = f (Pdx+Qdy+Rdz)+ jPdx 

c t a 

since we obviously have J Qdy = J Rdz = 0. 


In the argument below, the curve C x remains unchanged and therefore 
the first integral on the right-hand side of (1) can be regarded as a constant 
number; we shall denote it by K. Hence, 


X 

V(x, y lt zi) = K+ | P(t, y lt z x ) dt 

Xl 

The function P is continuous and, in particular, continuous with respect to 
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QJf 

x for any fixed y and z; therefore = P(x 9 y l9 zi). This equality applies, 

in particular, to the point x = x l9 which proves the desired equality. The 
equalities 



and 



are proved similarly by constructing curves connecting the points Ao and A\ 
whose terminal parts adjoining A\ are, respectively, line segments parallel 
to the y-axis and to the z-axis. To complete die proof of (i) it only remains to 
put U = V. 

The equivalence of (ii) and (iii) is quite obvious. Indeed, let (ii) take place 
and let Cl = C^a and C" = Ca 0 a be two paths lying within G and joining 
the points Ao and A. Then C'+C'l is a closed contour and we have 


•-M-M 

c* CtL C C" 

that is (iii) holds. Conversely, if (iii) takes place and C c G is a closed contour 
we can represent C in the form C = C'+C" where C and C" are some 
contours and write 


/- J + /- J- J-° 

r /"•> /v/ /v /-v/ 


because C r and Cl join the same pair of points. 

If a vector field 

a = Pi+Qj+Rk 

defined in an open set G is not only continuous but also possesses con¬ 
tinuous partial derivatives we can consider the vector 

«■*«■= (£-f 

which is called the rotation (or curl) of the vector a. 

If the vector a possesses one of the properties (ii) and (iii) mentioned in 
the foregoing theorem then, according to that theorem, there is a one-valued 
function U (x 9 y , z) (a potential function of a) on G possessing continuous partial 

derivatives such that = P 9 = Q and = R. In this case if the 

functions P, Q and R themselves have continuous partial derivatives in G 9 
the function U possesses continuous partial derivatives of the second order 
and the following equalities hold: 


3(2 

0P 

_ &u 

d*U 

0JC 

dy 

dx dy 

dydx 


36 

_ d*U 

0 2 C/ 

dy 

dz 

dy dz 

dz dy 

0J» 

dR 

_ &U 

d*U 

0z 

dx 

~ dzdx 

0JC dz 


We have thus arrived at the following theorem. 
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Theorem 2. If a field of a vector a having continuous partial derivatives in 
an open set G possesses the property that 

J (a ds) = 0 (2) 

c 

for any oriented peicewise smooth closed contour C c G then 

rot a = 0 on G (3) 

The converse of this theorem does not hold for an arbitrary open set G 
even when the set G is connected. On the other hand, it is sure to hold when 
G is a rectangular parallelepiped of the form G = {a\ ■ss x b l9 a 2 < y < 
h 2 , az^z*s &s}. Indeed, in this case, given a continuously differentiable 
vector field a defined in G for which rot a = 0, the potential function U 
is effectively constructed with the aid of the formula 

x y 

U(x 9 y, z) = J jP( w, y 0 , z 0 ) du+ J Q(x 9 v 9 z 0 ) dv+ 

*o yo 

X 

+ J R(x, y, v) dv+ U(xo, y 0 , z 0 ) ((x, y, z) € (?) (4) 

2o 

where (jco, yo, zo) € G is an arbitrary fixed point and J7 (jco, yo, zo) is an 
arbitrary constant. To verify this we differentiate (4) with respect to x to 
obtain (see the explanation below) 

y * 

= P(x, yo, z 0 )+ J |§-(x, V, Zo) dv+ J |^-(x, y,w)dw = 

yo z 0 

y z 

/ ftp /» Qjp 

-g— (x, v, zo) dv+ J (x, y,w)dw = 

yo z o 

= P(x 9 y 0 , z 0 )+[P(x, y, z 0 )-P(x 9 y 0 , ^o)]+[P(xr,y,z)-P(x,y,z 0 )] = 

= P(x,y, z) 

Here we have applied the Newton-Leibniz formula, and property (iii); 
besides, we have performed the differentiation under die integral sign. The 
latter operation is legitimate in the case under consideration, which will 

be proved in § 13.12. The relations = Q and = JR are proved anal¬ 

ogously. Thus, grad U — a 9 and consequently equality (2) holds for any 
oriented (closed) contour C a G. 

m Note that the right-hand side of (4) taken without the last term is the 
line integral of the vector a over the polygonal line with vertices at the 
points (x 0 , y 0 , z 0 ) 9 (x 9 y 0 , z 0 ), (*, y, z 0 ) and (x, y, z). 
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There also holds the more general 

Theorem 3. Let G be a simply connected dommn 9 that is such that any closed 
piecewise smooth contour belonging to it can be contracted toapointP 0 c G 
so that it always remains within G during the contraction process .* Then if 
a continuously differentiable vector field a defined in G satisfies the condition 
rot a = 0, equality (2) holds for any oriented closed contour C c G. 

The proof of the theorem will be given at the end of the section. 

Thus, the conditions of Theorem 3 imply the existence of a one-valued 
potential function of the vector a in (7. 

As an example of a domain satisfying the condition of the theorem we can 
take the one lying between two concentric spherical surfaces. The domain 
obtained from the entire space by deleting the points of the z-axis does not 
satisfy this condition. In the latter case it is possible to construct an example 
(see below) of a field of a vector for which Theorem 3 does not hold. 

Later in this chapter we shall prove the theorems of Green and Stokes. 
They provide a plausible explanation of the validity of Theorem 3 (see the 
remark at the end of § 13.11) which cannot however be considered a rigo¬ 
rous proof. 

All the notions and theorems we* have dealt with can readily be extended 
to the case of the plane. Let E be the xy-plane and let 

x = <p(t) 9 y = y>(t) (a*zt*sib; a^b) 

be equations of an arbitrary oriented piecewise smooth curve C belonging 
to a given domain G <zE. Also let a vector field a = P{x 9 y)i+Q{x 9 y)j be 
defined in G. 

The line integral of a over the curve C is defined in exactly the same way 
as in the three-dimensional case. It can be considered as a special case of 
the integral defined in § 13.2 (3) if we put 

R = 0, P = P(x 9 y) and Q = Q(x 9 y) 


Thus, 


J (ads) = J (Pdx+Qdy) = J = {Pfa>(0> v(0]9'(0+8[9>(0» Y'Wlv'O)}* 

C C a 

)i 

In this case a potential function U of the vector a, provided it exists, is a 
one-valued function U = U(x 9 y) of the two variables x and y defined in G . 
Its gradient is the vector 




dU .. dU . 


dy 


j = a 


Example 1. The vector a in the xj-plane having the components 

P(x, y) = and Q(x, y) = 


* A rigorous mathematical description of such a “contraction” of a contour to a point 
is given at the end of the present section 
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possesses continuous partial derivatives in the domain G obtained from the 
xy plane by deleting the origin. It can also be easily checked that rot a = 0 
in G. The domain G does not satisfy the conditions of Theorem 3 and the 
theorem itself fails to hold in this case. 

Indeed, let <7* denote the domain obtained from the Ay-plane by deleting 
the negative half-axis x, that is the ray x -= 0. According to Theorem 3, 
there is a function U defined on G* such that grad U — a. For instance, it 
can be defined at the moving point (x, y) as the line integral of a over an 
arbitrary path C c G* connecting a fixed point, say (1,0), with (x, y): 

c 


However, this function cannot be extended from G* to the whole xy-plane 
so that it remains one-valued and continuous . 

Indeed, the value of U(x 9 y) at an arbitrary point (cos 0, sin 0 ) € G* 
lying on the circle of unit radius with centre at the origin is equal to 

e 

J7(cos 0, sin 0) = f dd = 0 

0 


The variable point can be moved along the unit circle from the initial point 
(1, 0) to the point (—1, 0) (lying on the deleted ray) so that 0 increases 
from 0 tore or decreases from 0 to — n. In the first case the limiting value of 
U is equal to it and in the second case to —it 9 which shows that the function 
U cannot be extended to the whole plane in the desired way. 

Since any function serving as a potential of a in the domain G only differs 
by a constant from the function U{x 9 y) we have constructed, our considera¬ 
tion means that there exists no one-valued function defined on G which is 
a potential of the vector a in question everywhere on G . 

Here we have used a comparatively lengthy argument which can in fact 
be replaced by a shorter one; namely, we can simply show that there exist 
closed smooth contours lying within G such that the integrals of the vector 
a taken round them are different from zero. For example, as a contour of 
this kind we can take the circle C of radius 1 with centre at the origin; for this 

2 n 


contour we 


have J (a ds) = J 


dd = 2n. This means that there cannot exist 


c . 0 

a one-valued function U defined in G serving as a potential function of a 
(everywhere on G) because its existence would contradict Theorem 1. 

Proof of Theorem 3. The proof below is based on the fact that the theorem 
holds in the case when G is a cube. 

Let us consider an arbitrary closed piecewise smooth contour T a G 
specified by equations 


x = <p{u) 9 y = y(w), z = %(«), 0 < u < 1 

0<O) = q>{ 1), y(0) = y(l)> %(0) = x(l) 
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Here the parameter u runs over the closed interval [0, 1], which obviously 
does not violate the generality. The fact that the contour JP can be con¬ 
tracted to a point (see the conditions of Theorem 3) is described as follows: 
there is a surface S c G represented by functions 

x = q>(u 9 1) 9 y = yj(u 9 t) 9 z = %{u 9 1) 

(0 w 0«sf«ssl} = ,d (5) 

9>(0, 0 = <p(t 9 1) 9 y(0, t) = y(t 9 0, %(0, 0 = %{t 9 1) . 

which are continuous in the triangle A 9 piecewise smooth relative to u on 
[0* t] and such that 

q>(u 9 1) = <p(u) 9 y>(u 9 1) = y)(u) 9 %(u 9 1) = %{u) 

Since the surface S is bounded and closed and the set G is open and S czG 9 
there is a number d > 0 such that, given an arbitrary point A € S 9 a cube 

with edge of length d covering A 
belongs to (7. 

Let us denote by a the cubes be¬ 
longing to G . 

Given a set e c A 9 we shall re¬ 
gard as the image of e the set e'czS 
corsisting of all the points obtained 
by the mapping of the points of e 
with the aid of the three functions (5). 

Let us partition A with the aid of 
a rectangular network (Fig. 13.2) 
so that the images of the cells ob¬ 
tained in the partition can be embed¬ 
ded in cubes a with edge d. 

The image of the lowermost tri¬ 
angle AiBiO belongs to some a. 

Fig. 13.2 Since the images of the points Ai 

and 2?i coincide, that is they are at 
one and the same point of 5, the image of the line segment A\B 1 is a closed 
piecewise smooth curve Ca x b x belonging to the cube a; therefore 

J (a ds) = 0 (6) 

Ca x b x 

Let us supply all the cells lying between A\B\ and A 2 P 2 (there are in fact 
exactly two of them; see Fig. 13.2) with coherent orientations. The integral 
over die image of the contour of this complex is equal to the sum of the 
integrals taken over the images of the boundaries of the constituent cells, 
each of these integrals being equal to zero. The integrals over the line 
segments along which neighbouring cells adjoin each other mutually cancel 
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out and, besides, there hold (6) and the equality 

J - J 

CA t A, Cs t B, 

since the images of A^A 2 and B 1 B 2 coincide. Therefore J = 0. 

CAJ t 


Arguing in a similar way we conclude, by induction, that 

J =0 (*=1, 

CA k S k 

and, since C Aii b s = A it follows that f (a ds) = 0, which is what we set 

F 

out to prove. 


§ 13*4. Orientation of a Domain in the Plane 

There are two different types of rectangular coordinates in a plane such as 
those shown in Figs. 13.3 and 13.4. The essential distinction between tiiem 
is that these systems, regarded as rigid bodies, cannot be made coincident 
with the aid of a motion in the plane so that their positive x- and y-axes go 
in the same directions respectively. 

Let us construct in both coordinate systems circles with centres at the 
origins (see the figures). Next, for each of the circles we choose a positive 
directions of traversing its circumference so that the variable point covers 
the shortest path when moving from the positive x-axis to the positive 
y-axis (that is it covers a quarter circle, not three quarters). This means that 
the circle is traversed in the counterclockwise direction in the case of Fig* 
13.3 and in the clockwise direction in the case of Fig. 13.4. 
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Fig. 13.4 


In the former case the interior of the circle is kept on the left of a person 
walking round its circumference in the positive direction and in the latter 
case it is kept on the right. From these cases we now proceed to further 
generalizations. 

Let us consider a domain Q with a piecewise smooth boundary C which 
may consist of a finite number of closed contours not intersecting them¬ 
selves such that Q is contained inside one of them and outside all the others. 
Let us choose a direction of motion along C such that when we describe C in 
this direction the domain Q is kept on the left (see Fig. 13.3). This direction 
will be called positive in the case of a coordinate system of the type shown in 
Fig. 13.3 and negative in the case shown in Fig. 13.4. In the latter case the 
positive direction of describing the boundary C of the domain Q is the one 
for which Q is kept on the right. 


§ 13.5. Green’s* Formula, Computing Area with the Aid 

of line Integral 

In this section we shall prove Green*s formula 

IS (4r~t£-) * * “ J ( pdx +Q dy) (1) 

o r 

which applies to any domain Q in the plane (with a positively oriented 
boundary jT) satisfying some general conditions. It supposed that the 

functions P 9 Q 9 and are continuous on Q. 

We shall begin with the derivation of Green’s formula for a rectangular 
domain 

= c < y < d} 

* G. Green (1793-1841), a British mathematician. An alternative derivation of Green’s 
formula will be presented in§ 13.10. 
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(see Fig. 13.5). In this case we have 


ff^dxdy= j j^dxdy = j [Q(b, y)-Q(a,y)] dy = 

A c a c 



= J P{x, j>) dx 


r 


which completes the proof of formula (1) for the domain A. 

Now we shall prove (1) for the domain co depicted in Fig. 13.6 where the 

arc AC is described by a function y = A(x) continuous and strictly in¬ 
creasing on [a, b]. The inverse function of y = A(x) will be denoted x = n(y) 
(c^y^d). 

We have 



and 


d 



Q(x, y)dy = 

= j,Q(x,y)dy 
r 



whence follows (1). 
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On turning the domain coasa rigid body about the origin through angles 
of a/2, 7t and 3 h/ 2 radians (the coordinate system remains unchanged) we 
obtain three more domains which, together with the original domain co 9 will 
be referred to as sets of the type of co. Any rectangle will be called a domain 
of the type of co. By analogy with the above, it can readily be proved that 
Green’s formula is valid for any set of type co. 

Now we proceed to the general case. 

Theorem. Let a domain Q with a continuous piecewise smooth boundary T 
possess the property that its closure D can be cut with the aid of straight lines 
parallel to the coordinate axes Ox and Oy into a finite number ofparts each of 
which is a set of the type of co. Then Green's formula holds for Q. 

N 

Proof Let Q = be a partition of D into parts of the type of co and 

1 

let r k (k = 1, ... 9 N) be the positively oriented contour bounding the part 
co k . Then, since Green’s formula applies to each of the domains co k9 we 
obtain 



)*<*■“ E JJ(IhlF)*£ J 

^*1 k=l ji. 


= J ( Pdx+Qdy ) 

r 


The last of these equalities is explained as follows. The union C of the 
boundaries of all the parts co k consists of/ 1 and of the sum of a finite number 



of line segments each of which 
belongs to Q and serves as a bo¬ 
undary of two adjoining domains 
of type co. Every such line seg¬ 
ment is traversed twice in the op¬ 
posite directions; therefore the 
line integrals corresponding to 
these paths of integration mutu¬ 
ally cancel out and thus only the 
integral over T remains. 

See Fig. 13.7 which shows a 
(doubly connected) domain split 
into a finite number of domains 
of the type of co. 


p| « a m 

8 ' Remark. In practical problems 

Green’s formula is sometimes ap¬ 
plied when the functions P and Q are continuous on D while their partial 
00 

derivatives ~ and -g— are only continuous on Q. In such cases Green’s 


formula (1) usually continues to hold if the double integral on its left-hand side 
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is understood in the improper sense. For example, let £2 be the interior of the 
circle j^+y 2 = 1. On denoting by Q t the interior of the circle x 2 +y z = 
= (1—e) 2 (e > 0) with boundary J 1 * (the circle of radius 1— e) we can write, 
by virtue of what has already been proved, the relation 

~l+« 

// ^'~%) dxdy = / p ( x »V(l-e) 2 -x 2 )<*c+ 

Qt 1-6 

1—e l—e 

+ f p(x, -/(l—e) 2 -* 2 ) dx+ f Q(Y(l-ef—y i ,y)dy+ 

-1+6 -1+6 

—1+6 

+ / Q(-^(l-«)*-Ay)4K (e>0) (2) 

1 — 6 

Since P (x 9 y) and Q (x 9 y ) are uniformly continuous on Q the right-hand side 
of (2) tends to a limit, as e -*■ 0, which is equal to the result of the substitution 
of e = 0 into it, and therefore the left-hand side tends to the same limit 
which is thus the improper double integral (with singularities on J 1 ; see Re¬ 
mark 1 in § 13.13). Hence we obtain 

// (It- t£)' dx<dy= I p * + Q ** 

q r 

Let Q be a domain in the xy-plane to which Green’s formula is applicable 
and let 7 1 be its positively oriented boundary. Then the area |£?| of Q is 
expressed by the formula 

■j j (x dy-y dx) =-j j j (l + l) dx <fy - \Q\ ■ (3) 

r q 

which follows directly from Green’s formula if we put P = —y and Q = x. 
It is also evident that there holds the equality 

j xdy = ±\Q\ (4) 

m which the plus sign corresponds to the case of the positive orientation of 
the contour r (J 1 = r+) and the minus sign to its negative orientation 

(r = r_). 

. Example. The area of the ellipse (more precisely, of the interior of the el¬ 
lipse) represented by the parametric equations x — a cos 0, y — b sin 0 
(0 0 < 2n) can easily be found using formula (4): 

2 n 2n 

1^1 = y J [a cos 0 b cos 6—b sin 0 (—a sin 0)] dO = -y- J dd = nab 
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§ 13.6. Surface Integral of the First Type 

Let S be a smooth surface represented by a vector equation 

r(u 9 v) = <pi+y>j+%k ((«, v) € Q ** S', \r„Xr v \ > 0) 0) 

where Q is a measurable domain and <p, y> and % are continuously differenti¬ 
able functions on D. 

Suppose that there is a continuous function F(x 9 y 9 z) defined on S or in a 
neighbourhood of S. Let us break up Q into measurable parts Qj so that 
every two of them can only intersect along some parts of their boundaries. 
To each part Qj there corresponds a definite part Sj of the surface S'. Let 
Aj = (x h y j9 zj) 0'= U • • • > N) be an arbitrary point belonging to Sj. On 
forming the (integral) sum 

n N = f;F(^)i^i 

Ml 

where \Sj\ is the area of Sj (see§ 12.23) we take the limit 

lim y F(Aj) |5>| = f F(JC, y,z)dS (2) 

max d(Qj)-+ 0 j 

which is called the surface integral (of the first type) of the function F over 
the surface S (provided it exists and is independent of the partition of Q into 
the parts Qj and of the choice of the points Aj). 

If, for instance, S' is a “material surface” over which a mass is distributed 
with (surface) density F 9 the integral of F over S is equal to the total mass 
of S'. 

Let us prove that under the conditions stated integral (2) exists and is 
independent of the parametric representation of S'. 

Let x >, yj and z } be the coordinates of Aj (Aj = (x j9 y j9 zjj) and 

Xj = q>{u j9 vj) 9 yj = y)(u j9 vj) 9 zj = %(u j9 vj) 

(u j9 vj) 6 Qj U= h - 


Then 


ZTat= f \hxh\dudv = Yf( A j)Pj\ Q j\ = 

j=i J * - 


Q* 


N 

E 

Ml 


= + ff/(9>, y, %)\r u Xr v \dudv 

Ml 


max d (Qj) 0 


where the symbol | | j indicates that the expression | | is taken for the values 
x = Xj, y = yj and z = zj of the coordinates of the point Aj and pj (j = 
= 1, ..., N) is a number appearing in the application of the mean value 
theorem (m* < n/ < Mj\ see below). 
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It is evident that 


\gn\ — 


p~(Aj) (ft-IP/I K Z(Mj-mj)\Qj\ - 0, 


max d ( Qj ) -► 0 


Mj ~ sup |#«Xr„|, mj= inf |r„X*»| (K 

(«, v) € («, v) € Qj 


1/04)1) 


whence follows what we intended to prove. 

We have not only proved the existence of the integral of F over S but also 
established the equality 


J F(x, y,z)ds = j F[q>, ip, %] |r«Xr„| dudv (3) 

s o 


reducing the computation of the surface integral to the evaluation of an 
ordinary double integral. It is readily seen that expression (3) is invariant 
with respect to the admissible parametric representations (see§ 7.20 (3) and 
(7)) of 5. 

Ifa smooth surface Sis determined by an equation z = f(x,y) ((x,y) € G) 
where/is a function continuous together with its first-order partial deriva¬ 
tives on G, we can write its parametric representation with the aid of the 
parameters x and y 


x = x, y = y, z = f(x, y) 



whence 


I hxtyl^n+f+q* q = 

and, consequently, 

• J F(x,y,z)ds = j F(x, y, f(x, y))Yl+pfi+q 2 dxdy (5) 

s a 

Remark. If we deal with a smooth surface described by parametric equa¬ 
tion (I) with functions q> 9 rp and % possessing the properties indicated above 
and if, at the same time, S admits of a description by an equation of form (4), 
it often occurs that the function z = f(x 9 y ) is continuous on G while its 
partial derivatives are only continuous on G and become unbounded when 
the variable point (jc, y) approaches the boundary of G. For instance, this 
is the case when wfe compute the integral of F over the upper hemisphere. 
In such cases formula (5) for the integral of F over S often continues to hold 
if the integral on its right-hand side is understood in the improper sense (see 
the remark in§ 13.13). 


7 —3737 
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§ 13.7. Orientation of a Surface 

In the three-dimensional space there are two essentially different types of 
rectangular coordinates shown in Figs. 13.8 and 13.9. The distinction 
between these types is that neither of the coordinate systems of the first type 
can be moved so that its origin O and the positive semi-axes Ox 9 Oy and Oz 
are made coincident with the origin O and the positive semi-axes Ox 9 Oy and 
Oz of a system belonging to the second type. 



while a system of the second type (Fig. 13.9) is called left-handed . The short¬ 
est rotation (in the xy-plane) of the positive x-axis making it coincident with 
the positive y-axis, when looked at along the positive direction of the z-axis, 
is seen in the clockwise direction in the case of Fig. 13.8 and in the counter¬ 
clockwise direction in the case of Fig. 13.9. These properties express, respec¬ 
tively, the so-called right-hand and left-hand screw rules . 

It appears natural to attribute to each of the two coordinate systems shown 
in Figs. 13.8 and 13.9 a “screw” understood as an object consisting of the 
unit vector going in the positive direction of the z-axis and of a circle (the 
“screw head”) whose plane is perpendicular to the z-axis and whose boundary 
is oriented in the direction of the shortest rotation from the positive x-axis 
to the positive y-axis. 

If the z-axis is regarded as the “screw axis” and the indicated circle as the 
head of a (real) right-hand screw (rigidly connected to its head) then if the 
head is rotated in the direction of the arrow shown in Fig. 13.8 the screw is 
driven in the positive direction of the z-axis. In the case of Fig. 13.9 we have 
the same effect when Oz is regarded as the axis of a left-hand screw. 

The head of the screw (understood in this sense) can have a “warped” 
shape in the sense that it can be a part of a smooth surface, not neces¬ 
sarily plane, but such that the z-axis is the normal to that surface at the point 
O. In this case the object consisting of such a screw head with a chosen direc¬ 
tion of traversing its boundary and of the unit normal vector is also regarded 
as a (right-hand or left-hand) screw associated with the given type of rectan¬ 
gular coordinates. 

Finally, we can speak of such a (right-hand or left-hand) screw whose 
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normal vector goes in an arbitrary 
direction, not necessarily coinciding 
with the z-axis. 

For our further aims the following 
construction is useful. Let us consider 
the three-dimensional space with a 
chosen (right-handed or left-handed) 
rectangular coordinate system in 
which an oriented surface S is spe¬ 
cified. This means that it is possible 
to draw a unit normal vector »(P) at 
each point P € S so that #i(P) is a 
continuous function of P. A ball 
V(P) of a sufficiently small radius 
with centre at Pcuts out of the sur¬ 
face S a connected part o(P) con¬ 
taining point P. Let us choose the 
direction of traversing the contour 
(the edge) y(P) of that part so that the vector n(P) and the surface element 
o(P) form a screw whose orientation is coherent with that of the coordinate 
system taken, that is let the screw be right-hand or left-hand depending on 
whether the coordinate system is right-handed or left-handed. 

If the surface S in question has an edge P the above construction leads in a 
natural way to a definite direction of traversing P (see Fig. 13.10). For in¬ 
stance, consider the point A belonging to the contour P. At this point co¬ 
incide the directions in which P and the boundary y of a small portion of the 
surface S adjoining the point A are traversed. 

If the given surface were oppositely oriented while the coordinate system 
remained the same the directions of traversing P and the contours y we have 
spoken of should be replaced by the opposite ones. 

In Fig. 13.11 we see an oriented surface whose edge consists of two closed 
smooth curves Pi and P 2 . 

Here we also note the following. Let an oriented smooth surface S be cut 
into two surfaces S± and S 2 by a smooth arc h (Fig. 13.12), the orientations 
of Si and S 2 being coherent with that of S. Then along the arc h the bounda¬ 
ries of Si and S 2 are described in the opposite directions. This remark will be 
essential for the proper understanding of the notion of an oriented piecewise 
smooth surface to whose definition we now proceed. 

A piecewise smooth surface S is said to be oriented if each of its smooth ele¬ 
ments is oriented and if the corresponding directions in which the contours of 
the elements are described are coherent in the sense that they are opposite to 
each other along every common arc of any two such contours . 

As an instance, see the cube depicted in Fig. 13.13 whose boundary sur¬ 
face is oriented with the aid of its outer normal. 

_ It is convenient to consider small elements of an oriented surface as vec¬ 
tors. Let S be an oriented smooth surface. This means that at each point 



7- 




Fig. 13.1! 


/O 


if 




Fig. 13.12 


Fig. 13.13 


A 6 S a unit normal n(^) to 5 is drawn so that n(A) is a continuous function 
of A . Let 0 be a small smooth element of S. To represent a as a vector we 
construct the vector a whose length is equal to the area \a\ of a and whose 
direction coincides with that of the vector n{A) where A is an arbitrary point 
belonging to a . Thus, a = | cr| n(^4). 

This construction does not of course define the vector a uniquely. But if 
the diameter d(a) of a is small the vectors n(A) ( A £ a) lie within a small 
cone, and if a is a variable small element containing permanently a fixed 
point Ao then obviously n(A) n(Ao) as d(a) -•» 0 independently of the 
choice of the point A € o for each a . 

By the vector of the differential of area of the surface S at its point A £S 
is naturally meant the vector dS = n(A) ds which is equal to the product of 
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the differential of area of S at the point A by the unit normal vector n(A) 
specifying the orientation of S. 

If the surface S is represented by an equation 

r = r(u, v) = <pi+y>j+%k ((«, ») € G) 

th e" n(A) is determined by one of the two equalities 

*M>“ (1) 

and dS — |r«,Xr„| du dv whence 


dS — ±(f„Xr v ) du dv (2) 

For definiteness, in what follows we shall choose the sign ” in formu¬ 
las (1) and (2). This can always be achieved by inter changing , if necessary, 
the roles of the parameters u and v. 

We can thus assert that if we are given a definitely oriented smooth surface 
S it can always be represented by a vector Junction r = r (u, v) such that the 
unit normal n(A) (A € &) specifying the orientation of S is expressed by the 
equality 

and, accordingly, 

dS = (t u Xfv) du dv (4) 

For the transformation from the old parameters («, v) to some new para¬ 
meters («',»') not to lead to the appearance of the minus sign in the above 

formulas it is sufficient to require that the Jacobian v % - of the trans- 

.. JXw» v) 

formation should be positive. Indeed, this follows from die relation 





D0>, z) . Dtp, x ) . Dtp, y ) . 

Pin, v) D(u, v) 1 Dtp, v ) 


n 


Dty,z) 
Dtp, v) 


V . IDb, x)\* , / D(x, y) 
1 ^XIXM, v)) Dtp,v) 


) 


s 


/ D(y,z) D(z, x) , , D(x,y) .A 
_ \IW, VJ ■ PCh", tf) 1 *DQf, if)*) 

1 ft D(y, z) \'.i Dtp, x)\ \t Djx, y) 

r \otff, vf)) + Vd(«', if)) + \d(i/, if)] 


Dpf, y') 
D(u, v) 
mu', if) 
Dtp, v) 


yxy 

LVxV| 


■sgn 


D{u,v) 


^° rmu ^ a ^ sign) for unit normal n(A) and, together 

with'it, formula (4) are only invariant with respect to the transformations of 
rf POforneters having positive Jacobians . Therefore it is advisable to use the 
transformations of that type. 


102 


A COURSE OF MATHEMATICAL ANALYSIS 


However, there are problems in which we have to consider transformations 
with negative Jacobians; then we should carefully choose the proper signs 
in the formulas. 

For a formal treatment of the orientation of surfaces (manifolds) and 
their edges we refer the reader to §§ 17.1 and 17.2. 

§ 13.8. Integral over an Oriented Domain in the Plane 

Let us consider a domain G with a piecewise smooth boundary J 1 lying 
in the xy-plane. We shall suppose that a definite direction of describing the 
contour jT is chosen. The domain G thus oriented will be denoted G + or GL 
depending on whether the orientation of the contour T is positive or negative . 

Let/(x, y) be a function defined and integrable on <7. Let us introduce the 
notion of the integral of f over the oriented domain G; to this end we put 

= jfdxdy = - 
g + g gl 

The expedience of this definition can be demonstrated by the following 
fact. Let us take two planes with rectangular coordinates x 9 y and x\ y' 
respectively having the same orientation. Let G be an oriented domain with 
piecewise smooth (oriented) boundary jT lying in the xy-plane and let 
a continuously differentiable transformation 

* = ?(*> y\ y = y>(x, y) ((x, y) € (?) (1) 

specify a one-to-one mapping of the domain G onto a domain <?' in the 
-plane and of the boundary r of G onto the boundary f' of the domain 
G’. We shall suppose that the Jacobian of transformation (1) is different 
from zero: 

D-n&W * 0 <!*•*)*<*) 

When the variable point (x, y) traverses T, transformation (1) induces 
a definite direction in which the corresponding point (x\ /) describes r\ 
and therefore <?' can be regarded as a definitely oriented domain. 

If D > 0 the contours f and J 1 ' are of the same orientation. If D < 0 
then r and T' are oppositely oriented. Indeed, let us suppose that the func¬ 
tions <p and ip are doubly continuously differentiable. Then (see the explana¬ 
tions below) we have 

jx'd/^jv dy) = J/ dxdy = 

r r g 

= JJ D dx dy = Di JJ dx dy = Dx J x dy 

g g r 

In the second equality we have used Green’s formula, which is legitimate 
since G is a domain whose orientation is coherent with that of T; in the 








SCALAR AND VECTOR FIELDS. 


103 


fourth equality wes ave applied the mean value theorem for integrals (Di 
is the value of D cqsumed at some point belonging to G). Hence, if D 0 

then the integrals j x' dy’ and J x dy are of one sign (see § 13.5 (4)) and 7 1 

i* r 

and P are described in the same directions; if D -= 0 these integrals have 
opposite signs and the contours r and P are oppositely oriented. 

It follows that for any function f(x, y) defined and continuous on the 
closure & of an oriented measurable domain G there holds the equality 

///*<*- - JJ 'f-mw 

G O' 

where G’ is the oriented domain in the xy-plane corresponding to G. In 
this formula expressing the rule for change of variables in a double integral 
over an oriented domain the Jacobian of the transformation is taken without 
the sign of absolute value. 

Let us also discuss a connection between the orientation of /* and the 
sign of D. Let us take two noncolinear vectors a’ = (o£, q£) and a" = (e£, 
o£) in the xy-plane. If the determinant 



#2 ^2 


is positive (see § 12.14) then the orientations of the pair a\ a " and of the 
system Ox, Oy are the same (Fig. 13.14). If A < 0 their orientations are 
opposite (Fig. 13.15). 

Formulas (1) specify a mapping of the rectangular network of the coor¬ 
dinate lines in the xy-plane on a curvilinear one (see Figs. 13.16-13.18). 
There are two different characteristic classes of such mappings shown in 
Figs. 13.17 and 13.18. As is seen in the figures, the square ABCD goes into 

the curvilinear “parallelogram” A'B'C'D', the vector AB goes, to within in- 
finitesimals of higher order, into the tangent to the arc A'B’ (at the point A') 

( gy Q„/ » „ 

-g—, -g^-J and the vector AD into the tangent 

to the arc AD' (at the point A 1 ) determined by the vector . 

_ # t Dixf y0 • \ oy oy / 

If the determinant D' = is positive the mutual disposition of these 

vectors is as shown in Fig. 13.17, and therefore the directions in which the 
variable points (x, y) and (x', y r ) corresponding to each other describe the 
contours ABCD and A'B'C'D' respectively are the same; hence the direc¬ 
tions of traversing r and J" also coincide. 

^ Jf D’ < 0 the mutual orientation of the tangent vectors to A'B' and to 

A’D' changes to the opposite; therefore in this case F and F r are described 
In opposite directions (Fig. 13.18). 

The definiton of the integrals over oriented domains G+ and G lying in 
the other coordinate planes Oyz and Ozx are stated in like manner. 
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Fig. 13.14 
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§ 13.9. Flax of a Vector Through an Oriented Surface 


Let 


a(x 9 y 9 z) = Pi+Qj+Rk 


be a continuous vector field defined in a domain H belonging to the three- 
dimensional space R with rectangular coordinates x 9 y 9 z and let S* be an 
oriented smooth surface lying in H and determined by a vector parametric 
equation 


r = r(u 9 v) = <pi+y)j+yk ((w, v) € \r u Xr v \ > 0) (1) 
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where £ is a measurable domain in the uv -plane and q>> y> and % are conti¬ 
nuously differentiable functions on Q. 

We shall choose the field of unit normals to S* specified by the vector 
equation 





(in this connection see§ 13.7 (1) and (3)). Then the direction cosines of n(A) 
are expressed by the formulas 


wtere ““TCkr- 

The same surface considered without orientation will be denoted as S. 
By the flux of the vector a through the oriented surface S* is meant the 
number 


f (« ds*) = J (an) dS (3) 

s s 


that is the value of the integral (of the first type) over the surface S of the 
scalar product 

(«») = P cos (n, x)+Q cos (n, y)+JR cos («, z) 


of the vector a of the field by unit normal n specifying the orientation of S*. 

Since (an) is a continuous function of the point A 6 S the surface integral 
of the first type (3) of (an) over S exists (this was proved in § 13.6). 

For instance, suppose that the vector field a in question defined in# is the 
velocity field of a stationary fluid flow, that is for each point A £ H the 
vector a coincides with the velocity of the particle of fluid passing through 
that point, the velocity depending solely on A and being independent of 
time. Then the flux of the velocity vector a through an oriented surface S* 
is equal to the volume of fluid flowing through S in unit time along the 
direction indicated by the normal n(A) specifying the orientation of S. 

From ( 2 ) and from formula (3) in § 13.6 readily follows the equality 

J (an)ds = J(Pcos(«, x)+Qcos(n 9 y) -fPcos (n, z)) ds = 
s s 



D(y,z) 

D(u, v) 



x) , D 
D(u 9 v) + / > 


D(xvy) 
D(u, v ) 




whose right-hand member is an ordinary double integral over the domain 
the functions JP, Q and R under the sign of double integration are taken 
for the values of x 9 y and z equal respectively to the functions 9 , y> and % 
dependent on u and v. 
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It is often convenient to compute integral (4) in Cartesian coordinates. 
We shall demonstrate such calculations under the assumption that the 
smooth surface S in question can be projected in a one-to-one manner on 
each of the coordinate planes, the projections being measurable sets. 

Thus, suppose that S can be described by each of the three functions 

X = fi(y, z) (O', z) € S x ) (4') 

y = Mz, x) ((z, x) 6 Sy) (4") 

and 

Z = MX, y) ((x, y) € Sz) (4"') 


continuous on the projections of S on the planes x = 0, y = 0 and z = 0 
respectively and possessing continuous partial derivatives which, generally 

speaking, exist only in the measurable in¬ 
teriors S x , S y and S 2 of the projections 
(that is in the projections taken without 
their boundaries). 

Let us denote as Sj, Sy and S* the cor¬ 
responding oriented projections of the ori¬ 
ented surface S* on the planes x = 0, 
y = 0 and z = 0 respectively. The speci¬ 
fication of the positive direction of tra¬ 
versing the contour of S* (which deter¬ 
mines the orientation of S*) induces the 
corresponding directions in which the bo¬ 
undaries of the domains S X9 S y and S z are 
described (see Fig. 13119). The cosine of 
the angle between the normal n to S and 



the positive z-axis is given by the formula 

i 

1 


cos (n, z) = ± 


Yl+ft+q* 






where the sign “+ ” or ” is taken in accordance with the orientation of 
S *. By formula (5) of § 13.6, we have 

J R cos («, z)ds = J R(x, y, fa(x, y)) V 1 +P*+q 2 dxdy = 

= ± J R(x, y, f 3 (x, y)) dx dy = f R (x, y, h(x, y)) dx dy = 
s, st 

= J R(x, y, z) dx dy (5) 

s* 

where the fourth integral is taken over the oriented domain S* (see § 13.8). 
As to the last integral, it should be considered as the notation of the prece¬ 
ding one. This is the so-called surface integral of the second type . Jn order to 
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evaluate this integral we substitute / 3 (x, y) for z into the function R(x 9 y 9 z) 
and take the integral of the resultant expression over the oriented projection 

= ±. J where the sign “ + ” or “—” is taken 

depending on whether the domain S* is oriented positively or negatively. 
Similar considerations apply to the other two integrals (see Fig. 13.19), 
and we obtain 


Sj. As is known (see§ 13.8), J 



(n, x) ds = J JP(/i (x, y) 9 y 9 z) dydz = J P{x 9 y 9 z) dy dz 


SS 


s* 


and 


J Q cos (n 9 y)ds= j Q(x 9 f 2 (z 9 x) 9 z) dz dx = J Q(x 9 y 9 z) dz dx 
s s* s * 

We have shown that the flux of the vector a through the oriented surface 
S* specified by the normal n(A) can be computed by the formula 

J {an) ds = j (P(x 9 y 9 z) dy dz+Q{x 9 y 9 z) dz dx+R(x 9 y 9 z) dxdy) (5) 
s s * 

If S* is a surface which can be cut into a finite number N of parts St 
IS* = ]T S* I each of which can be projected in a one-to-one manner on 

each oflhe three coordinate planes then in order to compute the flux of 
a through S* we can find the fluxes of a through each of these parts S* as 
was shown above and then add up the results. 

A spherical surface with centre at the origin is cut by the coordinate 
planes into 8 parts possessing the indicated property. The torus considered in 
Example 3 in§ 7.20 is cut by the three coordinate planes and by the circular 
cylindrical surface of radius b having Oy as axis into sixteen such parts. 

§ 13.10. Divergence. Gauss-Ostrogradsky* Theorem 

Let E be the three-dimensional space with rectangular coordinates x 9 y 9 z 
and let G c E be a domain (with a piecewise smooth boundary S) in which 
a vector field 

a(x, y, z) = Pi+Qj+Rfc ((x, y, z) € G) (1) 

is defined. We shall suppose that the functions P, Q and R [and their de- 
rivatives and are continuous in G whence it follows that for the 

ox 9 dy cz 


*K. F. Gauss (1777-1855), a German mathematician. For Ostrogradsky see § 8.7. 
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vector a there exists the continuous function 

divfl = + -?r * Z > €C ) < 2 > 

which is called the divergence of the vector a. 

Let us assume that the surface S is oriented with the aid of the unit no rmal 
n directed to the exterior of G. 

The aim of this section is to prove the formula 

f div a dG = j (an) dS (3) 

g s 


which holds under some additional conditions imposed on jC?. This equality 
expresses the so-called Gauss-Ostrogradsky theorem (also known as the 
divergence theorem). 

The Gauss-Ostrogradsky theorem reads: the volume integral of the diver¬ 
gence of the vector a over the domain G is equal to the flux of that vector 

_ through the boundary S of the do- 

. j^" LL ^| z-x 2 (x,y) main oriented with the aid of its 

*1 ' * outer normal. 

. To begin with, let us consider 

the domain A shown in Fig. 13.20. 
A domain of this type will be re- 

,•--s, ferred to as an elementary H z - 

*-*i( x, y) domain. The upper and lower 
[ I boundaries of A are the surfaces 

j l <?i and 02 (with piecewise smooth 

i j _ boundary curves) determined by 

/ ' j the equations z = A^x, y) and 

U-'J z = A^x, y), Ai(x, y) -s Aj(x, y); 

,>s ———^ (x, y) € A x , respectively, where 

At is a domain in the xy-plane 
with a (piecewise smooth) boun¬ 
dary y, and the functions Ai and 
Flg - 13-20 A 2 are continuous on A x and have 

continuous partial derivatives in 
the open set A t . The lateral boundary of A is the cylindrical surface 0 * 
with the curve y as directrix and generators parallel to the z-axis. 

Let 5* be the boundary of A oriented with the aid of the outer normal 
(see the explanations below). This induces the corresponding orientations 
of the surface elements 01 and 0 $ and of the lateral surface 0 * of the domain 
A. For the domain A there hold the equalities (see the explanations below) 


*■(*. >) 


dA = jj dxdy f ™dz = 


*i(*» y) 
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y))-R(x, y, h(x,y))}dxdy = 

A 

= //*«*.* Hx, y)) dx dy+ JJ R(x, y, A x (x, y))dxdy = 

<4. <£. 

= JJ R(x, y, z)dx dy (4) 

s* 

The normal a to o{ forms an obtuse angle with the positive z-axis while 
the normal to a\ forms an acute angle with it; (therefore the projection 
of the element al on the plane z = 0 is oriented negatively while the projec¬ 
tion e£ x of is oriented positively. This accounts for the passage from 
the third term in (4) to the fourth one. To the sum of the two integrals 
forming the fourth term we can formally add the integral 

JJ R{x, y, z) dx dy = 0 

a* 

which is equal to zero since cos (n, z) = 0 for a*. Thus, the resultant sum of 
the three integrals is equal to the last integral in (4), that is to the flux of 
die vector (0,0, R) through S*. 

We have thus proved the Gauss-Ostrogradsky theorem for an elementary 
flx-domain and for a vector of the form (0, 0, R). 

Further, let us call a domain G an H z -domain if its closure G can be cut 
into a finite number of closures Gk of elementary /f*-domains so that the 
upper and lower parts of the boundaries of Gk s are some parts of die orien¬ 
ted boundary S* of the domain G: 

N _ 


k**l 


We shall prove that for such a domain G and for a vector of the form (0,0, R) 
the Gauss-Ostrogradsky theorem also holds. 

To this end, let us denote by Si, * and S 2 , k the lower and upper parts of 
the boundaries of Gk s respectively and by S* the lateral parts of the boun¬ 
daries of Gk 9 s. Then we have (see the explanations below) 


dG 


N c 

-1 / 

fc=l n. 


dG = 


“ S ( / R (x,y,z)dxdy+ J R(x,y,z)dxdy+ j R(x, y, z) dx dy\ - 
kml V.* s* tt si / 

= J R(x,y, z) dxdy 

s * 

because die integrals over S* k s are obviously equal to zero while for the 
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parts Sl'k and we can assert that either their onion coincides with the 
surface S* or, if otherwise, the set 

*= 

i i 

is a part of S* such that the normal at its every point is perpendicular to the 
z-axis and therefore the integral over a is equal to zero. 

By analogy with the above, we can define the notions of H x -domains and 
Hy-domains. For instance, an fix-domain possesses the property that its 
closure can be cut into a finite number of closures of elementary H x -domains, 
the latter being understood in the same sense as the elementary fit- 
domains with the only difference that the role of the z-axis is played by the 
Y -axis . Similar considerations show that for an fix-domain G there holds 
the equality 

/ dG = J7 y* z > dy * 

G S+ 

that is the Gauss-Ostrogradsky formula holds for the /7 x -domains and for 
the vectors of the form (P, 0, 0). Analogously, for an //^-domain G there 
holds the formula 

j^-dG = jj Q(x, y,z)dzdx 
o s* 

ex pressing the Gauss-Ostrogradsky theorem for a vector (0, Q, 0). 

Now let us suppose that a given domain G is simultaneously an fi x -, an 
H y - and an fi*-domain; then obviously the Gauss-Ostrogradsky theorem 
holds for any continuously differentiable vector field a = (P, Q, R) defined 
on G, that is we have the equality 

J/J +#)***- 

G 

= JJ (P(x 9 y 9 z) dydz+Q(x 9 y 9 z) dz dx+R(x 9 y 9 z) dx dy) (5) 

s* 

where the integral on the right-hand side is taken over the surface S* oriented 
with the aid of the outer normal to <7. 

On putting P = x 9 Q = y and R = z in the Gauss-Ostrogradsky formula 
(5) (or (3)) we obtain the formula 

|G| (* dz+y & dx+z dx dy) 

s * 

expressing the volume |G| of the domain G in terms of the surface integral 
taken over its oriented (with the aid of the outer normal) boundary S*. 

Practically, we usually deal with domains which are simultaneously H x - 9 
H y - and //^-domains. 
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Example 1. The ball x 2 +y 2 +z 2 1 is an ff r -domain and even an elemen¬ 

tary //^-domain because its interio r is bounded above and below by the 

smooth surfaces z x = /l— x 2 —y 2 and z 2 = — /l— x 2 —jp (x^y 2 < 1) 
where the functions z x and z 2 are continuous in the closed circle x 2 4-y 2 < 1 
whose boundary curve is smooth. It is evident that the ball in question is 

also an H x - and an //^-domain. 

' » 

Example 2. Let us consider the torus T obtained by the rotation of the 
circle (x—h) 2 +y 2 = a 2 (0 < a < 6) lying in the xy-plane about the y-axis. 
To show that T is an ^-domain it suffices to cut the boundary surface of T 
into two parts with the aid of the xz-plane. Further, the planes x = b—a 
and x = a—b divide T into four elementary //^-domains while the planes 
z = b—a and z = a—b divide it into four elementary ^-domains. 

The Gauss-Ostrogradsky formula transforms a volume integral over a 
domain into a surface integral taken over its boundary. In the next section we 
shall derive Stokes* formula with the aid of which a surface integral can be 
transformed, under certain conditions, into a line integral. 

To elucidate the physical meaning of the notion of the divergence of a 
vector let us suppose that the given domain G is occujpied by a stationary 
flow of a fluid so that the velocity of the particles of fluid passing through an 
arbitrary point (x, y, z) € G is equal to a = a(x, y 9 z). Let us take an arbitrary 
but fixed point A == (x, y 9 z) 6 G and embed it in a ball V e c G of radius 
s > 0. Let St be the boundary of the ball (the spherical surface) oriented 
with the aid of the outer normal. Then, by the Gauss-Ostrogradsky formula, 
we have 


//(«<&) = JJJ.div a dx dy dz 


»e 


e 


The left-hand member of this equality expresses the volume of the fluid 
flowing out of V e (to the exterior of S e ) in unit time. 

On applying the mean value theorem to the last equality we obtain 

JJ (ads) = \ V e \ divfli (6) 

s e 

where | V e | is the volume of V e and a x is the velocity of the fluid at some point 
belonging to V e . Let us divide both members of equality (6) by \ V e \ and 
pass to the limit as e 0; by the continuity of div a this limit exists and is 
equal to the divergence of a at the chosen point A(x 9 y 9 z ): 

t v t* 

(7) 

S e 

Thus, div a is equal to the value of the intensity of sources of fluid (con¬ 
tinuously distributed over G) at the point A(x 9 y 9 z). If div a = 0 at the point A 
(or throughout G) then the intensity of sources is equal to zero at A (or 
throughout G). If div a < 0 then at the corresponding point there is in fact 
not a source but a sink of fluid. 
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From the above physical considerations it appears evident that div a is 
an invariant with respect to all transformations of the rectangular coordi¬ 
nates. The same conclusion can be drawn on the basis of purely mathema¬ 
tical argument if we take into account that the flux of a vector field through 
the surface S, is invariant with respect to the transformations. It follows 
that if one and the same vector field a is considered relative to two different 
systems of rectangular coordinates (x, y, z) and (x\ /, zf) and is specified by 
two vector functions 

a = P(x, y, z)i+Q(x, y, z)j+R(x, y, z)k 


and 

« = /» z^ji+Riix', y', zf)k r 


respectively then 


diva = 


0 P 

0 * 


, 80 ■ 0* _ 0P X 

** 0y ^ 0z ” ex' 


80i 

0 / 


0 Ai 

SS 


at every point A(x, y, z) = A\xf, y’, z 1 ). This assertion can of course be 
proved directly without resorting to the Gauss-Ostrogradsky theorem. 

The divergence of a can also be interpreted as the (symbolic) scalar 
product of the Hamiltonian operator V and the vector a: 


[div a = Va = 


8a. | 0a, f da. 
Ox dy ^ Qz 


From this point of view the above invariance can formally be proved as 
follows. Since V and a are vectors and the scalar product of two vectors is 
invariant with respect to the transformations of rectangular coordinates so 
is the divergence Va. 

The Gauss-Ostrogradsky theorem can also be stated for the case when G 
is a domain in the Ay-plane and a(x, y) — P(x, y)i+Q{x, y)j is a vector field 
defined in it. Denoting by n(A) the outer normal to the boundary r of the 
domain G(A 6 F) which is supposed to be a piecewise smooth contour we can 
write the equality 

l\{^+^) dx dy= /(-)* 

g r 


where ds is the differential of arc length of the curve jT. 

If we agree that the direction of the tangent to the contour T coincides at 
every point of jT with the positive direction of traversing J* in which the arc 
length s is reckoned along r then 

cos (/i, x) = cos (T,y) = ^ and cos (n 9 y) = — cos(T, x) = 
Therefore (an) ds — P dy—Q cb c, and we obtain 

// (If+-f-) ^ ^ ^ - 2 ^ 

g r 
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On replacing P by Q and Q by —P in the last formula we arrive at Green’s 
formula which was already derived in § 13.5. 

Let G be a bounded domain with doubly continuously differentiable 
boundary S and let Gx be the part of G bounded by the surface Sx whose 
points are at a distance of A > 0, reckoned along the normal to S 9 from the 
boundary S of G (see§ 7.25). Let us also consider a vector field a defined and 
continuous on G and possessing continuous partial derivatives on G (the 
derivatives may be unbounded in the vicinity of the boundary of G). We 
shall suppose that for sufficiently small A the domain Gx satisfies the con¬ 
ditions under which the Gauss-Ostrogradsky theorem is applicable. 

Let us show that in that case the Gauss-Ostrogradsky formula 

J div a dx = j (an) ds (8) 

g s 

where x = (x l9 jc 2 , * 3 ) continues to hold if its left-hand member is understood 
in the following improper sense: 



As to the right-hand member of (8), it is an ordinary surface integral of the 
second type over the smooth surface S oriented with the aid of its outer 
normal because the vector a is continuous on S. 

Indeed, according to the Gauss-Ostrogradsky theorem which was already 
proved for domains of the type of Gx, we have 


J div a dx = J (an) dsx (0 < A *s[i) (10) 

Sx 

for a sufficiently small \i because for sufficiently small values of A the bounda¬ 
ry Sx of Gx is a smooth surface (see § 7.25) and the vector a is not only con¬ 
tinuous on the set Gx but also has continuous partial derivatives in it. 

Let us show that 


lim 

A -*-0 


J (an) dsx = J (an) ds 
s x s 



under the assumption that S can be cut into a finite number of smooth 
surface elements S l : 




By virtue of (10) this will imply the validity of (8) and (9). 

To prove (11) let us consider the parts Sk (/ = 1,.. .,N) of Sx consisting of 
'the points of G lying on the normals to S l at a distance A from S l . Decom¬ 
position (12) of S into the parts Sx induces the corresponding decomposition 


8 —3737 
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of Si: 


N 


Sx= £S{ 
1=1 



For definiteness, let us suppose that S l is determined by an equation z = 
=f(x, y) ((x, y) € &)* Then the Cartesian coordinates (£, r), £) of the points 
of S* are determined by equations 

£ = <p(x, y. A), n = ip(x, y. A), £ = y(x, y. A) (x, y) € £2 

where £2 is the closure of a bounded domain in the xy-plane having a piece- 
wise smooth boundary curve and <p, ip and % are continuously differentiable 
functions of (x, y. A) describing the smooth surface Si for 0 *s A «s (i where 
fi is sufficiently small. For expressions of these functions see § 7.25 (5) 
(n = 3 and t = A). 

Therefore (see the explanations below) we have 

J (an) dSi = ±JJ dxdy-* j (an)ds (A - 0) (14) 

sj o * ' s« 

where the vector product of r x and r y is given by the formula 

. w. _ Div, x) t ■ °<X’ <P) s , IX.<p, y ) 
xX y DOcy) + JKx,y) J+ I*x,y) K 

and the values of £, r? and £ entering into a = a(£, r), £) are replaced by the 
functions q>, ip and % respectively. Indeed, the integrand in the middle integral 
in (14) is a continuous function of (x, y. A) on the closed set (x, y) 6 £2, 
0 < A < ft, and therefore it is allowable to pass to the limit, as A -► 0, under 
the integral sign (see § 12.13, Theorem 1). An analogous situation takes 
place when S k (k = 1, ...,N) can be projected in a one-to-one manner on 
theplanex = Oory = 0. From (12), (13) and (14) follows (11) which implies 
(8) and (9). 


§ 13.11. Rotation of a Vector. Stokes'* Theorem 

Let us consider a continuously differentiable vector field 

a = P(x, y, z)i+Q(x, y, z)j+R(x, y, z)k 

defined in a domain in the three-dimensional space R. 

The rotation of the vector a is the vector 

. /9 R 6Q\ a ,(dP dR\.,/dQ 8 P\, 

It can be regarded as the (formal) vector product of the Hamiltonian opera¬ 
tor V by the vector a: 

rota = VXa 


* G. G. Stokes (1819-1903), a British physicist and mathematician. 
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As is known from vector algebra, the vector product of two vectors is an 
fl'vial vector, that is it is invariant with respect to all the transformations of 
orthogonal coordinates preserving their orientation (in the sense that right- 
handed systems go into right-handed ones while left-handed systems go 
into left-handed ones). It is known (see § 7.6) that the symbol V can be re¬ 
garded as a vector since when we pass from one rectangular coordinates 

system (x, y, z) to another system (x\ y', z') the transformation rule for the 
J 0 0 0 

“components” , -g- and of V is the same as that for the components 

of an ordinary vector. Therefore rot a = VXa is an axial vector, that is it is 
invariant with respect to the transformations of rectangular coordinates 
preserving their orientations. Consequently, we can assert without calcula¬ 
tions that if the vector a = P(x,y,z)i+Q(x,y,z)j+R(x,y,z)k has the com¬ 
ponents Pi(x\ y’, z'), <2i(x', /, z') and Rx(x , t y', zT) in a new coordinate sys¬ 
tem (x', y\ z') (having the same orientation as the old system (x, y, z)), that 

IS if 


a = i» 1 (x', /, z’)i'+Q l (x', /, z')/+fti(x', /, z')k' 

then there holds the identity 

(8* _ .. /0P _ *R\ ,, /9fi _ dP\ k _ 

Uy 0*r + Uz dx) J+ \dx Qy) k ~ 

_ /8*i 0fii\.v,/9Pi 0«i \ /9Gi 0Pi\ 

“ llF-lF-j* + \W~ toT) J + la?—*8/j* 

where i\f and k! are the unit vectors of the coordinate axes of the system 
(**, /, z'). 

We shall prove Stokes 9 formula 

jj (nTota)ds= j(adl ) (1) 

s r 

expressing Stokes 9 theorem which states that the flux of the vector rot a 
through an oriented surface S* is equal to the circulation of the vector a over 
the coherently oriented contour r bounding the surface S'*.* 

We shall begin with the proof of Stokes* theorem for a smooth surface 
element which can be projected in a one-to-one manner on each of the 
three coordinate planes. 

Let us consider an oriented smooth surface element S'* with a piecewise 
smooth edge r representable by equations of each of the following forms: 

z =/(*. y) (*> y) € S Z9 x = tp(y 9 z) (y, z) € S x 
and 

y = yK.z> x) (z 9 x) e s y 


' * Here S* denotes the surface S oriented with the aid of the normal i». The left-hand 

member of (1) is a surface integral of the first type. 


8 * 
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We thus suppose that each of these equations can be uniquely resolved with 
respect to any of the variables x 9 y and z and that the functions /, q> and ip 
are continuously differentiable on the corresponding projections of S on the 
coordinate planes. 

We have 


// <* rot «)*“// {(fr-fl) 008 <”• *>+ 

+(¥-?£) cos ^ + d?-fr) 008 z )} * c?) 


Let us consider the sum of those terms entering into the right-hand side 
of (2) which contain P. It can be expressed (see the explanations below) as 

"// {!£- 008 to z >—|r 008 («> >>)} * = 

s 

= -J7 (l£+|f §f) 008 fa z ) * = -// -|r p ( x * y,f(x,y))dxdy = 

s s* 


SI 


- j p l x , y, fix, y)]dx = j P[9>i(si), f i(si), fiyiisi), f ifa))] n(si)dsi = 

A o 




= J p (<Pi(si)> Vi (si), Xi(si))<Pi(si) dsi = J P(x, y, z) dx (3) 


The proportion 

= cos in, x) :cos («, y) :cos (n, z) 

shows that 

cos («, y) = — g^-cos (/I, z) 

which implies the first equality in (3). The second equality is written on the 
basis of § 13.9 (5). The third equality follows from Green’s formula. Finally, 
the last three equalities in (3) are valid if we suppose that the oriented con¬ 
tour r is representable by piecewise smooth functions 

* = PiCri), y = ipi(si) and z = 0 < 

The first two of these functions specify the projection F z of F on the plane 
z = 0 oriented in the coherent way. It should also be taken into account that 
F is the edge of the surface S determined by the equality z = /( x 9 y) and 
therefore = f(<Pi(si), Vi(*i))> 0 < s x < £ 

The equalities 

JJ (H 008 (”» 008 (”»*)) * = f y* z ) dy (4) 

s r 
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and 

// iw 008 ^ 008 ("> >'))* = / R(x, y, z) dz 

s r 



are proved analogously. 

From (3), (4) and (5) follows Stokes’ formula (1). 

We have proved Stokes’ theorem for an oriented surface element project- 
able simultaneously on each of the three coordinate planes. There is another 
important simple case when Stokes’ 1 theorem holds to which the above argu¬ 
ment is inapplicable. Namely, we mean the case when S* is a part of a plane 
parallel to one of the coordinate axes. The validity of Stokes’ theorem for 
such S* can be verified with the aid of direct calculations similar to (3). 
However, it is also possible to use the following argument. The integrals en¬ 
tering into Stokes’ formula are invariant with respect to the transformations 
of the rectangular coordinates preserving their orientation. A transformation 
of this type can always be chosen so that 5* can be projected in a one-to-one 
manner on each of the coordinate planes of the new coordinate system, which 
proves the desired assertion. 

Stokes’ formula continues to hold for any oriented surface S* (with a 
piecewise smooth edge I 1 ) which can be decomposed with the aid of piece- 
wise smooth curves into a finite number of smooth surface elements project- 
able in a one-to-one manner on each of the three coordinate planes. 

Indeed, let S* = of+c| +... + 0 % be such a decomposition and let 
I\,...» £n be the coherently oriented contours bounding of ,.. ., 0 % respec¬ 
tively. Then, according to what was proved above. 


JJ (rot a da) = £ jj (rot a 


}- 1 ’ 


<9 



because the parts of the integrals f (J = 1. N) corresponding to the arcs 

of JT) not belonging to r mutually cancel out since each of these arcs is 
traversed twice in the opposite directions. 

An oriented surface which can be split into a finite number of (plane) 
triangles is called a polyhedral surface and is an example of a simple surface 
to which Stokes’ formula is applicable. 

We shall also note the following. Let a* denote a circular plane area with 
centre at a point A(x, y, z) and radius e oriented with the aid of its definitely 
chosed unit normal vector n; let y, be the oriented contour bounding o*. 
According to Stokes’ formula, we have 

J (a ds) =* J (a rot«) da, = J rot. ado t = | o,| rot. «i 

> Ye o 8 a* 

where rot* a is a scalar function equal to the projection of rot a on n and 
rot* a x is the value of this function assumed at some point belonging to <r«. 
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It follows that the value of the function rot„ a at the point A is expressed by 
the formula 


rot„ a = limJ (a <&) (6) 

r« 

where in the passage to the limit as e •* 0 it is supposed that the vector n re¬ 
mains invariable. The right-hand side of (6) is a number which is the same in 
any right-handed (left-handed) coordinate system. However, if a right- 
handed system is replaced by a left-handed one while a is invariable the 
direction in which the contour y, of a t is described changes to the opposite 
and therefore the sign of the right-hand member of (6) also changes. This 
again shows, in another way, that rot a is invariant with respect to the orien¬ 
tation preserving transformations of rectangular coordinates. 

Remark. Let Q be a domain in which a continuously differentiable field 
of a vector a is defined such that rot a = 0. If a closed contour T 1 c 12 is 
such that it is possible to pull over it an oriented smooth surface with/ 1 as its 
(oriented) edge then, according to Stokes’ theorem, the line integral of « 
taken round the contour 7 1 is equal to zero: 

j (a dl) = j j (n rot a) = 0 
r s 

This property can be used for proving Theorem 3 in § 13.3 but such a 
proof is connected with some sophisticated considerations because it should 
be taken into account that in any domain there are closed (knotted) contours 
over which it is impossible to stretch smooth surfaces. 

§ 13.12. Differentiation of Integral with Respect 

to Parameter 

We shall begin with the proof of the equality 

-gj //(*» y)dy = J y)dy (a x h) (1) 

O Q 

on condition that Q is a closed measurable set in the space of the points y = 

= (yx,.. .,y m ) and the function/and its derivative -J- are continuous on 

the set H = [a, b]xQ (x € [ a , b],y € £2). 

In particular, if Q is a closed interval [c, dj formula (1) takes the form 

4 4 

-gj / fix, y)dy = j -§^f(x, y) dy O') 

C C 

under the assumption that f and are continuous on [a, hjx [c, d]. 
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Indeed, let us put 

F(x) = jf(x,y)dy 
a 


then 

F(x+h)-F (^_ = j i_ U( x+ht y)] dy = 


Q 

= j^(x,y)dy 

a a 


(h — o; 0 < 6 < 1) 


because 


0 

-|0|»(|J|, f) 


"/"(I* 1 - ©*■= 

a 


0 


(h - 0) 


where «o /d, is the modulus of continuity of 4r£ on the (bounded and 

closed) set H. 

Now we shall suppose that / is a function /= f(x, y) of two variables x 
and y and prove a generalization of formula (1) to an integral of the form 



*(*) 

/ fix, y) dy 


*<*) 


(a ■ss x < b) 



where the functions <p and ip satisfy the inequality <p(x) < ip(x) (a < x < b) 
and are continuously differentiable while the function/(x, y) of the scalar 


variables x and y and its partial derivative — are continuous on the set 

of points (x, y) (see also § 7.11) whose coordinates satisfy the inequalities 
(f(x) y y(x) and 

Let us show that the function F(x) possesses the derivative on [u, h] de¬ 
termined by the formula 


*<*) 

F'(x) = f{x, rp(x))ip'(x)-f(x, <Kx))<p'(x)+ j -j^f(x, y) dy (3) 

9<x) 

To this end we construct the auxiliary function 


V 

0(x, u, v) = jf(x,y)dy (4) 

> U 

defined on the set H of the points (x, u, v) specified by the inequalities f(x) < 
u v y> (x) and a*zx~zb. 


120 


A COURSE OF MATHEMATICAL ANALYSIS 


The function z = F(x) can be regarded as a function of a function of the 
form z = 0(x 9 u 9 v) 9 u = <p(x) 9 v = rp(x) (a x^b) and its derivative can 
be computed by the well-known formula 



dz _ 0<p 00 

lx “ *0x 





where the right-hand side is taken for the values u = p(jc) and = rp(x) of 
the variables t/ and v; however, we have to show that the partial derivatives 
of 0 are continuous functions of (x 9 u 9 v) and to express them in terms of f 9 
q> and y). By the continuity of f(x 9 y) with respect to y and by virtue of the 
theorem on the differentiation of an integral with respect to the upper and 
lower limits of integration, it follows from (4) that 

•§£■=/(*,») and l |* = -/(*») (6) 


and, since / is continuous, the right-hand members of (6) are continuous 
with'respect to (x, u, v) and therefore so are the left-hand members. 

a / 

The derivative is continuous by the hypothesis, and therefore, by virtue 

of (1), we have 

If = w f /(x > r)# = f w/c* y> ** w 

u u 

(in this connection see the remark below). Further, we can formally regard 

0 /* 0 

as a function of the variables (jc, u 9 v 9 y): f(x 9 y) = y(x 9 u 9 v 9 y). It is 

obviously continuous with respect to these variables, and u and v can be 
considered as continuous functions of (jc, u 9 v): 

u = X(x 9 u 9 v) v = fi(x 9 u 9 v) (x 9 u 9 v) d H 

Hence, using this notation we can write 

ft(X. «, v) 

= J y(x,M, v,y)dy 

Mfru t o) 

00 

Consequently is a continuous function of (jc, u 9 v) (see § 12.13, Theo¬ 
rem 2). 

We have justified equality (5). 

The substitution of (6) and (7) into (5) and the change of variables u = 
= <p(x) 9 v = ip(x) now lead to formula (4). 

Remark. Strictly speaking, equality (7) was proved only for the points 
(jco, Ho, Vo) for which 


<p(xo) < uo < vo < tp(x 0 ) 


(8) 
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In this case it is possible to choose a number 8 > 0 so small that the rec¬ 
tangle {|x— Xo\ 8, uo y «? 0 } will belong to the domain of definition 
of /(*, y)> This enables us to apply formula (1) (with c = u 0 and d = v 0 ). 
If t/o = <p(xo) or Vo = y>(xo) (or both) there may be no such rectangle for 
any 8 > 0. However, the right-hand member of (7) makes sense and is 
continuous for all the points (x 9 u, v) of the closed set H, and therefore the 

partial derivative defined originally only for the points (xo,uo, v 0 ) of 

form (8) can be continuously extended to the whole set H if we put it equal 

to the right member of (7). This defines the (generalized) derivative -g- on H. 

The theorem on the derivative of a composite function continues to hold for 
the derivatives understood in this generalized sense (see§ 7.11). 


§ 13.13. Improper Integrals 

Let G be a measurable open set in the n-dimensional space and let x° be 
a point belonging to G. 

Let us take the (closed) ball eo(e) = {|x—x°| =s e} of radius e > 0 
with centre at x° and construct the (open) set G, = G—<o(e). 

We shall say that an integral of the form 

jfdx (1) 

< G 


has only one singularity, at the point x°, if thefunctionf is defined and unbounded 
on G, but is bounded and integrable on G e for an arbitrarily small e > 0. 

It should be stressed that if integral (1) has (only one) singularity at the 
point x° the integrand function /(x) is not Riemann integrable because it is 
unbounded on the measurable open set G (see Theorem 1 in § 12.10 and 
what precedes it). 

If integral (1) has only one singularity at the point x° we say that it exists in 
the improper sense if the limit 


lim J/(x) dx = J/(x) dx 



exists. In this case we assign to expression (1) the numerical value equal to 
limit (2) which is the improper integral of f over G . 

Since for 0 -< 8± -< 5 2 we have 


/-/- / 

Od x Gt 9 Gd t -Gd 9 


Cauchy’s necessary and sufficient criterion for the existence of a limit 
miplies that, under the conditions stated, improper integral (2) exists if and 
0n v if, given an arbitrary e > 0, there is 8 > 0 such that for any 8i and 8 2 
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satisfying the inequalities 0 < 5i, < 5 there holds the inequality 


J /* 

Gd x -Gd t 


e 


It follows that if Q is an arbitrary measurable open set containing the point 
x° and Gi = QG then the integrals Jfdx and j fdx exist or do not exist 

G G x 

simultaneously (see Figs. 13.21 and 13.22) because the application of 
Cauchy’s criterion to them leads to one and the same conclusion. 



Fig. 13.21 



Let us consider the special case of dimension 1. Let f(x) be a function 

b 


defined on a (one-dimensional) interval (a, b) such that the integral jf(x)dx 


has an only singularity at a point x° € [a, &]. 

If x? = a or x? = blhe above definition of the improper integral reduces 
to the ordinary definition which was stated in § 9.12. In the case when 
*° € (a, b) 9 that is when jfi is an interior point of the closed interval [a 9 b] 9 
the improper integral of f(x) is regarded as existent in accordance with the 
definition stated in this section if the limit 


lim 

«-*-o 




exists. But this is nothing but the definition of Cauchy’s principal value for 
a one^dimensional improper integral stated at the end of § 9.16 (but not of 
the ordinary Riemann improper integral because the definition of the latter 
requires that the limit (as e -► 0) of each of the integrals on the left-hand side 
of (3) should exist). 
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Given any constants A and B, we have the obvious equality 

J (Af(x)+B<p(x)) dx = Ajf(x) dx+B j <p(x) dx (4) 

G G G 

for improper integrals which, as usual, reads: if the improper integrals on the 
right-hand side of equality (4) exist then the integral on its left-hand side also 
exists and is equal to the right-hand side of (4). 

If/is a nonnegative function on G then (finite or infinite) limit (2) always 
exists because the expression under the sign of the limit does not decrease 
when e monotonically tends to zero. 

In case this limit is finite we write 

jfdx < oo 
G 

and if it is infinite we write 

jfdx =oo 
G 


It is clear that for a nonnegative function of one variable the definition of 
the integral in the sense of Cauchy’s principal value and that of the Riemann 
improper integral coincide in the case when xP £ (a, b ) because in this case 
the existence of the limit of the sum on the left-hand side of (3) implies the 
existence of the limit of each of the two summands entering into that sum. 

Obviously, we can also say that the improper integral of the above-described 
nonnegative function defined on G exists if and only if the expression under the 
sign of the limit in (2) is bounded above by a constant M independent of 0. 

Let us state one more equivalent definition: the improper integral over G 
of a nonnegative function f with only one singularity at xP is the limit 




J /* 

G-*» 



where X„ are domains possessing the following properties: 

(i) xP 9 

(jj) ^71 ^ ^#l+l» 

(iii) the diameter d(X„) tends to zero as n 

If there are two nonnegative functions / and q> defined on G whose in 
tegrals have only one singularity at x° and if f(x) < tp(x) (x € Gf) then 


jfdx jq>dx 
g 8 g 8 

for any e > 0. Both members of this inequality are monotone increasing as 
^ monotonically tends to zero, and therefore, on passing to the limit for 
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s 0, we obtain the inequality 

jfdx*ej<pdx (6) 

G G 

whose members can be finite or infinite. If the integral on the right-hand 
side of (6) is finite then so is the one on the left-hand side and if the integral on 
the left-hand side is infinit e then the integral on the right-hand side is also in¬ 
finite. 

Integral (1) with one singularity at a finite point x° is said to be absolutely 
convergent if the integral of the absolute value of/(*) is convergent: 


J |/| dr < oo (7) 

G 

An absolutely convergent integral (1) is convergent since (7) implies that 
for any £ > 0 there is 5 =» 0 such that 


e > J I/I dx 

Gd x -Qfi % 





Example 1. Let us consider the integral 


i 


dx 

r* 


0 



where r = ]6cf+... + x£ and Q is the unit ball in the ^-dimensional space 
with centre at the origin. 

For a > 0 expression (8) is obviously an improper integral with only one 
singularity at the origin. Its value is defined as the limit 



On passing to spherical (spacial polar) coordinates with the aid of the 
transformation 


x± = r cos q>i 
jc 2 = r sin <pi cos <p 2 


jc*_i = r sin sin <p 2 ... sin < p n - 2 cos < p „- 1 
x n = r sin q>i sin q>2 ... sin <p n -2 sin q > n -1 
and taking into account that the Jacobian of this transformation is 

I = r"- 1 sin sin q%~ 3 ... sin <p n -i 













SCALAR AND VECTOR FIELDS. 


125 


we obtain the equality 

1 

T a = o n lim f r n “" a_1 dr 

e -*>0 J 



where o n = Y[n/2) ^ spherical surface bounding the unit 

ball in the w-dimensional space. 

It follows from (9) that 


and 


/« < oo if a < n 
/ a = oo if a => w 


As a generalization of this example we can consider the integral 


i 


\qjx)\dx 



where q> is a continuous function on Q. Let us put 

M = max |y(x)| 


For «<nwe have 




i 


\<P(x)\dx 

/* 



OO 


that is integral (10) is absolutely convergent. 

Now let a s* n and |y(0)| > 0. Then there is a ball co with centre at the 

origin and radius so small that |g>(x)| > = m > 0 on that ball. 

Therefore 


i 


CO 





and consequently integral (10) is divergent for a s* n. 

The notion of a Riemann multiple integral is defined for a measurable and, 
consequently, bounded domain. If the domain is unbounded then, under 
certain conditions, it is possible to state the definition of the notion of the 
improper integral over such domain. 

Let us consider an unbounded domain G lying in the n-dimensional 
space and possessing the property that, given any ball co(R) with centre at 
the origin and radius R, the intersection G(R) = Gco(R) of G with that ball 
is a measurable set. Further, let there be given a function /(x) defined on G 
and integrable on G(R) for any R. In this case we say that / has only one singul¬ 
arity at thepoint at infinity and define the improperintegral offover Gas the limit 


lim 


J = \f dx 

C{R ) G 
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All that was said about an improper integral with only one singularity at 
a finite point x° can be repeated with some modifications for an improper 
integral having one singularity at the point at infinity, and we shall not go 
into particulars here. 


Example 2. The transformation to polar coordinates brings the integral 



to the expression 


R 



<*n 

if—a 
oo 


for a > n 
for a < n 


Finally, let us discuss a more general case when the closure of a domain 
G where a function / is defined can be broken up into a finite number of 
closures of open sets so that these closures can only intersect along some 
parts of their boundaries: 

G = ... +Gn (12) 


If each of the integrals jfdx(j= 1, ..., N) has only one singularity 

G» 

x J € Gj and if the domain G is unbounded then only one of these integrals 
has the point at infinity as its singular point. Besides, the points x J are 
pairwise distinct. 

In this case the improper integral of f on G is defined as the sum 

\fdx = £ jfdG (13) 

G J ** 1 G s 

If at least one of the integrals entering into this sum is divergent, the 
integral on the left-hand side of (13) is also considered divergent. Similarly, 
integral (13) is said to be absolutely convergent if and only if all the integrals 
entering into sum (13) are absolutely convergent. 

Here we shall not carry out the proof (which is quite simple) of the fact 
that the definition stated leads to the result (number) independent of all the 
possible ways in which the domain G can be split into parts with the indi¬ 
cated properties. 

Example 3. It is evident that the integral I — where R n is the whole 

*n 

n-dimensional space is divergent for any real a. 

Example 4. The integral 

oo oo 

/ = J J e~ x *~ yt dx dy 

o o 
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can be defined as the limit 






where the improper integral with respect to one variable standing on the 
right-hand side is convergent. On the other hand, denoting by £2 (N) the 
q uar ter circle of radius N and centre at the origin lying in the first quadrant 
we can write 

ji/2 N 

I = lim JJ e-^qdqdd = lim j dd-j je~ ft d(f) ■ j*y = T 

n ~*°°o(N) 0 0 

whence follows 


o 

Example 5. The function y>(x) defined as being equal toe -1 *' at the points 
x = (xi, x n ) with irrational coordinates and to —e~l*l at all the other 
points of the n-dimensional space ft, is not absolutely integrable although 
the integral of |y| over ft, is convergent: 

j |y| dx -= » 

*» 

Indeed, this is so since die function y>(x) is discontinuous throughout R„. 

Exercise. Check that for the fundamental solution v of the heat conductivi¬ 
ty equation (see the exercise in § 7.7) we have 

w ee w 

J J J vdxdydz =1 (to >• t) 


Hint. Pass to polar (spherical) coordinates. 

Remark. Let Q be a bounded domain with a doubly continuously diffe¬ 
rentiable boundary S. Let us denote by Sx the surface lying within Q whose 
points are at a distance of A > 0 from S 9 reckoned along the inner normal 
to S (see § 7.25), and let Qx a Q be the domain bounded by Sx- 
lf/(x) is an unbounded function defined on Q and integrable on Qx for 
any sufficiently small A > 0 we can define the improper integral of f over Q 
as the limit 


V 


jf(x)dx = lim J7 (jc) 


dx 


provided it exists. 
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On the basis of this definition it is also possible to introduce the notion 
of an absolutely convergent integral. 

The idea on which this definition of an improper integral of a function 
having singularities on the boundary of the domain of integration is based 
is similar to that of definition (2) considered in this section. A narrower 
definition of this type was stated in§ 12.22. Of course, both definitions coin¬ 
cide in the case of a nonnegative function defined in a domain of the form 
indicated here. However, the definition stated here is more general because 
it can be shown that if an integral is convergent in the sense of § 12.22 then 
it is absolutely convergent. The definition stated here was in fact already 
used in the derivation of the generalized Gauss-Ostrogradsky theorem at the 
end of § 13.5 and in§§ 13.6 and 13.10. 


§ 13.14. Uniform Convergence of Improper Integrals 

Let Q c R m and D c R„ be some sets in the /w-dimensional and /{-di¬ 
mensional spaces R m and R„ respectively. We shall also suppose that the 
set D is measurable. By oo d we shall denote the open ball of radius d with 
centre at y° where the point y° belongs to D. 

Let us consider the integral 


Fix) = J fix, y) dy (x^Q) (1) 

D 


having only one singularity at the point y°. This means that /(x, y) as 
function ofy is unbounded on D but bounded and integrable on D—co d for 
any d > 0. 

Integral (1) is said to be uniformly convergent with respect to x if it is 

convergent for any x d Q and if given any e > 0, there is b o > 0 such that 
for any b satisfying the condition 0 *< b < d 0 the inequality 


/ f(x,y)dy 


e (Dco d = Df]co d ) 



holds for every x £ £?. 

It is important in this definition that do and b are independent of x d A 
Taking a positive b we form the integral 


Fe(x) = j f{x, y) dy 
D— 


which obviously has no singularities. Then inequality (2) can be rewritten 
in the form 


I Fix) - F«(x) I = j / /(*> F) dy 


e 


and thus we see that for any e > 0 there is do such that for all d satisfying 
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the inequalities 0 < 6 < 6 0 and for any x d Q there holds the inequality 

|F(x)-F*(x)| < a 

As is known, the last inequality expresses the fact that 

lim F*(x) = F(x) uniformly on Q (3) 

<5—0 

Conversely, it is obvious that (3) implies (2). 

Hence, relation (3) can be regarded as an equivalent definition of the 
uniform convergence of integral (1) on Q. 

There holds the following theorem. 

Theorem 1. If the function /(x, y) is continuous on DxD everywhere except 
at the points of the form (x, y°) and if integral (1) is uniformly convergent with 
respect to x d@ then this integral is a continuous function of x dQ. 

Proof It follows from the conditions of the theorem that the function 
/(x, y) is continuous at the points (x, y) belonging to the bounded closed set 
Dx0\cos) and, besides,, the set D is measurable. Therefore the function 
Fs(x) is continuous on D (see Theorem 1 in§ 12.13). Further, F*(x) tends to 
F(x) as 6 -*• 0 uniformly on Q. Hence, by virtue of Theorem 2 in § 11.7, the 
function F(x) is continuous on Q because, although this theorem was proved 
for sequences of functions {/„) dependent on the natural parameter n 9 it 
obviously continues to hold (and the proof remains quite analogous) when n 
is a parameter tending continuously to a number no . In the case under con¬ 
sideration we have n = 8 — 0. 

Theorem 2. If the conditions of Theorem 1 hold and Q is measurable {in R m ) 
then the function F(x) specified by the equality 

F{x) = J f{x,y) dy (x € G) (4) 

D 

can be integrated (with respect to x) on Q under the integral sign , that is 

J F{x) dx= j dy j f{x , y) dx (5) 

Q DO 

Proof From the proof of Theorem 1 we know that under the conditions 
of this theorem the functions Fi(x) and F(x) are continuous on Q and F*(x) 
uniformly tends to F(x) as 8 0. This means that 

fid = max |F<j(x)—F(x)| 0, 6 — 0 

It follows that 

J Fd(x)dx — dx* 6 — 0 (7) 

Q Q 


9—3737 
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because 



Fs(x) dx — J F(x) dx 

Q 


From (7) follows 


J |F 4 (x)-F(x)| dx«sr) { \Q\ — 0, 
a 


0 


| dy J /(*, y) dx = j dx j f(x,y) <fy = j F«(x) dx — J F(x) dx - 

D\ a>$ Q Q D\<o$ Q Q 

= J dx J/(x, y)dy, d - 0 (8i 

O D 


which proves equality (6). 

Hie first equality in (8) is obtained by an ordinary change of the order of 
integration with respect to x and y, which is legitimate, for any d 0, since 
the function /(x, y) is continuous on the measurable closed set Qx(D\co a ) 
(see§ 12.2). 

It should be noted that the integral with respect to y on the right-hand 
side of (5) is an improper integral with one singularity at the point y° £ Q. 
Its existence has been proved. 


Theorem 3. Let G be a measurable open set in die space Rn, y° be a point 
belonging to & and [a, b\ be the range of a scalar variable x. Further, let a 

Junction f(x 9 y) be continuous and have a continuous partial derivative -~ 

everywhere on the set [a 9 b]xG (x € [a 9 b] 9 y £&) except possibly at points 
of the form (jc, yP) in whose vicinity /( x 9 y) may not be bounded . 

Then if the integral 

F(x) = jf(x,y)dy (a-*x*sb) (9) 

G 


is convergent and if the integral 

Fi(x) = j - J -fix, y) dy ( 10 ) 

G 


is uniformly convergent 
that is it is allowable to 


with respect to x £ [a 9 b] 9 there holds the equality 
F x {x) = F'(x) (11) 

differentiate Funder the integral sign: 


w S /<*• y) d y = S y) dy 

G G 



Proof Let us put 

Ftix) = J f(x, y) dy 

G\mfi 


where d > 0. 
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Then we can write (see§ 13.12) 

Fg(x) = J -^f(x,y) dy = F w (x) 

8 /* 

since/ and -J- are continuous on [a, 6]X[G\o)«]. 

By the hypothesis, 

F^x) - F(x), d -+ 0, x € t a, b\ (13) 

Furthermore, by the uniform convergence of integral (10), we have 

lim F«(x) = lim F w (x) = Fi(x) (13') 

uniformly on [a, b\. 

On the basis of Theorem 3' in § 11.8 and by virtue of the remark to that 
theorem, it follows from (13) and (13') that F(x) possesses a derivative on 
[a, b] equal to F\(x). 

In all the theorems proved here it is very important that the improper 
integrals in question are uniformly convergent with respect to the para¬ 
meters. If a convergent integral is not uniformly convergent it is said to be 
nonuniformly convergent . Generally speaking, for integrals of this kind the 
above three theorems do not hold. 

An important criterion for uniform convergence is the so-called Weier - 
strass' test which can be stated as the following theorem. 

Theorem 4. Let integral (1) have only one singularity at a point y° g D 
for all x and let there exist a nonnegative function tp(y) such that 

\f(x, y) I ■« <p(y) for all (x, j>) € GxD (14) 

and the improper integral 

f<piy)dy^<x> (15) 

D 

having singularity at y° exists . Then integral (1) is uniformly convergent with 
respect to x £ G. 

Proof It follows from (15) that, given any s > 0, there is 5 0 >* 0 such that 

J <P(y) dy ^ e (0 < d < So) 

Dto$ 

where co d is the ball with centre aty° and radius 5. Therefore, by virtue of (14), 
we have 

' / /(*» y) dy J <f(y) dy<e 

Doj$ Dot# 

for all x $ G. The theorem has been proved. 
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Example 1. The integral 

1 

= J x*- 1 dx (a > 0) (16) 

o 

exists for all a > 0. For a > 0 its singularity, provided there is such, can 
only be at one point x = 0. More precisely, for 0 < a < 1 the point x = 0 is 
singular while for a s* 1 the integrand is a continuous function on the closed 
interval [0,1] and the integral has no singularities. However, for testing the 
integral for uniform convergence it is inessential whether or not there is a 
singularity at the point x = 0; it is quite sufficient to know that if the integral 
has a singularity it must be at the point x = 0. 

To investigate this integral with a possible singularity at the point x = 0 
we must consider the integral 

6 

J x a ~ 1 dx 

o 

For an arbitrary e > 0 it is impossible to choose 5 > 0 so that this integral 
is less than e in its absolute value for all a > 0 because for any fixed d we 
have lim (d a /a) = «> (a > 0). Therefore integral (16) is not uniformly con- 

a -* 0 

vergent with respect to 0 > 0. It is also obvious that it is nonuniformly con¬ 
vergent for a € (0, ao) where a 0 is an arbitrary fixed positive number. 

At the same time, integral (16) is uniformly convergent on any interval 
a 0 < a < oo (a 0 > 0) and, moreover, on every finite closed interval [a 0 , aj, 
which can readily be shown by applying Weierstrass’ test. Indeed, if a 0 < a 
then we have x a ~~ 1 x** 0 ” 1 on die interval [0, 6] with 0 < d < 1, and the 
integral 

d 

J X* 0 " 1 dx < oo 

o 

is convergent. 

The function rp{d) is continuous for all a > 0. Indeed, let us take an arbit¬ 
rary ao > 0 and let 

0 < a 1 < a 0 < a 2 

The integrand x 0 * 1 = <p(x, a) is continuous on the rectangle A = (0 x 1, 
a a 2 } except possibly at points (x, a) with x = 0, and integral (16) 
is uniformly convergent for a 6 [a u a 2 ]. Hence, by Theorem 1, the function 
ip(a) is continuous on [ 01 , a 2 ] and, in particular, at the point 0 = 0 O . 

For 0 > 0 there holds the formula 

1 1 

y/(0) = J x-i dx = J x" -1 In x dx 
0 0 



( 17 ) 
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Again, to check the validity of the formula for a = no >- 0 we choose 

numbers ai and <h such that 0 < ai < ao < U 2 and, in order to apply 

Theorem 3, show that integral (17) is uniformly convergent with respect to 

a € [fli> ° 2 ]- Here it is convenient to resort to Weierstrass’ test. 

Since lim jc* In x = 0 (A =- 0) and the function x* In x is continuous on 
*-►0 

(0, 1) there is ^positive constant C such that |jr In x\ <C (0 < x < 1). 
Consequently, for 0 < A < a x we have 

\x°~ l In jc| = In jc| < Cx* -1 "" 1 < Cjc®*-*- 1 , a 6 [a l9 ^ 2 ] 

on the closed interval [0,1], and the integral on the right-hand side of (17) 
is uniformly convergent because the integral 

1 

J Cx® 1-1-1 dx < 00 

0 

0 

is convergent. Finally, taking into account that the function jc®- 1 = 

= jc®- 1 In x is continuous on the rectangle [0,1]X [au a 2 ] except possibly at 
points of form (0, a) we see that, by virtue of Theorem 3, equality (17) is 
fulfilled. 

Example 2. Beta function. The function 

1 

B(a, b) = j jc—HI -xf- 1 dx (18) 

o 

is called the betafunction or Euler’s integral of the first kind. The singularities 
of integral (18), provided there are such, can only be at the points x = 0 
and x = 1. Therefore to test the integral for uniform convergence it is 
convenient to split it into the two integrals 

1/2 

Bi(a, b)=f x*- 1 (l-x) 6 - 1 dx 
0 

and 


i 

B^a, b) = J x'-^l-x)*- 1 dx 
1/2 

The singularity of the integral B u provided there is such, can only be at the 
Roint x = 0. This integral is convergent for a > 0 and any b because 

i /2 1/2 

J — xf- 1 dx Mb f x ®- 1 Mb = max ( 1 — jc ) 6 ” 1 

o i 0««l/2 
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and is divergent for a 0 because 
1/2 1/2 

f x?~\\ —xy*" 1 dx^mb f dx = «>, mb = min (1—0 

* J 1 < x < 1/2 

0 0 

Similarly, the integral # 2 ( 0 , b) is convergent for b > 0 and divergent for 
ft «s 0. Therefore the beta function makes sense only for a > 0 and b >■ 0. 

In order to prove that Bx(a, b) is a continuous function of the variables a 
and b at an arbitrary point (no, bo) with ao > 0 and ho > 0 let us take a rec¬ 
tangle A = (ax ^ a u 2 ; hi < h < h 2 } (ui, hi > 0) such that the point 

(no, do) is strictly inside it. The integral J x a ‘" 1 (l— jc) 6 *” 1 dx can now be es- 

0 

timated as follows: 


d 6 

J x fl_1 (l —x) 6 ”" 1 dx < J jc a_1 dx = 

0 0 

For any s > 0 there is do > 0 such that 





£ 


for 0 < 5 < do, whence it follows that the integral determining Bx(a 9 b ) is 
uniformly convergent with respect to (a, b) £ A because 



for any (a, b) d A and 0 < 5 < d 0 . Since the integrand is a continuous 
function of (x, a 9 b) (x > 0, (a 9 b) d A) the function B\ is continuous at the 
point (no, bo). The continuity of B 2 (ti 9 b) is proved in like manner. 

There holds the relation 


i i 

£ f JC-HI - xf- 1 dx = j X “- 1 In JC(1 -xf- 1 dx (0 < a, h) 

0 0 

Indeed, both integrals entering into this relation are convergent, and it can 
readily be shown that the second integral is uniformly convergent in a suffi¬ 
ciently small neighbourhood of the point a ; besides, the integrand in the 
right-hand member of the relation is continuous with respect to (x, a) except 
possibly at points of form (0, a). A similar argument readily shows that for 

any k, l = 0,1, ... there exists the partial derivative continuous on 
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[a, b] (fh b > 0) which is expressed by the formula 

1 

Sw = J ** _1 ln * *0 ~ x f~ x ln '0 -x) dx 

0 

§ 13.15* Uniformly Convergent Integral 
over Unbounded Domain 

We shall consider On integral of the form 

F(*)= ff(*,y)4y (x€ G) (l) 

D 

taken over an unbounded domain D such that it has the point at infinity 
as its only singularity for any x £ G. 

Integral (1) is said to be uniformly convergent with respect to x € G if it is 
convergent for all x € G and if, given any e > 0, there is a sufficiently large 
number Ro independent of x and such that for any R satisfying the inequa¬ 
lity R >• Ro there holds the inequality 

J f(x, y) dy < e 

D~ajt 

where <o R uMhe ball of radius R with centre at the origin. 

If a function f(x,y) is continuous on <7x25 and integral (1) is uniformly 
convergent with respect to x £ G then the function F(x) is continuous on G. 
If in addition, G is a measurable set then there holds the equality 

| F(x) dx = jdx jf(x,y)dy - j dy jf(x,y ) dx (2) 

G G D D G 

If x is a scalar variable running through a closed interval [a, b] and the 
function f(x 9 y) is continuous together with its partial derivative on [a 9 b]X 
XD and if integral (1) is convergent while the integral 

Fi(x) = J y) dy 

D 

is uniformly convergent with respect to x € [<*> b] then F(x) = Fi(x)> that is 

jf(x, y)<fy = J y) dy (3) 

D D 

Finally, if for the function f(x 9 y) in question there holds the inequality 
l/(*>y)| € G) and the improper integral J <p(y)dy is convergent then 

D 

integral (1) is convergent for any x £ G; moreover 9 by Weierstrass* test 9 it 
l s uniformly convergent . 
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The assertions stated here are analogous to the corresponding Theorems 
1-4 in the foregoing section. Their proofs are also quite similar. It should 
also be noted that these theorems are analogous to the corresponding 
theorems on continuity, integrability and differentiability of uniformly con¬ 
vergent series of functions. It is possible to elaborate unified proofs of all 
these theorems by using the notion of a more general improper (Stieltjes) 
integral which, on the one hand, includes as special cases the integrals 
considered here and, on the other hand, also includes infinite series. 

Example 1. Gamma function . The integral 

oo 

r(a) = J x a ~ 1 e~' x dx (4) 

o 


is called the gamma function or Euler 9 s integral of the second kind. It has 
the point x = <» as its singularity and for 0 < a < 1 it has one more 
singularity at the point x = 0. Therefore in order to investigate this integral 
it is advisable to split it into two integrals: 

i 

r(a) = j X°- I e~ x dx+ 

0 1 


oo 

J x a ~ 1 e~ x dx = <px(d)-\-(pz(d) 


The first integral is uniformly convergent for all a s* ao > 0 where a 0 
is an arbitrary fixed positive number. Indeed, we have 

x*- 1 *?-* x*®- 1 • 1 = x^- 1 (0 < x < 1) 

and, since 

i 

J x"® -1 dx < <*> 

o 

our assertion follows from Weierstrass’ test. However, it is nonuniformly 
convergent on the whole interval 0 < a < «> because, for any d < 1, we 
have 

6 d 

f x a ~ 1 e~ x dx s* m f x c_1 dx = -► <» (a -*■ 0), m = min e~ x 

J J a v /> 0ag ^ agi 

o o 

and hence for an arbitrary e > 0 there is no d > 0 such that the integral 
6 

J x a ~ 1 e~ x dx becomes less than e for all a > 0. 
o 

It is evident that the second integral is convergent for any real a. If ao 
is an arbitrary number then for a < a 0 we have 

x a ~ 1 e~ x •sSX*® -1 ^* (1 *s£ x < oo) 
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and, since 


J x°° x ch c < oo 

1 

we see that, by Weierstrass’ test, the second integral is uniformly convergent 
for all a a 0 . At the same time, it is not uniformly convergent on the whole 
real axis because we have 

oo oo 

f x a ~ 1 e~ x dx s* jV 0-1 f e~ x dx = N a ~ 1 e~ N — «> (a -* «>) 

N N 

for a > 1 and any fixed N > 1. 

We have shown that if no > 0 then both integrals <pi(a) and 932 (a) converge 
uniformly for a ranging over a closed interval [a l5 u 2 ] (0 < < ao < azX 

whence, by the obvious continuity properties of the integrand, it follows 
that the gamma function is continuous at ao (for any ao > 0 ). 

It can easily be shown that the integral 

00 00 

J -J- x a ~~ 1 e~ x dx = J x a ~ x In xe~ x dx (5) 

o o 

can be split into two integrals (taken from 0 to 1 and from 1 to cc fcspcc* 
tively) which are uniformly convergent for a ranging over any interval 
{a u a 2 ) where a x > 0, whence, by the continuity of die integrand in (5) for 
x > 0 , it follows that 


r'(d) = J x a ~ 1 In xe~ x dx 

o 

In a similar way we can show that 


n%a) = J x a ~ x (In x) k e^ x dx 
o 


and thus the function jT(u) is infinitely differentiable for a > 0. In the theory 
of functions of a complex variable it is proved that r(a) is in fact an analytic 
function. 

Now we note that for a > 1 we have 


A<0 = J x a ~ 1 e~ x dx 
o 


lim < — xt^e-* 


N- 


N 

10 


N 


-h(u—1) J X a ^ 2 €^ x dx 


= (a-l)r(a-l) 
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Therefore for natural values a = n of the argument there hold the relations 


r(n+1 ) = nT(ri) = n(n— 1 )jT( n— 1) = ... = n\ jP(l) = n\ J e~ x dx = n\ 

o 

(7) 

whence it is seen that the gamma function is a natural generalization of the 
factorial. 

Example 2. The integral 

eo 

A(X) = J ^-dx (-co-=A<oo) (8) 

0 

has singularities at the points at infinity x = ± «> and is convergent for 
any indicated value of A. However, its convergence is uniform on the set 
Ao < | X\ < oo and nonuniform on the closed interval [0, Xo] for any positive 
A 0 . Indeed, for X > 0 we have 


» /o\ f sinXx , r sin Xx x f sins . 

***> = J -y~ dx = J sr***) = J = 

N N NX 



whence 


/ 


NX 


cos z dz 
2 * 


■*nx + J 2 * nx + nx nx 

m 

and hence, for Xo < X < ©©, we obtain 

I^n(A)| <0, Xo -+oo 

Thus, for any e > 0 there is No such that jRn(A)| < e for all# > No and 
for any X € [Ao, «»). On the other hand, the inequality 


J sinr 


NX 


dz 


e 


cannot hold for a fixed N 9 however large, and for all A € [0, A 0 ] where 
e > 0 is a given arbitrary number. For, when N is fixed and A -► 0 the left- 
hand member of this inequality tends (see § 9.14 (8)) to the integral 


A = j^l dz ^ 0 
0 
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Integral (8) is uniformly convergent for A € [IV, JV'] where 0 -< JV -= JV'; 
therefore, taking into account that the integrand is a continuous function 
of (A, x) € [JV, JV'] X [0, ~), we obtain 

N jdxj^dx = j dx] ™£-dX = J dx ( 9 ) 

NO ON 0 

The value of the function —-—at the point a = 0 is taken to be equal to 

yljc 

X here whence it becomes clear that the function --dependent on (A, x) 

is continuous at any point (A, 0) (A € [0, «>)). 

Equality (9) continues to hold for JV = 0: 

j dXj dx=j - 1 ~~ CC *J*' X dx (10) 

0 0 0 

However, the above considerations do not apply to this case because integral 
(8) is not uniformly convergent on [0, JV']. But equality (10) can be derived 
directly from (9) by passing to the limit for JV -*• 0 because the difference 
between the right-hand members of (10) and (9) tends to zero as JV -► 0: 

J l -^ x -dx = 2 J «* <**« * = jyf ^^-du —■ 0 (JV — 0) (11) 

ooo 

The inner integral on the left-hand side of (10) is equal to A( A) = A for 
A > 0, and therefore the left-hand member of (10) is equal to N'A while, by 
virtue of (11), its right-hand member is equal to 

0 

On cancelling by N’ we obtain 

( 12 ) 

0 0 

(as is shown in § 15.9 (9), A = rc/2). 

It should be noted that if A < 0 then A( A) = —A. 

Exercises 

1. Consider the integral 

oo 

u (x,y) = ± j Ipy 

— OO 

where <p{t) is a bounded function integrable over every finite closed interval 
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and the point (x, y) belongs to the upper half-plane (this is the Poisson 
integral for the upper half plane). Show that this integral and all its partial 
derivatives are uniformly convergent on any bounded closed set of points 
(x, y) in the upper half-plane (i.e. for y > 0). Prove that t/(x, y) is a harmo¬ 
nic function in the upper half-plane. Hint: take into account that 

is a harmonic function for x 2 +y* > 0 . 

2. Consider the integral 

2n 

= PJLt-G)<p{t)dt 

o 

(thisis the Poisson integral for the circle; see Example 3 in § 11.8) where 
q>{t) is a periodic function with period 2 n integrable over the period. Prove 
that this integral and all its partial derivatives (with respect'to g and 8) are 
uniformly convergent on any circle g -< go (go < 1). 

§ 13.16. Uniformly Convergent Improper Integral 
with Variable Singularity 

In §§ 13.14 and 13.15 we considered improper integrals of the form 

Hx) = ff(*,y)dy (* € ty ( 1 ) 

D 

with a singularity at a fixed point y° independent of x. In the general case 
the location of die singularity may depend on x, that is y° = oe(x). For 
instance, this is the case for the volume potential 

F(x) = j (x € R*) (2) 

D 

( n \ 1/2 

where the function p is continuous on the closure 25 of the measurable 
domain D. Here we have oc(x) = x for x 6 25; if x $ D the integral has no 
singularity. 

Another example is the logarithmic potential which is a line integral of the 
form 


<P(x) = J 1 “ 7 -*, x = (xi, x s ) (3) 

c 

where C is a smooth contour in the fifa-plane not intersecting itself, A(£) 
is a continuous function on C, s is the arc length reckoned along C and r = 

= V (*1—fi) 8 +(Xj-flJ*. 
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The so-called single-layer potential 

w(x) = // 7 -* ( 4 ) 

S 

can also serve as an example of this kind. 

Integral (4) is taken over a smooth surface S lying in the three-dimensional 
space of the points x = (xi, X2, *3). Usually S is a boundary of a bounded 
domain and A is a continuous function defined on S; r is the distance from 
the point x to the point u £ S with respect to which the integration is carried 

out 

We shall investigate improper integrals with variable singularities of the 
form 

F(x) = J #(x-y(«))a(x, u)du 9 x = (xi, ..x«) € fl (5) 

D 

where Q is a domain in the space R„ 9 D is a measurable domain belonging 
to another space R m whose dimension m 9 in the general case, can be equal 
to or less than that of R n (1 < m n 9 Da R m ) 9 a(x, u) is a continuous 
function of x £ f2 and ir £ D and the function y = y(u) specifies a conti¬ 
nuously differentiable mapping D 3 u -+ y £ R„ of D into R n and describes 
part <S of an m-dimensional differentiable manifold in R„ (see § 17.1). 
Finally, K(z) = K(zu ..., z„) is a function of z € Rn continuous everywhere 
except at the point z = 0 in whose neighbourhood K is unbounded. 
Integrals (2), (3) and (4) are special cases of integral (5). 

We shall say that integral (5) is uniformly convergent on Q if, given any 
e > 0, there is 8 > 0 such that 

J |^T(x— y(n))a(x, «)| du < e for all x £ Q (6) 

I *-*(**) I *< $ 

Here the integration extends over all u 6 B for which the inequality 
written under the integral sign is fulfilled. Of course it may happen that 
the distance from the point x to the manifold S is so large that the set of the 
indicated points u turns out to be empty; in such a case integral (6) is equal 
to zero. (Integral (6) is taken over an open set and therefore it exists at 
least in the sense of the Lebesgue integral; see Chapter 19.) 

For example, integral (2) is uniformly convergent because 

f TJ3FF*-" J i^7fT = " I m 

Itr I < ^ 

provided that, for the given e > 0, the number d > 0 is sufficiently smalL 

Here we have | p(y) | «sM, y 6 D 9 y = ir, p(y) = a(x, y) 9 K(z) = 

The uniform convergence of integrals (3) and (4) will be discussed later. 

Theorem 1. If integral (5) satisfying the conditions indicated above is 
uniformly convergent on Q then it is also absolutely convergent and F is 
a continuous function of x on Q. 
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Proof. Let us fix an arbitrary s > 0 and then choose 5 > 0 so that the in¬ 
equality 

J | tf(x — y(u)) a| du*z e (x 6 Q) 

|x-lK«)|<3d 

is fulfilled. Further, to prove the continuity of F at x° let us put F(x) = 
= Fi(x)+F 2 (x) where 

Fi(x) = J K(x — y(u)) a da 

F 2 (x) = J K(x —y(u)) a du 

(these integrals extend over the values u £ B over which the inequalities 
under the integral signs hold). 

Taking the ball V determined by the inequality |x—x°| < 5 we see that 
the function F 2 is continuous on it since the integral representing F 2 is 
taken over the measurable closed set s of points ir satisfying the inequality 
|x°—y(*r)| 2 while the integrand is a function of (x, ir) € VXe which 
is continuous since the function K(x—y{uj) is continuous because 

\x-y(u)\^\x°-y(u)\-\x-x?\^2&-8 = 5 > 0 

Further, for sufficiently small 5, the function Fi satisfies the inequality 
|Fi(x)| < e because if |x—x°| < 5 and |x°--y(*r)| < 25 then |x°—y(«)|< 35. 
Consequently the function F is continuous at x°. The absolute convergence 
of integral (3) follows from that of integral (6). 

Theorem 1 and what was said about the volume potential imply that integ¬ 
ral (2) is a continuous function of x € R n - 

Theorem 2. There holds the eqtiality 

J K ( x ~-K“)) M*0 du= J~S^ K(*~y(«)) ti«) du (io) 

D D 

(j = 1> • • •» d) 



where the function y(ir), the kernel K(x) and the differentiated kernel K\(x) = 

0 

= -qj- K(x) satisfy the conditions indicated in connection with (5) and (jl(u ) 
is a continuous function on B. 

The proof of this theorem is based on the following lemma. 


Lemma 1. Let y>(x\ F(x) and F d (x) (0 < 5 < do) be functions defined on an 
interval (a, b ) and let x 0 € (u, 5). Also let the function F 6 (x) be continuously 
differentiable and the function y>(x) be continuous . Furthermore , let the 
condition 


F d (x) - F(x), 5-0, x e (a 9 b ) 


(ID 






SCALAR AND VECTOR FIELDS. 


143 


be fulfilled and let for any e > 0 there exist d Q > 0 such that 



IFj(*)-v(x)| -= « 

(12) 

for all x and d satisfying the inequalities 



\x—Xo\ ■< d &o 

(13) 

Then 

F(x 0 ) =» y>(xo) 

(14) 

In other words. 

/lim F^x))' = lim F»(x 0 ) 

\0-M> /Xa*Xo £“►<) 

(14') 


Proof of Lemma 1. Since y>(x) is continuous it follows from (12) that for 
any e > 0 there is 5 0 such that 

IFj(x)-V<*o)| I F,'(x) - V>(x) | +1 y>(x) - y(x 0 ) \ < y+y = e 

for d and x satisfying (13). 

This shows that 

lim F't(x) = ip(xo) (15) 

X-+XQ, d-+Q 

Further, by the continuous differentiability of F*(x), for the indicated 
values of d we have 

X 

F d (x) = F*(* 0 )+ J F’ 6 {u) du = F>(x 0 ) +(x—x 0 ) Fl(x 0 + 6(x - x 0 )) (O<0<1) 

Xo 

and, by virtue of (15), 

= + 6(x-x 0 )) V>(xo) 

Thus, given any e > 0, there is do > 0 such that 

AT— X 0 

for x and 5 satisfying (13). 

Now let us pass to the limit as d -► 0 for the indicated values of x; this 
results in 

—i~ - ' £ ~~~ y ^ Xo) l -s *’ i^ — ^<>1 -= 5 

which proves (14). 

Note. It is natural to say that (12) expresses the property of local uniform 
convergence of F* d (x) to tp(x) (d -► 0) at the point xo- If we replace 
this property, entering into Lemma 1, by the stronger requirement 
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that the convergence of F' d (x) to y>(x) on £2 should be uniform in the 
ordinary sense we arrive at Theorem 3' in§ 11.8 which was already proved. 

Proof of Theorem 2. Let us prove equality (10) for a point x = x° 6 Z). 
To this end we write 

F,(*)= J K(x-y(u))fi(u)du (16) 

I *°—y(*l I 2* Z8 

and 

0 fyx) = f -£r K(x —y(u)) fi(u) du (17) 

\x0-y(u)\&2d 




As is already known, for |x—x°| < 8 and |x°—y(*r)| >23 we have the 
inequality |x°—y(«)| > 3 showing that the integrand functions in (16) and 

(17) are continuous in x and u. Indeed, the kernels K and - K = K\ 

have singularities only at the origin in the space R„. Thus, the functions F^x) 

and F d (x) are continuous for |x—x°| < 5, and the differentiation under 

the integral sign in (17) is legitimate. 

For any x £ Q there also exist the limit functions 


lim F d (x) = f K(x — y(u)) p(u) du = F(x) 

0->O J 


and 


ftp F »( x ) = j K ( x -y(“)) K«) du = y(x) 


By Theorem 1, they are continuous. The conditions imposed on Ki guarantee 
that for any e > 0 there is 3 0 > 0 such that 


y<x)- 




F e (x) 


f 


dxj 


K(x-y(u))fi(u)du 


\x°-yiu)\*2d 

for x and 3 satisfying (13) (see what was said after formula (9)). 

We see that Ft(x) regarded as a function of Xj for fixed x k = x%; k = 1, 
..., j-U 7+1, ..., n 9 satisfies the conditions of Lemma 1 and therefore 

e|-W = vix°) 

We have thus proved (10) for any x° € D. 

The integral on the right-hand side of (10) is a continuous function of 
xoni?. 

Example 1. For A < n—l it is legitimate to differentiate the volume poten¬ 
tial (2) under the integral sign: 

F *(.x) = / -j-dy = -A J Ky)^0- dy 


(18) 
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What was established above implies that F(x) is a continuous function, 
anC j we also take into account here that the integrand in (18) is of form 
(5) (K(x—y) = |jc —m = n, y{u) = y) and possesses all the proper¬ 
ties established for (5) and that integral (18) is uniformly convergent because 


I 

\x-y\ 



f 


e 


for sufficiently small &. 


Example 2. Logarithmic potential (3) is a continuous function of x = 
= (xi, Xi). For x $ C this follows from the well-known theorem on the 
continuity of an integral with respect to parameter. Therefore the most 
interesting part of the proof concerns the continuity of 0(x) at the points 
x € C. Let x° € C; without loss of generality we can assume that x° lies 
at the origin (x° = (0,0)) and that the tangent to C at the origin coincides 
with the xi-axis. Let us represent integral (3) as the sum 

F(x) = j fi(x) ln-i<&+ J/<(x) In j-ds 
Ci c, 

where Ci is a small arc of C containing the origin inside it and C 2 = C—C\. 
It is clear that the integral along C% is continuous at die origin because the 
integrand has no singularity in its vicinity. We shall assume that the arc Ci 
is so small that its equation can be written in an explicit form x% = f(x 1) 
(|x| < a). The integral 


a 

Fi(x) = J/t(x) In-£-<&= Jin 


—a 


r(*i-fi)*+(*t-/(f))* 

W = fi(£u m))yi+r 2 (h) 


Mil) til (19) 


apparently belongs to type (5) (« = xi, m = 1 and n = 2). Its uniform 
convergence with respect to the points (xi, X2) belonging to a ball V with 
centre at the origin follows from the inequalities below in which M s* 
HA(!i)| and |fi| < a-.\ 


j Ain 

/ 


1 


M 


Hxx- fi)*+(x J -/({ 1 )) 
1 




In 


| *i—£1 ( < 6 


lx,-!!! 


dh 


= M 




8 


where d is sufficiently small. 


Example 3. The continuity of single-layer potential (4) at an arbitrary 
point x? € S can be established as follows. We can assume, without losing 
generality, that jc° lies at the origin, i.e. x° = (0, 0, 0), and that the plane 
*3 = 0 is tangent to S at x°. By analogy with the above, we consider the 


1°—3737 
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integral 

where £3 = /"(£i, £2) is a function describing Ci which is continuously 
differentiable in a domain a of the £i£2-plane. This is an integral of type 
(5). Its uniform convergence follows from the fact that the absolute value 
of the part of this integral corresponding to the set of points (£1, £2) satis¬ 
fying the inequality 

V (*i - £i)*+(x 2 - £2> 2 -K*3 —ff < 3 


does not exceed 

" If 


dfi dS : 


fox- 


= M 


JJ 




<g x <g, 

Y5+9 








CHAPTER 14 


Normed linear Spaces. 
Orthogonal Systems 


§ 14.1. Space C of Continuous Functions 

The reader is advised to recall the material of §§ 6.1, 62 and 6.3 before 
studying the present section. 

We begin this section with adding to the material of §§ 6.1 and 6.3 the 
definition of the completeness of a space. 

Let E be a normed linear space and let a sequence of elements x n € E 
converge to an element x£ E. Then for any e =» 0 there is iV > 0 such that 
the inequality 

holds. 

Consequently, for », m > JV we can write 

\\x n -x m \\ = \\x n -x+x-x m \\ ||x*-x|| + ||x-x m || < y+y = e 

We have proved that if a sequence of elements x„ € Eis convergent to an 
element x € E> then the condition of Cauchy’s criterion is satisfied: given 
any e > 0, there is N > 0 such that the inequalities n 9 m imply 

^m|| ® 

Generally speaking, the converse of this assertion does not hold: there 
are normed linear spaces E containing sequences of elements which satisfy 
Cauchy’s condition but are not convergent to any element of E. Later on 
(§ 19.7) we shall deal with some examples of such spaces. Now we proceed 
to the definition of the completeness. 

A normed linear space 2? is said to be complete if any sequence of elements 
x n £E (n = 1,2, ...) satisfying Cauchy’s condition converges to an ele¬ 
ment x£E. 

A complete linear space is also called a Banach space * 


* S. Banach (1892-1945), a distinguished Polish mathematician who contributed many 
outstanding results to functional analysis and, particularly, to the theory of normed 
unear spaces. 


10 * 
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We have already dealt with a special case of a Banach space, namely 
with the space Ri of real numbers. 

The Space C Let Q be a bounded closed set in the space R„. The collection 
of all real (or complex*) functions / = /(x) (x € £) continuous on £ is 
denoted as C — C(£2), and with each function / € C is associated the num¬ 
ber 


ll/llc = max |/(x)| (1) 

which is the norm of f (corresponding to die metric of the space C). 

The space C of continuous functions (onQ) is a real (or complex) normed 
linear space with zero element 6 = 0(x) = 0. 

Indeed, it is evident that C is a real (or complex) linear space in the sense 
of the definition stated in § 6.1. Furthermore (see § 6.3), we have 

(i) ||/||c > 0, and the equality ||/||c = 0 implies/= 0 ; 

(ii) M\\c - max |a/(x)| = |a| max |/(x)| = |«| ||/|| c ; 

Q Q 

(iii) ll/+9>llc = max |/(x)+<y>(x)| *=s max |/(x)|+max | <p(x)\ = 

O Q Q 

= ll/llc+IMIc. 

According to definition (1), for any functions • • • belonging to C 

we have the equalities 

IIZ-Allc = max \f(x)-f k (x)\ (k = 1, 2, ...) (2) 

x c o 

If the right-hand side of (2) tends to zero as k -► then (see §11.7) the 
sequence of functions {/*} is uniformly convergent to / on Q. Thus, the 
convergence of a sequence of Junctions in the space C (with respect to the 
metric of C) is equivalent to its uniform convergence on Q. 

Now let us suppose that a sequence of functions f k €C satisfies Cauchy’s 
condition (with respect to the metric of C): given anv e > 0, there is N > 0 
such that 


e > 11/*-//lie = max |/*(x)-//(*)| 

Q 

for all k 9 / > N. Then, as was shown in § 11.7, the sequence {/*} is uniformly 
convergent to a function f = /( x) € C on 12 and, consequently, it is conver¬ 
gent in the norm of the space C to the element f € C: 

\\fk-f\\c = max |/*(x)-/(x)| - 0, k - ~ 

Q 


* A continuous complex function is defined by the equality /( x) — <p(x)+itp(x) where 
q> and y> are continuous real functions. Thus, in this case max \f(x) | = max (9? 2 (x)+ 

x$Q x£Q 
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Thus, if a sequence of functions fk€C satisfies the condition of Cauchys 
criterion , there is a function f £ C to which the given sequence converges 
with respect to the metric of C, that is 

lim fk—f (in the metric of C) 

£-+►00 

We have proved that C is a complete normed linear space 9 that is a Banach 
space . 


§ 14.2. Spaces 11 L' p and 4 

Let Q be an open set in R n - We shall denote by If = L'(Q) the collection 
{space) of the (real or complex) functions /absolutely integrable on Q 
(generally speaking, in the sense of the improper Riemann integral*). 

The norm ||/||l of an element/€ 1/ is defined as the integral J \f(x)\dx: 

Q 

m\L= \\m\dx a) 

Q 

If/ = (p+hp is a complex function then 

J I/I dx =s J J^+V 2 dx 

a a 

We thus automatically assume that if the set Q is bounded it is (Jordan) 
measurable and if it is unbounded then it is locally measurable in die sense 
that every set coQ (the intersection of a> and £2) is measurable where cod R„is 
an arbitrary ball. 

Functional analysis also deals with the space L = Ufi) of functions f 
which are Lebesgue measurable on Q and have finite norm (1) where the integral 
is understood in Lebesgue 9 s sense (see Chapter 19**). 

Most of the facts that will be established for the functions / € 1! can be 
extended (sometimes with slight modifications) to the functions / € L. 
In this connection, in some cases we shall make brief remarks with referen¬ 
ces to Chapter 19. 

Since we have called integral (1) the norm of I/, by the zero element of If 
(or of L) should be meant any function 0 = 6{x) satisfying the condition 

j\0(x)\dx = 0 (2) 

a 

* If/ € If then the integral J fdx has a finite number of singularities (see§ 13.13) 

<*<1 J I/I dr-e 

Q 

** In this case# is supposed £p be measurable or locally measurable in Lebesgue’s sense. 
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The function 0(x) = 0 is an example of such a function but it is not a 
unique function of the kind (see Theorem 1 below). However, two functions 
/i(x) and fo(x) differing by 0 (x) are not considered as different elements 
of L'(Q) (or of L(Q)); they are identified in the sense that they represent 
one and the same element (/i = /j) of the space L'(Q) (L(Q)). 

Let us show that L\Q) (L(Q)) is a linear space and that integral (1) pos¬ 
sesses all the properties of a norm. Indeed, 

(i) ||/|| L > 0 , and the equality ||/|U = 0 implies / = 0 ; 

(ii) iff (E JJ (L) and a is a number then a/ belongs to L (L) and the equa¬ 
lity 

l|a/|U = J |a/(x)| dx = |a| J |/(x)| dx = |a| \\f\\ L 

Q Q 


holds; 

(iii) if/, (p 6 1 / (L) then also f+q> € L (L) and 

ll/+?IU = J l/(*)+9<*)l dx J |/(x)| <&+ J |?<x)| = ||/|U+|| 9 >||i 

a a a 

If /»/i»/ 2 » • • • € L' (L) then 

II/-AIU = J I/(*)-/*(*)I (* = 1 , 2 ,.. .) (3) 

Q 

Hence, the convergence fk~+f with respect to the metric of Lis equivalent 
to the fact that the integral on the right-hand side of (3) tends to zero . In such 
a case we also say that /* tends to f in the mean (in the mean of order one; 
see § 6.3). 

However, the space L' is not complete while the space L = L(Q) of the 
functions Lebesgue integrable (summable) on Q (see § 19.3, Property 20) 
is complete. 

Theorem 1. Let 0 = 0(x) £ L'(Q). For the equality 

J |0(x)|<k =0 (4) 

Q 

to hold it is necessary and sufficient that 0 (x) = 0 on the set Q r c Q of points 
at which 0 (x) is continuous. 

Proof. Let us suppose that equality (4) holds and that there is a point 
x° 6 Q' at which 0 is continuous such that 10(x°)| >- 0. Then there exists 
a ball to c Q with centre at x° on which 10(x)| > 77 > 0 . This conclusion 
contradicts (4): 

J |0(x)| J |0(x)| dxs*ri\a)\ >0 

Q a 






NORMED LINEAR SPACES. ORTHOGONAL SYSTEMS 


151 


Now let 0 € L'(Q) and 0(x) = 0 for all x € 

Let us denote by Q e the set obtained from £2 by deleting the balls of 
radii e > 0 with centres at the singular points of the integral J 0(x) dx 

Q 

(there is a finite number of these balls) and by deleting the exterior of the ball 
of radius 1/s with centre at the origin. 

By Lebesgue’s theorem, Q—Q' is of Lebesgue measure zero, and there¬ 
fore the set Q' is dense ini? and the lower integral of 10(x)| over Q g is equal to 
zero; consequently the integral of 10(x)| on Q 9 is itself equal to zero, and 
therefore 


J 10(x) | dx = 



In the case of the Lebesgue integral we can state the following proposition 
which is an analogue of Theorem 1 (see§ 19.3, properties 1 and 16). 

Let 0 = 0(x) € L(Q). Then for equality (4) (with the integral understood 
in Lebesgue 9 s sense) to hold it is necessary and sufficient that the function 
0 (x) be equal to zero almost everywhere on Q. 

The Spaces l p andLp. Let p be a number satisfying the inequalities 1 < 

< oo. A sequence a = {u*} of (real or complex) numbers a k is said to belong 


to the space l p if the norm Hall/, defined as the number 



is finite: 



A (real or complex) function /(x) defined in a domain Q c R n is said to 
belong to the space LUO) if the integral of f over Q has a finite number of sin- 

/ r \ Vp 

gularitiesand if the norm j|/|U,(£) defined as the number / I I f(x)\ p dx\ 
is finite: 


mu* = Q* \m\pdx 




oo 


( 6 ) 


(as is seen, Ii(£2) = Functional analysis also deals with the space 

Lffi) of the Lebesgue measurable functions defined on Q with finite Le¬ 
besgue integrals (6) (see Chapter 19). 

Let (p(u) and tp(v) (u 9 v > 0) be two strictly increasing and mutually inverse 
continuous functions assuming zero values at the points u = 0 and v = 0 
respectively. 

On plotting the graphs of these functions in the iw-plane we readily see 
that there holds the inequality 

ab <*0(a)+ W(b) (a,6>0) 
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where 

X X 

0(x) = f (p(t) dt and Y(x) = j ip(t) dt 
o o 


and that the equality is satisfied here if and only if <p(u) = b. 

For the case when <p(u) = «* and ip(v) = ( a > 0, 1 +oe = p and 

—= l) we obtain 
P q 1 

ab «s—+— (a, b s» 0) 

p q v ' 

whence it follows that if 

a = {a k } Zip and b = {b k } Z /, 


then 

1 ^ 1 * 1 

Similarly, if/(x) 6 4(G) (4(G)) and ?<*) € 14(G) (4(G)) then 

f lf(*M*)l lf(*)l p dx+j f l<p(x)l*dx [(8) 

Q Q Q 


On applying (7) to the sequences 

■pt = WM and 

(where ||a /# ||, PH/, > 0) we obtain 

lla||«,ll*ll«,f 

P PL 


b 

11*11,, 



} 



whence 

» /«® \Vp / 00 \l/ff 

(21 W f ) ( 9 ) 

It is also obvious that (9) continues to hold when one or both factors on the 
right-hand side are equal to zero. 

Similarly, the application of (8) to the functions 

/(*) , <pjx) 

ll/IU, ( o> ana IIvIU.uj, 

where ||/||ijo), HyHr-tm > 0 leads to the inequality 







NORMED LINEAR SPACES. ORTHOGONAL SYSTEMS 


153 


whence 

\<p\*dx\ llq (10) 

The relation obtained continues to hold when one or both factors on the 
right-hand side are equal to zero. 

Inequalities (9) and (10) are referred to as Holder's* inequalities . In the 
case p = 2 the first of them is called Cauchy's inequality and the second 
Bunyakovsky's** inequality (see§ 6.2 (8) and (10)). 

If a, * 6 l P then 



\ a k+b k \ p ~ x \a k \+Y t \ ak +bk\ p ~ 1 \b k \ 


/€» \(P-1)/P /«» \1/P /«» /«» \i IP 

+^l a *+^A:l P J 

where we have applied Hdlder’s inequality to each of the summands in the 
middle member. It follows that 

/OO \1 Ip /<*> \ltp /<*> \1 Ip 

-= (Zl"*! 1 ') +(ll**l') (11) 

Similarly if /, <p € I? then 

/ \f+<p\ p dx« j |/+9>|' _1 |/l dx+j dxs 

Q Q 

- ( / I/+.I' [(/1m-*)“'+ (J i w *)■"] 


(p-l)lp 


whence 


/J \f+V\ , 'dxV Jr ^ (J \f\ Pd x^ P +il \v\ p dx^ P 


(ID 


( 12 ) 


Inequalities (11) and (12) are known as MinkowskCs*** inequalities. 

The meaning of relations (7)-(12) is that if their right-hand members are 
finite then so are the left-hand ones. They imply that l p and Up (Lp) are (real 
or complex) normed linear spaces. 

Expressions (5) and (6) are (Banach) norms (see § 6.3) because, together 
with relations (11) and (12), the properties 

IIAall,, = \M ll«ll/, and ||A/||^ = |A| ||/i|^ 

hold for them where A is an arbitrary number, and equalities ||«||/, — 
= ll/ll l, — Oiraplythata = 0(i.e.a* = 0 \k — 1,2, ...)andthat/(x) = 0 

* O. Hdlder (1859-1937), a German mathematician. 

** Academician V. Ya. Bunyakovsky (1804-1889), a Russian mathematician. 

*** H. Minkowski (1864-1909), a German mathematician and physicist. 
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at the points of continuity (while in Lebesgue’s theory the latter property 
holds almost everywhere). 

Thus, l p and Up (L p ) are normed spaces. The zero element of l p is the 
sequence whose all members are equal to zero (a k = 0; k = 1, 2, ...) and 
the. zero element of Up is represented by any function 0(x) £ Up which is 
equal to zero at its points of continuity while the zero element of L p is a 
function equal to zero almost everywhere on Q in the sense of Lebesgue’s 
measure. 

It should be noted that iff £ Up{@) ( Lp(£2 )) whereQ is a bounded (measur¬ 
able) set then f € L'(Q) (1/fi)) and there holds (see (10) for q> = 11 the in¬ 
equality 

\f(x)\*dx\ Up (13) 
(1 < p <«>, l/p+l/q = 1) 

In the case p = 2 the spaces l p and L^Lp) possess some special properties; 
for instance it is possible to define scalar products of their elements. In this 
connection they will be studied in more detail in § 14.3 and also in § 14.6 
(Example 1) where, in particular, it will be proved that / 2 is a complete space. 
It can be shown quite similarly that for any p the space l p is also complete. 


j |/(*)| dx = j |/(jc )-1 | dx ^ \Q\U* / J 
a a \o 


§ 14.3. Spaces L'i and Li 


Let G be a (bounded) measurable set in R„ and let L 2 .,(G) be the collec¬ 
tion of all the possible (complex or real) Riemann integrable functions on G. 
It is obvious that Li, r(G) is a (complex or real) linear space. With any two 
functions <p and ip belonging to Li, JG) we can associate the number 

(<p, tp) = (<p, ip) G = J <p(x)f(x) dx (1) 

G 


where the integral is taken in the ordinary (proper) Riemann sense. Expres¬ 
sion (1) possesses the three properties (see§ 6.2) of a scalar product. Indeed, 
for <p,ip,%€ Li, r (G) we have 

(i) (<p, i)e = J ytpdx = (ip, <p)g, 

G 

(ii) (cup+P% X) = «(?>» X)g+P(v>, x)g, 

(iii) (<p 9 <p)g > 0, and the equality (q> 9 q>)a = 0 implies <p(x) = 0(x) (see § 14.2 
(2)) where 0 is a Riemann integrable function for which the integral of the 
square of its modulus is equal to zero. Therefore, as was shown in§ 6.2, for 
any two functions q> 9 ip 6 I*. r (G) we have the inequality 

[ip(x)\ i dx\ lft (2) 

Now let us assume that £ is an open set, possibly unbounded, such that 
its intersection with any ball is a measurable set. We shall denote by 14 = 


J IK*)?(*)I M*) 2 d *^ ^ J 
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= Z4(£) the collection of all (complex or real) functions / defined on £?, 
whose integrals J f dx have finite numbers of singularities (provided there 

O 

are such), which satisfy the condition |/(x)| 2 d L'(Q) = U (see § 14.2). 

Let us take two arbitrary functions q> 9 ip d £4(f2) and construct the set Q a 
(e 0) by deleting from the set Q the balls of radii s > 0 with centres at the 
points where the integrals of <p and ip over Q have singularities (the number of 
these balls is finite) and, if Q is,unbounded, by deleting the ball |x| s* 
too. If the integrals of q> and ip have no singularities we simply put Q e = 
Thus, ip d L2,r(&e) for any s > 0 and 

f |y(x)9(x)| dx / f |p(x)| 2 ir\ 1/2 / f |y(x)| 2 dxY^ =s 

O s / \Q e / 

■= l?<x)| 2 <fe\ 1/2 ^J |y(x)| a <fey* 

whence it follows that, since e > 0 is an arbitrary number, the integral 
J l?K*) *iK x ) I exists and the inequality 


Jltf*)#*) 1 (J\y>\ 2 dx^ (3) 

is fulfilled*. We have proved that if (p 9 ip d L^(Q) then <pfp d L'{Q) and in¬ 
equality (3) holds. Thus, for any (p 9 ip d L^Q) 9 makes sense the (absolutely 
convergent) integral 

(<P, y>)= j 9 (x) f{x) dx (4) 


understood as a Riemann integral (generally, in the improper sense). It can 
readily be verified that integral (4) possesses the three properties of a scalar 
product (§ 6.2) on condition that the zero element is understood as a function 
0 = 0(x) d 14 for which 

f|0(x)| 2 *k = O 

Q 

(see the foregoing section). 

Now, following §§ 6.2 and 6.3, we can define a norm for the functions 
/ € 14 by putting 

ll/ik=(Jl/l 2 ^ 1/S 

* Inequality (3) also follows from§ 14.2 (10) for/? = 2 but here we have proved it in a 
completely different way. 
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The space £4 equipped with this norm becomes a normed space. If a sequence 
of functions f k £ is convergent in norm to a function / £ 14 this means 
that 


I /(*)-/*(*) I 2 tbcY* - k — ~ 


In such a case jfe sequence {/*} is jurii to be convergent to f on Q in the 
mean square. 

The space L 4 and also the space U are incomplete. A complete space of this 
kind is the space Lt — L^Q) of functions Lebesgue measurable on Q for which 
the squares of their moduli are Lebesgue integrable. The space L a is called a 
Hilbert space after D. Hilbert (1862-1943), the great German mathematician. 

The space La is more perfect than La in this sense but its theory involves the 
Lebesgue integral. On the other hand, the space £4 includes a sufficiently 
wide class of functions which are often quite sufficient for practical purposes. 

It should be noted that if a function/belongs to L^Q) and the set Q is 
bounded then f £ L'(Q) (see § 14.2 (13)). For instance, we have x~* £ 
£ 14(0,1) c L'(0,1) when a < 1/2. If the inequalities l/2«sa< 1 take place, 
the function x~ a does not belong to La(0,1) but belongs to L'(0,1). Further, 
we see that x~ a £ 14(1, «») if a > 1/2 while jc“* £ L'(l» <*») only if a >•1. 

§ 14.4. Approximation with Unite Functions 

The support (or carrier) of a function q>(x) is the closure of the set of the 
points x at which f(x) 0. 

A function <p(x) is said to be finite* in the open set Q c R* if it is defined in 
Itn and has a bounded support F belonging to Q. A bounded support F is 
often called a compact support to stress that each sequence of points x* fFc 
c R„ contains a subsequence convergent to a point x? £ F. 

A function <p(x) will be called finitely-valued** if there exists a finite system 
of pairwise nonintersecting rectangles (rectangular parallelepipeds with edges 
parallel to the coordinate axes) A on each of which the function <p is constant 
and, besides, <p — 0 outside these rectangles. These rectangles can be closed 
or open (or half-open in the sense that some of the faces of A belong and 
some do not belong to it). 

A finitely-valuedfunction is obviously finite in Rn. 

There holds the following theorem. 


11/-/* ik = y 


* The notion of a finite function (which vanishes outside some closed subset of O) must 
not be confused with the notion of a bounded function (whose range is contained in some 
finite interval) although in the latter case the word '‘finite’* is also sometimes used. To 
avoid the ambiguity it is advisable to use in the former case the term "a function of finite 
(or compact) support”. — Tr. 

** A finitely-valued (i.e. piecewise constant) function is also called a step function or a 
simple function although these terms are sometimes used in a slightly different sense (e.g. 
see §§ 16.2 and 19.3). — Tr. 
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Theorem 1. For every function f € LUP) and any o 0 there exists 

a Junction q> finite in Q which is finitely-valued or continuous * and such that 

J \f(x)-<p(x)\P dx < S (Imsp^eo) (1) 

Q 

Let us begin with the demonstration of the idea of Theorem 1 by means of 
graphs for the case p = 1 when f{x) is a function defined on the jc-axis. 



In Fig. 14.1a we see the graph of a function /having singularities at the 

points — oo , 0 and + °° which will be regarded as belonging to L! ( - OO 9 oo). 

For a sufficiently small 5 > 0 and a sufficiently large N the finitely-valued 
function y(x) whose graph is shown in heavy line in Fig. 14.1a satisfies the 
inequality 


J \f(x)-y(x)\dx^~ 

-OO 

(V(*) = f(x) fji d < \x\ N and ip(x) = 0 for the other values of x). In 
the figure the function f(x) = y)(x) is shown as being continuous on the 
intervals (-N, — 8 ) and (6, N) but it is also allowable for it to be discontin¬ 
uous on condition that it is integrable; it is possible to construct a finitely- 


* Here “continuous” can be replaced by “infinitely differentiable” (see property (iv) 

m§ 18 . 2 ). 
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valued function %(x) for it such that 

J \V<X)-%(X)\ <£* < y 


(see the heavy “step-like” line in Fig. 14.16). Now it only r emains to approxi¬ 
mate %(x) by a continuous finite function <p(x) as is shown in Fig. 14.16 
(where each horizontal line segment serving as a part of the graph of x(x) 
(given in heavy line) is replaced by a polygonal line representing the con¬ 
tinuous function y>(x)). 

A rigorous proof of Theorem 1 follows from Theorems 2,3 and 4 proved 
below.* 

Theorem 2. A function f £ Z^(Q), 1« p < <*> (see §§ 14.2 and 14.3) can 
be approximated, to an arbitrary accuracy relative to the metric of Z^(f2), 
with a bounded function ip £ L^Q) having a compact support. 

Proof. Iff? is a bounded set and/is bounded on it we can simply put ip = /. 

If otherwise, the integral Jfdx has singularities. Let £, (jj >■ 0) be the 

o 

(bounded) set obtained from Q by deleting from it the (closed) balls of radii 
ij and centres at the singular points of the integral f fdx (the number of 


o 

these balls is finite) and, if Q is unbounded, by deleting the ball |x| 
too. Let us put 



on Q n 
on Q—Q n 



Obviously ip is a. bounded function with compact support on Q belonging 
to I?(f2), and, besides, for sufficiently small ij we have 


fl/(*)-V(*)l ,, <&= f \f\'dx~cs (2) 

Q 0~O n 

The theorem has been proved. 


Theorem 3. A function f defined and Riemann integrable on an open set Q 
can be approximated, with an arbitrary accuracy relative to the metric of 
L£Q), by a finitely-valued function <p which is finite in Q and satisfies the in- 
equality 

|p(*)| «s K = sup |/(x)| (3) 

x£Q 

when it is real and the inequality 


when it is complex. 


\<p(x)\*s2K 



* For the space L (and consequently for the space V as well) Theorem 1 follows from 
$ 19.3 (property 18); in the case of the space L, it is implied by § 18.2 (property (iv)) and 
by Theorem 4 proved below. 
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Proof. We shall begin with the case of a real function /. Since it is integrable 
on £, given any e > 0 , it is possible to construct a rectangular network with 
mesh-size h such that die lower integral sum of the function / extending over 
those cubes Aj (j = 1 , .. N) of the network which are completely inside Q 


differs from the integral jfdx by less than e: 


Q 



rrij = inf /(x) 


Let us take the finitely-valued function 


\rrij on Aj 



N 

0 outside £ 4 / = ® 
i 


which obviously satisfies (3) (for the function 9 ? to be one-valued, we can 
define it on the open or half-open cubes A). It is obvious that the support of 
9 >(x) belongs to G and that inequality (3) holds. Taking into account the 
inequality <p(x) /(x) which is fulfilled for the points xfffwe obtain 


J l/(*)-9<*)l dx - J l/(x)-<p(x)l dx+ J I/I dx = 

Q G Q—G 


= (ffd*-E m /l4\)+ f (lfl-f)dx 

\o / Q-G 



e 

2 


provided that h is sufficiently small for the inequality 

J (\f\-f)dx*2 J\f\dx^± 

O-G Q-G 


to hold. Such a choice of h > 0 is possible because / is bounded on Q and 
the measure of \Q—G\ can be made arbitrarily small for sufficiently small h. 

We have proved the assertion of the theorem for a real function / and for 
the metric of the space L(Q). Now we shall prove it for the case of a real func¬ 
tion/ and for the metric of the space L P (Q) (1 < p < «>). To this end, using 
what has already been proved for the given e > 0 , we construct a finitely- 
valued function <p with support belonging to Q which satisfies inequality (3) 
so that 



|/(x)-y(ac)| dx^ P 


6 

| Q | <*-*>/* 
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Then (see § 14.2 (10)) we obtain 

J | f-<p\Pdx= J \f-<p\*P\f-<p\WI>dx« i 

Q Q 

Up / r, * . \(p-x>Ip 


(J \f-9\ ^ \f~ 9 \ p+l dx)j 

\Q\ip-tijp (jxftt-nh ^ J {2AT) p+1 d* 


^(p-l)/p 


= e 


which completes the proof of the theorem for a real function / £ £p(&)* 

If/ = fi+if 2 is a complex function satisfying the conditions of the theo¬ 
rem, its real and imaginary parts f x and f 2 also satisfy these conditions. As 
has already been proved, for these real functions f\ and / 2 there exist finitely- 
valued real functions g?i.and <p 2 which provide the corresponding approxima¬ 
tions for them (in the metric of L P (Q)). Therefore the complex function 
(p = <pi+i(p 2 which is obviously finitely-valued and finite in Q satisfies in¬ 
equality (4) and serves as the desired approximation of /. 


Theorem 4. A finitely-valued function f(x) with support Q can be approxi¬ 
mated (to an arbitrary accuracy) in the metric ofL p (Q) with a continuous func¬ 
tion (p{x) finite in the interior of Q. 

Note that, according to the definition of a finitely-valued function, the 
support Q of /(x) is the union of a finite number of rectangles with faces 
parallel to the coordinate axes. 

Proof We shall begin the proof with the case of the simplest finitely- 
valued function /(x) equal to a number m on a rectangle A and to zero out¬ 
side it. Let A' c A" be two rectangles belonging to A and having the same 
centre as A and let us consider the continuous function which is defined by 
the relations 


<pA*) = 



on A' 
outside A" 



at the points-belonging to A’ and A" and is linear on A”—A' along the rays 
issued from the centre of A. 

It is clear that the function and, together with it, the function <p(x) = 
= mpjx) are continuous and finite in the interior of A. It is also evident that 
for any e > 0 there is a rectangle A' and, together with it, a rectangle A" 
which are so close to A that 

|'j I f(x)-<p(xy dx^' P < e 

In the general case a finitely-valued function /(x) equal to numbers 
mi, • • m N on some (open or half-open) nonintersecting rectangles A l9 ... 
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.. An respectively can be represented as the sum 


N 


/(*) = E M*) 

i 

of the functions^*) = m k x^ M (.x) (k — 1, ...,N) where 




“ w= {J 


1 for x £ A 

for x $ A 


By what has been proved, given any e > 0, there are functions <p*(x) contin¬ 
uous and finite in the interiors of A k such that 


Now, since the function 


J \fk~<Pk\ p dx^j^ 

«n 

N 

<ti*) = E ?*(*) 

1 


N 

is continuous and finite in the interior of and satisfies the inequality 

i 

J \f-(p\Pdx = J \f—q>\ p dx = E J \fk-<Pk\ p dx < N-jj = e 
xj» *. k ~ l 


we obtain what we had to prove. 

The above argument applies both to real and to complex functions. 

In particular, we have shown that any function / € L^Q) canbe approxi¬ 
mated in the corresponding metric with a finitely-valued function of the form 



on A k 
outside 




where A k are some pairwise disjoint cubes. 

Every finitely-valued function can be regarded as a member of the family 
of the functions of the form 

(fix) =/(x; x\ . .., x N , t) i, ..., j fa, m lt ..., m N ) 

dependent on the N vector parameters x 1 , ..., x N and on 2N scalar para¬ 
meters 7] u .. .,t)n and nti . thn where x k are the centres of the corres¬ 

ponding cubes, rjk are the lengths of their edges and m k are the numbers enter¬ 
ing into equality (6). It is readily seen that if an approximation to the func¬ 
tion / with the aid of a function <pi belonging to that family has already be 
found, that is if 

|/(x)- 9 >i(x)* dx\ llp = b x -= e 



11—3737 
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then the function 93 in the last inequality can be replaced by another function 
<Pi (belonging to the indicated family) determined by some rational values of 
the parameters which are so close to the values of the parameters specifying 
the original function 9 ) that 

/J | <pi(x)-<p(x)\ p dx'^ >P < e-ei 

We thus see that for an arbitrary function / € L P (Q) and for any e > 0 
there is a finitely-valued function q> determined by rational values of the 
parameters which approximates / to an accuracy of e with respect to the 
metric of L'(Q): 

H \f(x)~<p(x)\ p dx ^ P -= « 

Since all such functions (determined by rational values of the parameters) 
can be numbered in a consecutive order, they form a countable set. 

We have thus proved the following important theorem. 

Theorem 5. In the space Lffil) (L/Qf) there exists a countable sequence of 
(finitely-valued) functions <pi(x\ <pdx), <p^x), ... such that for any function 
f(x ) € mfl) and any given number e =» 0 there is an element q>t£x) of that 
sequence such that 

H \f-n\ p dxy p ^ e (7) 

The property of the space L£(£?) ( L^Q )) indicated in Theorem 5 is comple¬ 
tely analogous to the well-known property of the set of all real (complex) 
numbers: the set of all real (complex) numbers contains a countable subset 
which is everywhere dense (see§ 14.5) in that set (this is in fact the subset of 
all real rational numbers (complex numbers with rational real and imaginary 
parts)). 

Theorem 6. Let fbea function belonging to the space L' P (Q) (L P (Q)). IfQ 
is a part of R n — R we shall extend f to the whole space R by putting f = 0 
outside Q. Then thq extended function f (we retain the same notation for it) 
possesses'the limiting property 

V<0=/f I/(*+*)-/(*) I' dxj Up - 0, t - 0 (1 -6 p -= 00 ) (8) 

Proof. The extension / of the function / € L'ffi) (LfQ)) constructed as is 
indicated in the theorem obviously belongs to L p = L^(R)(Lp = L P (R)), and 
therefore Theorem 1 applies to it Let us choose an arbitrary e > 0 and find 
a continuous function <p finite in Rn and such that 

U \f(x)-<p(x)\ p dx^ P «= y 
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The support of 9 ? is a bounded set F c g' c g where g and gf are concentric 
balls with radii q' and q, q r < q 9 respectively. The function q> is continuous 
on the bounded and closed set g and therefore is uniformly continuous on it 
Let us denote as ( 0 ( 8 ) the modulus of continuity of q> on g: 

m(5)= sup | 9 > 00 - 9 >(*")I (*', x" € g) 

I*'— 


Then, denoting by |g / | the measure of g' we obtain, for sufficiently small 
d, the inequalities 

Ur ' r |/(*+0“9>(*+0l' dx'j >P + 


a 


\f{x+t)-f(x)\*dx 


) -(/ 


I^ JI <p(x)-f(x)\p dx^ P 


^+©(d)|g'|^+ 4 - -= e (\t\ < d < e-eO 


The theorem has been proved. 


§ 14.5* Linear Spaces. Fundamentals of the Theory 
of Normed Linear Spaces 

Let E be a real (complex) linear space (see§ 6.1). It is evident that if a sub¬ 
set Ei of E is such that x £ E\ implies ax £ E\ where a is an arbitrary real 
(complex) number and x 9 y £ E\ implies x+y £Ei then E\ is itself a linear 
space. In this case E\ is spoken of as a (linear) subspace of E. 

A finite system of elements xi,..., x n £ is is said to be linearly independent 
if the equality 

aiXi+ ... +a n x„ = 0 

implies ocj = 0;j = 1, .. n. If otherwise, the system is said to be linearly 
dependent . 

A linear spaced is called finite-dimensional or, more precisely, n-dimension- 
al if it contains a system of n linearly independent elements xi, ..., x n and 
if every system of n+ 1 elements belonging to it is linearly dependent. It can 
readily be seen that in this case any element x £ E can be expressed in a 
unique manner as a sum of the form 

n 

X = £ CtkXk (1) 

where a* (k = 1, ..., n) are some numbers (real or complex depending on 
the nature of the space in question). 

It can also be shown that, conversely, if x 1 , ... 9 x„isa linearly independent 
system of elements then the linear space E' consisting of all the elements of 
form (1) is n-dimensional. To this end it is sufficient to prove that any «+1 
elements of E form a linearly dependent system. 


11 * 
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The system of the functions 

1, x, x 2 , ..x 71-1 {a x 6) (2) 

is linearly independent in the space C(a, b) because the zero element of C(a 9 b ) 
is the function identically equal to zero on [a 9 b\ and the equalities 

71—1 

£ a*x* = 0 (a ^ x < b) (3) 

o 


imply that ao = oci = ... = <z n -i = 0. 

System (2) regarded as belonging to the space ll p {a 9 b) is also linearly in- 

71—1 

dependent because for a sum £ a*x* to be the zero element of this space it 

o 

is necessary and sufficient that the equality 



CCkX k 


\ dx = 0 


hold, and since the integrand is continuous this equality implies (see Theo¬ 
rem 1 in§ 14.2) (3), i. e. aj (j = 0,1, ..n— 1) are equal to zero. 

Therefore the collection of all polynomials P„_i(x) (a x b) of a given 
degree n— 1* is an n-dimensional linear subspace of C(a 9 b) and of L^(a 9 b). 

A linear space E is called infinite-dimensional if for any arbitrarily large n 
there is a linearly independent system of elements x l9 .. .,x„ belonging to E. 
A sequence of elements 

X± 9 X 21 X3 9 ... (4) 

is said to be linearly independent if its any subsystem consisting of a finite 
number of elements is linearly independent. Such an infinite sequence will be 
referred to as a countable linearly independent system of elements . 

In every infinite-dimensional linear space E there is a countable linearly in¬ 
dependent system of elements since any element Xi ^ 6 can be regarded as a 
linearly independent system (consisting of that single element): we shall 
choose it as the first element of a sequence of type (4) which will be construc¬ 
ted by induction. Suppose that we have already found a linearly independent 
system 

• • •> X/i ( 5 ) 

belonging to E. Since E is infinite-dimensional there must exist an element 
x n +i € E such that the system xi,jc 2 , .. .,x„, x„+i is linearly independent 
because, if otherwise, any element x £ E would be representable in die form 

71 

x= £ oc/cXjc where a* s are some numbers, and the set of the elements of the 


* More precisely, of degree not higher than n— 1. 
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form a*x* would coincide with E and contain only n linearly independent 
1 

elements. 

On continuing this process indefinitely we obtain a sequence of type (4) 
which is obviously linearly independent. It should be taken into account that 
any finite subsystem of n elements x^, . •(&i < k* < ... < k„) arbit¬ 
rarily chosen from such a sequence (4) forms a linearly independent system, 
which follows from the fact that the wider system x l9 x 2f ..., xj^ is linearly 
independent. 

The sequence of functions 1, x, x 2 , ... serves as an example of a count¬ 
able linearly independent system in C(a 9 b) and in U p {a 9 b ). 

Now let us suppose that E is a normed linear space. A set G c is said to 
be dense in E if for any element x £ E and any positive number e there is to 
element y 6 G such that 

\\x-y\\ < e 

By virtue of this definition, we conclude, on the basis of Theorem 1 in 
§ 14.4, that the set of all continuous (and even infinitely differentiable) func¬ 
tions finite in Q is dense in Z^(f2) (and also in L/Q)); the set of all finitely- 
valued functions with support belonging to Q is also dense in these spaces. 

Here is one more example. A function <p defined on a closed interval [a 9 b] 
is called polygonal if it is continuous on that interval (tp € C(a 9 b)) and if there 
exists a partition of the interval such that <p is a linear function on each of 
the subintervals of the partition. For any function / € C(a 9 b) and for any 
e > 0, by virtue of the continuity of the former, there exists a polygonal 
function <p(x) such that 

\\f—<p\\aa>b) = max |/(x)-^(x)| < e 

a,b] 

\ 

Consequently, the polygonal functions defined on [a, b ] form a dense set 
in C(a, V). 

A space E is called separable if it is infini te-dimensional and contains a 
countable set dense in E. An instance of a separable space is the space 
C(a, b ) (see the exercises below). 

By Theorem 5 in § 14.4, the (infinite-dimensional) space L^Q) (Lp(f2)) is 
separable because it contains the set of finitely-valued functions which is 
countable and dense in (Lp(13)). See Exercise 5 below. 

A set M c E is said to be complete in £ if the collection of all the possible 

n 

linear combinations of the form where a* are numbers and x* are 

i 

elements of M is a dense set in E. 

Theorem 1. If a space E contains a complete countable linearly independent 
system of elements 9 it is separable . 

Indeed, the space E is then infinite-dimensional since for any natural num¬ 
ber n there is a linearly independent system xi,..., x n of elements in 2? con- 
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n 

sisting of n elements. Further, the set M' of the sums £ r k x k where n is an 

1 

arbitrary natural number and r k (k = 1, .. n) are arbitrary rational num¬ 
bers is countable (these sums can be numbered in a consecutive order), and, 
since M is dense in E 9 for any element x € E and any e > 0 there is a sum 

n 

such that 
i 

n 

x £a*x* 
i 



Now we can choose rational numbers r k which are so close to the correspond¬ 
ing numbers a* that 


n n 


i i 


£|a*--nfcl ||x*||^tf£|a*-r*| <y 


where K = max ||x*||. 

IsSfcsS/! 

Therefore 


it 

x-£/•*** 


1 


It 

x-£a*x* 


1 


+ 


It It 


£<****-£/•*** 
1 1 



We have thus constructed an arbitrarily accurate approximation for an ar¬ 
bitrary element x 6 E with the aid of an element x belonging to M\ which 
proves the separability of E. 

The converse of this theorem also holds: 


Theorem 2. A separable space E contains a countable linearly independent 
system of elements which is complete in E. 

Indeed, by the separability of E 9 there is a countable sequence of elements 
dense in E. Moreover, this sequence is complete in E. 

Further, every complete countable system of elements Xi, x 2 ,... contains 
a linearly independent sequence of elements (generally speaking, not de¬ 
termined uniquely) which in its turn forms a complete system in E. 

For instance, let us take the subsequence 

^»j> • • • (6) 

(of the sequence x l9 x 2 , ...) in which the indices n l9 /i 2 , ... are chosen ac¬ 
cording to the following rule. As we take the smallest index n for which 
x n 0 . The element x„ t can be regarded as a linearly independent system 
(consisting of that single element). Further, if the indices n l9 ..., n* have 
been already determined, we take as n k +i the smallest natural number n for 
which the elements x„ 19 ..., x„ k9 x„ M form a linearly independent system. 

It is important in this construction that for every k there exists n k + 1 pos¬ 
sessing the indicated property, that is the resultant linearly independent 
system (6) is in fact infinite (countable). Indeed, suppose that for some k 
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there is no rik+i with the indicated property. Let us put zi = x „ t ,..., zu = 
= x njt . Then the system 

Zli • • •> Z/c (7) 


where k is fixed, possesses the following properties: 

(i) system (7) is linearly independent; 

(ii) for any element x d E and any e > 0 there are numbers ai, 
such that 


k 


1 


s 


• ><*k 



To show that under the hypotheses assumed properties (i) and (ii) cannot 
hold we need the following lemma. 


Lemma 1. Properties (i) and (ii) imply that to each element x d E there corre¬ 
sponds a system ofnumbers ft l9 ..., such that 

x=ifijzj 

1 

The proof of Lemma 1 will be given below. It follows from the lemma that 
£ is an n-dimensional space, which contradicts the hypothesis that E is separ¬ 
able and therefore, according to the definition of separability, infinite-dimen¬ 
sional. 

Consequently, sequence (6) with the required properties can in fact be 
constructed. 

The proof of Lemma 1 is particularly simple when E is a linear space with 
scalar product (see Theorem 3 in § 14.7). In what follows we shall deal with 
that very case. For the general case the proof of the lemma is based on the 
auxiliary lemma below which is itself interesting. 


Lemma 2. If a system ofelements y l9 ...,y n of the space E is linearly inde¬ 
pendent then there is a positive number X such that 


-s H2>jt)vll 


(9) 


for my system of numbers at, ...,a n (generally speaking, X depends on n). 
Proof. Let us consider the function 


0(a) = d>(<*i, .. a„) = 


n 


I 

1 


of n variables defined throughout the /^dimensional space R„. This function 
is continuous because 

* • • _ 

- i«bj 

1 1 


|0(a)-0(a°)| = 


1 1 


i l («j-4)yj 

1 


£ \\yj\\ £ |ay—a®| - 0, 


a -► cfl 
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where 


K=K n = max \\yj\\ 

Further, by the linear independence of the elements y l9 ..., y ny the function 
0 is positive for any numbers ai,.a„ except in the case when <*i = ... = 
= a ff = 0. Let us also consider the set AczR n of the points a — (ai, ..a„) 
whose coordinates satisfy the equality 

l|air=i>/l = l 
1 


The set A is bounded since the coordinates of its points satisfy the inequality 

Furthermore, this set is closed (see Example 5 in § 7.9). Consequently the 
functioned) attains its minimum on the set A at a point a 0 £ A: 

A = 0(a°) = min 0(a) 

a €A 


The number A is obviously positive because the points a £ Ado not coincide 
with the origin. Thus, we have the inequality 


0< A 


n 


Y a jyj 

l 



which holds for any point a = (cc l9 ...,«„){ A Thus, we have proved in¬ 
equality (9) for the special case when oc £ A. 

Now we shall prove that (9) holds for any point a £ R n . Indeed, if a = 
= 0 = (0, ..., 0) inequality (9) becomes trivial. Therefore let us assume 
that a 5 * 0. Then we can consider the new point 

/% ct / a i a, \ 

P = TTiTTF = likTiF’ —’ TT«lTv 


It is evident that /} d A because 


z IAI = z 


j =i j=i 




and therefore, by virtue of ( 10 ), we have 


1 

whence follows ( 9 ). 

Next we have to deduce Lemma 1 . 

Let x d E. If we suppose that the elements 




Xy Zl) • • • 9 Zn 



[ 
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form a linearly independent system then, by Lemma 2, we must have 


n 


i-si+E \«A 

1 


X 


n 


X 


(A^O) 


for any numbers <x u 


.., x„, whence 


0 


i 


But this contradicts the condition of Lemma 1 which implies that for e -= A 
there is a system oci, of numbers for which inequality (8) holds. Con¬ 

sequently system (11) is linearly dependent and there are some numbers 
c, ci,..., c„ which are not equal to zero simultaneously such that 

cx+CiZi+ ... +c„z* = 0 


It follows that c 7 * 0 because, if otherwise, the system Zi, 
linearly dependent; therefore 


* = !;/* (a=-t) 


. 9 z n would be 


which completes the proof of Lemma 1. 

It should be noted that there holds the inequality 

- " K £ \«A (K = max ||y,||) 


I.™ 

1 





(which, in a certain sense, is opposite to (9)) where K, by its definition, is 
independent of a = (ai, ..., a„). 

Combining inequalities (9) and (12) we can write (for an arbitrary linearly 
independent systemyi,.. .,y„) the two inequalities 


Cif>| 


i 


n 


1 


n 


C2 ]£ |a;l 
1 



where the constants Ci and C 2 (C x = A and C 2 = X) do not depend on o = 
= (a^ ..a„). However, it should be noted that these constants Ci and C 2 
depend on the choice of the norm defined in the space E. 

Exercises. Prove the following assertions. 

1. The set IV of all polygonal functions defined on [a 9 b ] such that the 
corner points of their graphs have rational coordinates is countable. 

2. For any function /(x) continuous on [a, b] and any e > 0 there is a 
function q> € Z7' such that 

|/(x)~<p(x)| < « 

This property means that iT' is dense in C(a, b). Now, taking into account 
that C(a, b) contains the countable linearly independent system of functions 
1> x 9 x 2 , ..., we see that C(a 9 b) is a separable space. 

3. The set Z7' is dense in L' p (a 9 b) (Lp(a 9 b)). 
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Hint . Use the property that the continuous finite functions defined on 
(a, b ) form a set which is dense in the spaces L p (a 9 b ) and L p (a 9 b) and also 
take into account the result established in Exercise 2. 

4. The spaces C(£), L^{Q) and L P (Q) (where Q is an open set) are infinite* 
dimensional. 

Hint . Consider a sequence Au A 2 , A 3 , Ai 9 ... of pairwise disjoint cubes 
belonging to Q and the corresponding sequence of their characteristic func¬ 
tions 

9^00 = |* 0n ^* (fc = 1,2, ...) 

(0 on A k 

(for the space C(£2) take the functions of the form indicated in § 14.4 (5); in 
this case Q is bounded). 

5. The result established in Exercise 4 and Theorem 5, § 14.4 imply that 
the spaces L P {Q) and L/Q) are separable. 


§ 14.6. Orthogonal Systems in Space 
with Scalar Product 


Let H be a (complex or real) linear space for whose elements tp 9 ip 9 f 9 ... is 
defined a scalar product ( q> 9 ip) (q> 9 \p d H) possessing properties (i)-(iii) 
enumerated in § 6.2. 

We shall begin with an arbitrary, not necessarily complete, linear space H 
with scalar product; as we know, such is the space Z4(£). 

The norm of an element q> £ H is equal to the arithmetic square root of 
its scalar product by itself: \\(p\\ = (q> 9 If \\<p\\ ^ 0, then the element 

<Pi = has unit norm: ||^i|| = 1. An element q> with unit norm H^H = 1 

is called normalized . 

Two elements q> 9 ip € H are said to be (mutually) orthogonal if (q> 9 ip) = 0. 
A (finite or infinite) system of elements 

<Pu <P2, q> 3 , ... ( 1 ) 

is called orthogonal if its elements are different from zero (have positive 
norms) and are pairwise orthogonal. 

Finally, system (1) is called orthonormal if 


(&k> <pi) = dkl = 



for k t* I 
for k = / 


that is, if it is an orthogonal system whose every element has unit norm (is 
normalized). It is evident that every orthogonal system can be normalized, 
that is transformed into an orthonormal system. 

Every finite orthogonal system <pi 9 ..., is linearly independent in H 9 
that is the relation 

N 

= o 

i 
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where a* are numbers implies that all a k = 0; k = 1, Indeed, on mul¬ 

tiplying both members of this relation scalarly by (pi (l = 1, N) and 
Aging the linearity of the scalar product we obtain 

fexiSpk, fi\ = ccfoi, tpi) = 0 

and, since (pi) > 0, we see that a; = 0 (/ = 1, .. N). 

Given an arbitrary element f d H, the numbers 

9**) (k = 1,2, ...) 

are called the Fourier* coefficients of f with respect to orthogonal system (1). 

~ i 

The series Y -r,— ri5 - (/, (pk)fk (generated by an element / g 77) is called the 
Fourier series of f with respect to orthogonal system (1), and we write 

(2) 

If system (1) is orthonormal then || q>k\\ = 1 (fc = 1,2,...) and the Fourier 
series of f Z H with respect to such system (1) assumes the simplified form: 

/~ £(/>?*)?>* (3) 

1 

In this case the Fourier coefficients are the numbers (/, <p*). In what follows 
we only deal with orthonormal systems (1), however all the results established 
for them can be modified in a natural way to apply to the general orthogonal 
systems. 

Chapter 15 of our course is devoted to a thorough study of the important 
special case of Fourier’s series with respect to the trigonometric system 

y, cos jc, sin jc, cos 2x, sin 2x, ... 

Here we note that the functions 1/2, cos x 9 sin jc, cos 2x, sin 2x, ... 
forming this system are orthogonal in the space £4(0, 2ji) of square 
integrable functions on [0, 2n] (for which the squares of their moduli are 
integrable on [0, 2 jz]). (The same applies to the space L 2 (0,2 ji).) The space 
£4(0, 2n) (£^(0, 2jt)) is a special case of a linear space H with scalar product 
to which apply all the results established in the present chapter for the 
general spaces H. 

Let there be given an orthonormal system of elements (1) in an arbitrary 
linear space H with scalar product. We shall discuss the following problem: 
given an arbitrary element/ 6 H, it is required to find among all the possible 


* J. B. J. Fourier (1768-1830), a French mathematician who laid the foundations of the 
theory treating of the representation of functions with trigonometric series. 
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systems of numbers a x , a 2 , .. .,<*n (complex or real depending on whether H 
is a complex or real space) the one for which the norm 


N 

/-£«*?* 

1 

attains its minimum. 

To estimate this norm we write 



N ||2 / N n \ 

f-'Z** f P k = (/- £ /- £ a m\ = 

1 || \ /=1 / 

= (/>/)-£[«/(/, 9/)+*/(/. <p/)]+£+i«/l 2 = 

1 1 

= (/>/)+£ I«/-(/»?>/) I 2 -£ I (/. ?>/) P »> 

X 1 

»*(/./)-£ I (/»9’/)l a (5) 

l 

We see that (5) becomes an equality if and only if 

<*i = (f,<Pi ) (/ = 1,2, ....JV) 

It is these numbers if, <pi) which we called the Fourier coefficients of the 
element / with respect to die orthonormal system of the functions q>i. 

The result we have established can be written in the form of the equalities 


N 

Eit(f)a= min f-^ctufk 
«* 1 


N 


= ((/>/)-£J(/>?*)l 2 ) 


/-£(/> <Pk)fk 
X 

1/2 


( 6 ) 


The leftmost term in (6) is simply the notation of the minimum of the 
norm entering in the second term. Relation (6) shows that the numbers 
«/ = if, <fi ); l — 1,2, N provide the best approximation to the element 

f € H (with respect to the metric of H) with the aid of the linear combinations 

of the form Y/xtfpk where a* are arbitrary numbers (complex or real depending 
i 

on the nature of the space H). Thisfact is expressed by the third term of (6). 
Finally, the rightmost term gives an explicit expression for the magnitude 
Etdf)B (which characterizes the approximation quantitatively) in terms of 
(/,/) and the Fourier coefficients (/, q> k ) (Ic = 1, ..JV). 

It is clear that £jv(/)n =** 0 because this number is the minimum of non¬ 
negative norm (4). It is also evident that Es{f)a does not increase as the 
number N grows, which follows from the last term in (6). The same can be 
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shown with the aid of the second term: 

N N +1 

E n (/)h = min /-£a*<p* >min /- £ = E N ^(f) H 

«* 1 «* i 

N N+l 

because the sum £ is a special case of the sum j for aiv +1 = 0. 

i i 

It follows that for any element f £ H there exists the limit 

A= lim E N (f) H = /(/,/)-£ | (/,9>*)| 2 = 

N-^oo r i 

AT I 

= Jim /- E (/, ?*)?>* >0 (7) 

N-+oo k=l I 

whence, in particular, it follows that the series of the squares of the moduli of 
the Fourier coefficients off £ H is convergent and the inequality 

tif.nfMfJ) (8) 

holds. It is known as Bessel's* inequality (for the element f). 

We called formula (8) an inequality in order to stress that the left-hand 
side of (8) cannot exceed the right-hand side. However, for some (or for all) 
elements/ € H relation (8) may become an exact equality. In the latter case 
it is called ParsevaFs relation . 

We shall say that a series 

t/0+*/i+t/2+ • • • 

of elements Uk € H is convergent with respect to the metric of the space H to 
an element f € H if its nth partial sura 

s n = «o+hi+ ... +tt„ ( s n € H; n = I, 2, ...) 

satisfies the condition 

lim II/ Sn II = 0 

n-*-oo 

If the series i/o+*/i +*/2 • • • converges to/in this sense we write 

/ = W0+//1+//2+ ... =Y i u k (9) 

o 

oo 

and say that/is the sum of the series w* convergent to f relative to the metric 

o 

of H. 

* F. W. Bessel (1784-1846), a German astronomer and mathematician. 
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Now let us suppose that for a given element / the quantity A (see relation 
(7)) is equal to zero. Let us discuss the meaning of the fact that the other 
three terms of (7) are equal to zero in this case. 

(i) The relation lim Es(J)h — 0 means that, given any s > 0, there is a 

N—*-oo 

natural number No and some numbers a N<> such that 


No 



Indeed, if the indicated numbers No, «i, ..., <x. Nq have been found we can 
fix No and take the minimum of the left-hand member over all a*’s to obtain 

e > En o(/)h > E N (f)ff (N > No) 

which means that E N (f) H -+ 0 (N «>). Conversely, if it is known that 
lim En{/)h = 0 as N -► oo then for any e > 0 there is N such that 

N-+ OO 


S 


E N (f) H = 


N 


(*k = (/, 9k)) 


(ii) The relation (/,/)— ^ £!{/,?>*) I 2 = 0 indicates that for the given ele¬ 


ment /there holds Parseval’s relation. 

N 


(iii) The relation lim 

N-+- oa 


/- Z (/» <p>dfk 

k=l 


= 0 shows that the Fourier se¬ 


ries of/with respect to system (6) is convergent to/in the sense of the metric 
of the space H. 

Since properties (i), (ii) and (iii) can only hold simultaneously , each of them 
implies the other two . 

We remind the reader that property (i), provided it holds for all the ele¬ 
ments / € H, expresses (see § 14.5) the fact that the system of elements 
<Pu <P 2 > q> s 9 • • • is complete in H. 

As a consequence of what has been established we can state the following 
important theorem. 


Theorem 1. For an orthonormal system of elements to be complete in H it is 
necessary and sufficient that one of the following two conditions be fulfilled: 
(a) The Fourier series 


i 

of every elementf £ His convergent to f with respect to the metric of H (in this 
case the sign ” can be replaced by “=see (9)). 
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(b) For every element f £ H there holds ParsevaFs relation 


(/>/> = £!(/,?>*) I 2 

1 


Let us prove the following lemma. 

Lemma 1. Let f 9 uu € H and let 

f— M0+W1+W2+... 


where the comergence of the series (to f) is understood in the sense of the 
metric of H. Then for any element v £ Hwe have 

(f, v) = («o, t?)+(u, v)+ ... 


that is the number series on the right-hand side converges to thenumber(f 9 v). 
Indeed, 


N 


(/»»)-£(«*»») 

0 


Corollary. If a series 


HH 


N 

f- 5 > 

0 


IMI-0 (tf-~) 


f='£«k<Pk (11) 

r 

where a* are some numbers and q>\ 9 ? 2 > • • • is an orthonormal system is con¬ 
vergent with respect to the metric of H to an element f £ H then the numbers 
a, are necessarily the Fourier coefficients of /, that is 

<*s = (/, <Ps) (s = 1, 2, ...) (12) 

which shows that the expansion of f into a series of type (11) is unique. 

Indeed, on multiplying scalarly both members of equality (11) by 
{s = 1, 2, ...) we obtain, on the basis of Lemma 1, relations (12). 

Theorem 2* If orthonormal system (1) is complete in H then for any two 
elements f 9 q> £ H there holds the numerical equality 

(f><P) = £ (/, (13) 

indicating that the number series on the right-hand side converges to the number 
(/> <p\ 

Indeed, from the completeness of system (1) and from Theorem 1 it 
follows that the series 


/=£(/>?>*)?* (14) 

1 

is convergent to f with respect to the metric of the space H. Now to obtain 
(13) from (14) we simply multiply scalarly all the terms on the right-hand and 
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left-hand sides of (14) by <p 9 which is legitimate by virtue of Lemma 1: 

(/> <P) = f, (/» 9k) (<fk, <P) = £(/, <Pk) (SPy<Pk) 

1 1 

We see that Parseval’s relation is a special case of (13) for /= 9 € H. 
Let us state the following definition. We say that orthonormal system (1) is 
closed if the fact that for an element 9 € H hold the equalities 

(V>» 9k) = 0 (k = 1, 2, ...) (15) 

implies that 9 coincides with the zero element of H : 9 = 6 . 

Since for a complete system there holds Parseval’s relation we arrive at the 
following theorem. 

Theorem 3. A complete orthonormal system is closed. 

All the propositions proved in this section up till now apply both to a 
complete and an incomplete* space H. In particular, they hold for the space 
Z4(Q) which, as we know, is not complete. 

Below we prove a number of propositions in which it is required that the 
space H in question should be complete. 

Let us suppose that His a. complete infinite-dimensional linear space with 
scalar product, that is a Hilbert space (an instance of such a space is the 
space LfOj). 

Theorem 4. A series of the form 

OO 

* 

1 

with respect to an orthonormal system q>k(k = 1,2, ...) where 

5>*l 2 <oo (16) 

X 

is convergent relative to the metric of H to an element q> 6 H. 

Proof. Let 

it 

Sn = Ys a k9k (k- 1,2, . . .) 

1 

By the convergence of series (16), for any e > 0 there is N such that for 
n>N and any p we have 

ji+P n+p 2 

« 2 £ l<**l 2 = £ <*k9k = Ush+p-SbII 2 

fl+1 rt+1 

* One should distinguish between the notion of a complete system in H and that of a 
complete space H. For example, a system <p h {k = 1,2,...) can be complete even in an in¬ 
complete space H. 
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This shows that the sequence of the elements s n € H satisfies the condition 
of Cauchy’s criterion and therefore, since the space H is complete, there 
exists an element € H to which this sequence converges (in the metric of 77), 
which proves the theorem. 

Theorem 5. The Fourier series 


£(/»?>*)?>* (17) 

1 

of an arbitrary element f £ His convergent (with respect to the metric ofH) 
to an element cp £ H, and the element f—cp is orthogonal to all cpkS : 

(/“?> 9 k) = 0 (k = 1, 2, ...) 

Proof- According to Bessel’s inequality, the series 

fl(/,^)l 2 ^(/,/) 

i 

is convergent. Therefore, by virtue of the foregoing theorem, series (17) 
converges to an element q> € H: 

oo 

?> = £(/’ <Pk) n 
1 

Thus we have 


/-?>=/-£(/. 9k) n 

1 

where the series on the right-hand side is convergent in the metric of H. 
On multiplying scalarly all the terms of the last equality by <p 5 (s = 1,2,...) 
we obtain 


9 s) = (/> 9 s)-(f 9s) = 0 {s = 1, 2, ...) 

whence follows the desired assertion. 

Let us prove the converse of Theorem3 (on condition that the space H in 
question is complete). 

•S 

Theorem 6. A closed orthonormal system (1) in a complete space H i 
complete. 

Proof. Suppose that system (1) is closed but not complete. Then, by The¬ 
orem 1, there is an element f a H such that its Fourier series does not con¬ 
verge to it. However, as was proved above, this series converges to an 
element q> 6 H and the element f—cp is orthogonal to all <pk (fc = 1, 2, ...). 
By virtue of the closedness of system (1), this implies that f—cp = 0, that 
is/ = (p 9 and we have thus arrived at a contradiction. 

Example 1. / 2 is the set of all (complex or real) number sequences 

a = (oci, a 2 ...) 


1 2—3737 
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for which the norm 



is finite. 

If a g / 2 and /J = (/?i,/? 2 ,...) € h then for any natural n we have (see 

§ 6.2 ( 6 )) 

n / n \ 1/2 /« \l/2 

ZI«jAI — (Z 1*^1*) -IWIHfll 


oo 

and therefore the series (a, (f) = is absolutely convergent. 

i 

It can readily be verified that (a, /?) possesses properties (i), (ii) and (iii) 
of a scalar product enumerated in § 6.2; this scalar product generates norm 
(18), and the corresponding zero element is 0 = (0,0,0, ...). Consequently 
his a linear space with scalar product . Moreover , it is in fact a complete 
infinite-dimensional space , that is a Hilbert space . Indeed, let there be given 
a sequence of elements a k = (uf, ...) ^ / 2 (A; = 1, 2, ...) satisfying 
Cauchy’s condition, that is let for any e > 0 there exist N such that 

s > ||oc*-a*'|| > \of | (ifc, fc' > N) 


It follows that for any fixed j the sequence of the numbers otf (fc = 1,2,...) 
tends to a limit as k oo: a* -► a/ (fc «>). Let us form the number 
sequence a = a 2 , ...). It belongs to / 2 since 



(k>N) 


for any natural number n. Therefore 





(k>N) 



Thus, a*—a 6 h- But a k € h and consequently a £ / 2 . Finally, inequality 
(19) shows that the sequence of the elements a 1 , a 2 , a 3 , .,. converges to 
a € / 2 with respect to the metric of / 2 , which proves die completeness of / 2 . 
Let us consider the (countable) set of the elements 

e* = (0, 0, ..., 0,1, 0, 0, ,..) (fc = 1, 2, ...) 

of the space / 2 ; the fcth component of e* (fc = 1 , 2, .. .) is equal to 1 while 
all the other are equal to zero. These elements form an orthonormal (and, 
consequently, a linearly independent) system: 

(**, e 1 ) = bjci (fc, / = 1, 2, ...) 


For an arbitrary element a — (ai, a 2 , a 2 , ...) of the space / 2 we obviously 
have 


a k = (a 9 e*) (fc = 1,2, ...) 
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and 

a = £ (a, e k )e k 
1 


where the series on the right-hand side is convergent to a relative to the 
metric of h since 


a- £ ( a > 


A=1 


— ||(B, • • •> 0, &N+1» ®W+2> ...)II “* 




oo 


) 


We see that an arbitrary element a £ / 2 can be expanded into its Fourier 
series with respect to the orthonormal system {**} (that is the series conver¬ 
ges to that element). Thus, the system {e*} is complete in / 2 . 

Theorem 7. Let 


<Pl9 (p2* ^3) • • • (20) 

be cm (infante) complete orthonormal system of elements in a linear space 
H with scalar product and let every element f € H be expanded into its Fourier 
series with respect to that system 

/= £<**?>* (21) 

i 

with the Fourier coefficients 

oc* = (/, q>k) (k = 1,2, ...) (22) 

i 

convergent to f relative to the metric of H (see Theorem 1). Then if the space 
H is complete equality (21) sets up a one-to-one correspondence f ~ a = 
= (aj, a 2 , ...) between the elements of H and the elements of / 2 isomorphic 
with respect to the operations of addition of elements , multiplication of 
elements by numbers and scalar multiplication of elements , that is if f ^ a 
andcp ~ /} then f+<p ~ a+/?, cf ~ ca and 

(/, <p)h = £«/#/ = (a, P)h (23) 

i 

If the space H is not complete , equality (21) specifies a (linear and isometric) 
one-to-one correspondence between the elements of H and the elements of V 2 
where l 2 is an incomplete linear subspace of l 2 which however is such that the 
closure of l 2 coincides with l 2 (i.e. 1 2 = / 2 ). 

Proof Equality (21) determines an operator A which associates with 
every element / € H the corresponding number sequence a = (oc l9 oc 2 , ...). 
By the completeness of system (20), Parseval’s relation holds: 

11/11*= \\4f\\h (4f=a£l 2 ) (24) 


12 * 
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The operator A is obviously linear: 

A(cf) = cAf and A(f+tp) = Af+A<p 

for any number c and any elements f 9 q> £ H. Moreover, by virtue of Theo¬ 
rem 2, there holds equality (23), more general than (24). 

With two different elements /' and /" of H the operator A associates two 
different elements a' and a" belonging to / 2 because the equality-4/' = Af" = 
= a implies^ff/' —/") *= 0 whence follows that the Fourier series of /'—/" 
with respect to system (20) is of the form 

/'-/" = o.<p 1 +0.p 2 + ... 

By the completeness of system (20), this series must be convergent with 
respect to the metric of the space H to the element /'—/", which means that 
/'-/■" = 0, that is/'=/". 

Now let us assume that the space H is complete. For an arbitrary element 
a = (ai, a 2 ...) € h we can take the formal series 


•t 



•? 


oo 


Y.t’kfk 

1 


(25) 


J I 
1 - 
J I 

r\ 


c 


By the convergence of the series £|o$| < °o and by the completeness of H 

i 

(Theorem 4), there is a (uniquely determined) element q> 6 H to which 
series (23) is convergent: 


q> = (26) 

i 

Series (26) is the Fourier series of <p (see the corollary of Lemma 1). 

We have shown that for any element a € h there is an element <p € H 
such, that A<p = a. Combining this property with the properties of the 
operator A established above we can assert that if JET is complete then the 
operator A establishes a one-to-one correspondence H ^ / 2 isomorphic 
with respect to the operations of addition, multiplication by a number and 
scalar multiplication. The first part of Theorem 7 has thus been proved. 

Now we suppose that the space H is incomplete. Let us denote by 1' 2 the 
image of H under the operator A {V 2 = AH). According to what was proved 
above, the operator A specifies a one-to-one correspondence H ** V 2 iso¬ 
morphic with respect to the operations of addition, multiplication by 
a number and scalar multiplication. 

The space H contains a sequence of elements Z 1 ,/ 2 ,/ 3 ,... satisfying the 
condition of Cauchy’s criterion which is not convergent to any element 
of H. For this system we have the inequality 

e > ||/*-/ , ||h = ||o*-o'|| /t (a* = Af k ) 

for all k 9 / > N and arbitrary s > 0 provided that N is sufficiently large. 
This inequality shows that the images a k = Af k satisfy the condition of 
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Cauchy’s criterion relative to the metric of the space / 2 of number sequences. 
Since the space / 2 is complete there is an element a € / 2 such that || a— a k \\i t — 
0, k -*• oo. However, among the elements belonging to H there is no 
element / for which Af = a because if such an element existed we would 
have 

ll«—a*ll/ 2 = \\f—f k \\H -*• 0 


which would contradict the hypothesis. 

What has been shown indicates that l 2 is not a complete space. But 
the closure of V 2 coincides with / 2 (i.e. V 2 = 4) because, for any element 
a = («i, « 2 ,...) € h* the elements a N = (ai, a 2 , ..., ajv, 0, 0, ...) belong 


to 4 f° r any N and at the same time ||a—a^H/, -► 0 as N 

N 

because the sums belong to H since q> k £ H and ifisa 

i 


We have thus proved the second part of the theorem. 


oo 




€« 


linear space). 


Example 2. Let Ax, A 2 , A 3 , ... be cubes belonging to £2 which can only 
intersect along some parts of their boundaries and let 


where 


<M*) = 


1 

14,1V* 


<Pa u {x) 


(k = 1, 2, ...) 



for x 6 A k 
for x $ Ak 



System (27) is apparently orthonormal but incomplete in U££2) (and in 
L££2)l) because, for instance, the Fourier series of die function /(x) deter¬ 
mined by the equalities 



on A\ 
outside Ax 


where y>(x) is a continuous function (which is not identically equal to any 
constant) has the form 

/(*) ~ jjjW J Vi*) dx<p Al (x)+ 0+0+ ... (28) 

and the series on the right-hand side of (28) is not convergent in the mean 
square to the left-hand member. 


§ 14.7. Orthogonalization Process 

Theorem 1. Let 

y>u v>2> ... (l) 

be a linearly independent system of elements belonging to a real linear space 
H with scalar product . Then there is an orthonormal system of elements 

9 * 2 ) 9 ^ 3 * • • • ( 2 ) 
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(determined uniquely to within the signs of its members) belonging to H and 
possessing the following properties: 

For any natural k there holds the relation 


S' 

'“ST* 

II 

£ 

(dp 0) 

(3) 

and 9 conversely , 



<Pk = £ PPvi 
/•=! 

GS£>*o) 

(4) 

where otf® and are (real) numbers . 

If system (1) is finite and consists of n elements then so is the orthonormal 
system (2). 


The statement “determined uniquely to within the signs of the members” 
should be understood in the sense that if there is a system of type (2) 
satisfying the conditions of the theorem, th^n the multiplication of all 
<p k (k = 1,2, ...) by d k = ± 1 results in a system which again satisfies the 
conditions of the theorem and that there are no other systems satisfying 
these conditions. 

Proof By the hypothesis, the element rp± can be regarded as a linearly 
independent system (consisting of that single element), and therefore 

llvill = (vi» Vi? 1 * =* 0 

Since there must be ^ and H^H = 1, it follows that = ±jj^j] 

j* 0. Consequently we also have %p L = aftyi where = ±||v>ill 9* 0. 
This proves the desired assertion for k= 1. 

Now let us suppose that it is possible to construct an orthonormal system 
of elements q> x , ...,q>k determined uniquely to within the signs of its mem¬ 
bers so that equalities (3) and (4) are fulfilled. We shall show that this 
system can be completed with an element qt>*+ i determined uniquely to within 
its sign so that the resultant system . . <Pk+i is orthonormal and satis¬ 

fies conditions (3) and (4) in which k is replaced by k+ 1. 

The sought-for element must have the form 

*+l k 

<Pk+i = £ #* +1 Vv = f+YVt+i + Z Y/Pj (5) 

J -1 J -1 

In the second equality (3) we have replaced the elements y>i, ...,y>k by the 
corresponding (equal to y>i's; 1=1, ..., k) linear combinations of the 
elements <pj with the indices j <« k and then combined the similar terms con¬ 
taining <py, j = 1, .. k. This is possible because we assumed that our 
assertion holds for k. The element fk+i should be constructed so that it is 
orthogonal to all cp, (s = 1, .. k); therefore we must have 

fe+i» 9v) = = ® (i = 1, ...j K) 
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On substituting y, into (5) we obtain 

n+i=$ c +i ) U>k+i- 

* 

The element 

k 

Wk+1 = y>k+i- £ (Vk+1, <pjYpj 

j - i 

cannot coincide with the zero element because, if otherwise, the element 
ip k+l would be a linear combination of the elements <pj (j = 1, ..., ft) and 
therefore, by what has already been proved for ft, the element y*+i would 
be a linear combination of the elements ipj (J — 1, ..., ft), which would 
contradict the linear independence of the system ip l9 ..., rpu+i- 
Thus 

llvlfc+ill 0 

This allows us to choose the numberso that the requirement 11 qp* +1 j | = 1 
is satisfied, which implies the formula 

^ ++jl) = ± llvJ+ill 

determining the coefficient to within its sign. 

The theorem has been proved. 

The construction with the aid of which we have determined orthonormal 
system (2) (equivalent in the indicated sense to the given linearly indepen¬ 
dent system (1)) is called the orthogonalization process . 

Theorem 2. Two systems of elements 

?3, • .. (6) 

Vi, V>2> Vs, ... (7) 

of H connectedfor every ft = 1,2, ... by relations (3) and (4) are simultane¬ 
ously complete or incomplete in H. 

In this theorem H can be an arbitrary normed linear space in which 
scalar product may not be defined. 

Indeed, suppose that system (6) is complete in the space H, and let/be an 
arbitrary element belonging to H. Then for any e > 0 there is a sum of the 
form 



N 


1 


where a* are some numbers such that 


e 


i 
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Now, since, by equalities (4), expression (8) is a sum of the form 

E&v* 

1 


where /?* are some numbers, we see that system (7) is complete in H. 

The fact that the completeness of system (7) implies that of system (6) 
is proved in like manner by using equality (3). 

Theorem 3. Let H be a linear space with scalar product possessing the 
following property: it contains a linearly independent system 

Vl*V2 (9) 

such that for any element f £H and any positive number e there are numbers 
oci, ..., cc„ (dependent on e) such that 


n 


/-£**?* 

1 


e 



Then there are also numbers Pu ..., ft n such that 

f- E&v* (ii) 

1 

that is H is an n-dimensional space . 

Proof. On orthogonalizing system (9) we arrive at an orthonormal system 

(Ply • • •> *pn ( 12 ) 

It is evident that for any element f Z H and any number e > 0 there are 
numbers au ..., a n such that 


e 


n 


/-£« m 
1 


n 


1 



where the second inequality follows from the minimizing property of an 
orthonormal system (see§ 14.6 (6)). Since the third term in (13) is independ¬ 
ent of the number e which is arbitrary, it must be equal to zero, that is 

^ 04) 

i 


To obtain (11) it only remains to replace <pk in (14) by the corresponding 
linear combinations of y>k- 

We have thus proved Lemma 1 of § 14.5 on condition that E is a linear 
space with scalar product. 
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§ 14.8. Properties of Spaces and LtfQ) 


We defined U&fi) as the space of the functions f(x) such that their integ¬ 
rals J /( x) dx have finite numbers of singularities (provided there are such) 
a 

and their norms H/Hi, are finite: 


ll/IU.= 



i/(*)i**r 


oo 



Since the integral in this definition is understood in the Riemann (generally, 
improper) sense, the space £4(£) is not complete (see§ 19.7). However, the 
space L^P) possesses many properties of the (complete) Hilbert space L^Q) 
whose definition uses the notion of the Lebesgue integral. We shall enumerate 
some basic properties of this kind although in the foregoing sections we al¬ 
ready mentioned almost all of them. 

(i) The scalar product 

(/,¥) = 

Q 

generating norm (1) makes sense for any two functions /, y 

(ii) In l^Q) there is a countable system of functions 

h(x), A 2 (x), 2 3 (x), ... (2) 

(these functions can be constructed so that they are finitely-valued and are 
determined by rational values of the parameters) dense in LL(Q) (LAQil. 
(See Theorem 5, §14.4.) V ' 

(iii) L&Q) is an infinite-dimensional space; it contains an infinite system 
of linearly independent functions (for instance, the characteristic functions 
of the cubes A c Q constructed in § 14.6, Example 2 form such a system). 

(iv) By properties (ii) and (iii), the space LtfQ) is separable. The separa¬ 
bility of the space L&Q) implies that system (2) (which is dense in Z4(£)) 
contains a subsystem 

y>i(x) 9 y> 2 (x), y>s(x),... (3) 

obtained by deleting some of the elements of (2), which is linearly indepen¬ 
dent and complete in L&Q) (see the proof of Theorem 2,§ 14.5). 

(v) Complete linearly independent system (3) can be orthogonalized to 
obtain a countable orthonormal system of functions 

<Pi(x)> <P 2 (x) 9 <p 3 (x), ... (4) 

which is also complete in L^(Q) (see Theorems 1 and 2 in § 14.7). This means 
that in ££(£) there is a complete orthonormal system of functions. There are 
in fact an infinite number of such systems, which is analogous to the case of 
the three-dimensional Euclidean space containing an infinite number of trip¬ 
les of pairwise perpendicular unit vectors. In what follows we shall deal with 
some important systems of this kind. 
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(vi) Every function / € L&8) can be expanded into the Fourier series with 
respect to orthonormal system (4): 

fix) = Y'Xispifx) 

1 

\ 

where, by the completeness of the system, the series on the right-hand side 
converges to fix) in the mean square. The numbers 

= (/, *Pk)\ k = 1,2, ... (5) 

(the Fourier coefficients of f) satisfy Parseval’s relation 


(/,/) = E l«*l 2 -- (6) 

i 

(Theorem 1, § 14.6). 

Equalities (5) set up a one-to-one correspondence 

mQ) =* 4 (7) 


between the functions / £ Lffi) and the sequences of numbers a = (ax, a 2 , 
...) € 4 c 4 where / 2 is an incomplete linear subspace of the space / 2 . 
Correspondence (7) is an isomorphism with respect to the operations of 
addition, multiplication by numbers and scalar multiplication (Theorem 7, 
§ 14.6). 

By virtue of isomorphism (7), the subspace UfQ) corresponding to the 
incomplete space /£ c / 2 is also incomplete. However, the closure of 4 
coincides with / 2 : 4 = 4 * 

Now let us point out some properties of the space Lffi) of the square 
integrable functions for which the squares of their moduli are integrable on 
Q in the Lebesgue sense. 

As was indicated above, Li(Q) is a complete linear space with scalar pro¬ 
duct. The finitely-valued functions with rational parameters (see § 14.4) 
form a dense set in 1^(0), which is analogous to the corresponding property 
of the space Uffi) in which these functions also form a dense set. It follows 
that orthonormal system (4) is complete not only in L&Q) but also in L^Q). 

Now, by virtue of Theorem 7, § 14.6, we can assert that equalities (5) 
establish an'isomorphic (with respect to the operations of addition, multip¬ 
lication by numbers and scalar multiplication) one-to-one correspondence 

Ufi) ~ h (8) 

between the elements of L^Q) and all the elements of / 2 . Further, the closure 
of Ifffi) in the metric of Lffi) coincides with LfQ), and therefore to an 
arbitrary function / € L^Q) there corresponds, according to isomorphism 
( 8 ), an element a — (ax, a 2 , ...) € 4 and 




(9) 
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N 

where the sums belong to L^Q) and integral (9) is understood in 

1 

Lebesgue’s sense. 


§ 14.9. Complete Systems of Functions 
in the Spaces C, L 2 and V (L 29 L ) 

Theorem. Let Q be a (bounded) measurable open set . 

(i) If a system of function 


<pi* ^2* q> 3, ... 


is complete in C(D) then it is also complete in L&Q). 

(ii) If it is complete in Z4(£) it is also complete in L'(Q). 
Proof. We have the obvious inequalities 


a N 2 \ 1/2 


iQ max 

X 


N 


/(*)-£ 

1 



and 




(see § 14.2 (13)). The first of them holds under the assumption that f £ 
€ C(Q) and the second under the assumption that ^ / € £4(&) (£2). 

If the system q>k(k = 1,2,...) is complete in C(Q) (in I^[fl) or in L^Qj) 

then there is a finite sum for which the right-hand member of (1) (of 

1 

(2)) is less than s, whence it follows that the left-hand member is also less 
than e. 


Exercise 

Prove the following more general proposition: if system (1) is complete 
in C(D) then it is also complete in L’ p {f£) (1 *zp < 00); if it is complete in 
Lp(Q) where 1 ** p < p r < 00 then it is also complete in Lp(Q) where Q is 
a (bounded) measurable set. 




CHAPTER 15 


Fourier Series. 
Approximation of Functions 
with Polynomials 


§ 15.1. Preliminaries 
The system of trigonometric functions 

—cos x 9 sin x 9 cos 2x, sin 3x, ... 



s orthogonal on the closed interval [0, 2 jt], that is the integral of the product 
of any two different functions belonging to this system taken over that inter¬ 
val is equal to zero. This follows from the equalities 

2 n 


J coi kx cos lx dx = 0 (k /, k 9 1 = 0, 1, ...) 

o 

2 n 

J sin kx sin lx dx = 0 (k t* l; k 9 1 = 1, 2,...) 

o 

2 n 


J cos kx sin lx dx = 0 (k = 0, 1, ...,/ = 0, 1, 
o 

2 n 2«r 

J cos 2 kx dx =* J &n 2 kxdx = n (k = 1, 2, ...) 

o o 

2 n 



• # • 



This chapter is devoted to the theory of trigonometric series and to the 
approximation of functions with trigonometric polynomials. 

A function f(x) is said to be periodic with period 2co > 0 if it is defined 
throughout the, real axis and satisfies the condition 

f(x+2to) = f(x) 
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for every x . If for such a function the (proper or improper) integral 


J f(x)dx 


exists, then the equality 


a+2co 


j f(x)dx = j f(x)dx 


is fulfilled for any real number a. This is readily seen from Fig. 15.1 where 
the similarly shaded areas are obviously equal. It is also possible to prove 


O a-2k to 2 at 


2ku> 

Fig. 15.1 


Q 2(lc+T)(y a+2a) x 


this property purely formally. Indeed, for any given a there exists a uniquely 
determined natural number k such that 2 kco ^ a < 2 (k+ l)co and, obvi¬ 
ously, 

2(fc+l)a> 2(fc+l> 2 <o 

j f(x) dx = j f(x—2kco) dx = J f(z) dz 

a a a—2km 


and 


a+2m 


a+2m 


a—2km 


J f(x)dx= j f(x—2(k+l)w) dx = J f(z)dz 

2(*r+l)<u 2(k+l)ai 0 

On adding together these equalities we arrive at (2). 

In what follows, in the case of periodic functions with period 2co, we shall 
often use the equality 

2m 2a> 


/ f(t-x) dt = j f(t) dt 


in which x is an arbitrary number. This relation follows from (2): 


2m—x 


J fit-x) dt= j fiz) dz = J fit) dt 

0 -x 0 

The functions forming system (1) are periodic with period 2?r. The functions 
U cos x 9 cos 2x, ... are even while the functions sin x, sin 2x, ... are odd. 
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For even functions f(x) we have 


b 


b 


J/(x) dx = 2 J f(x) dx 
-6 0 


and for odd functions 


A sum of the form 

T n (x) 


b 


J f(x) dx = 0 
-6 


<h 

2 


n 

+£ ( a k cos kx+bk sin kx) 
i 


where a* and bk are constant numbers is termed a trigonometric polynomial 
of order n . 

The trigonometric polynomials will be regarded as the simplest periodic 
functions with period 2 it. They will be used for the approximation of more 
general functions with period 2 it. 

Given a function /(jc) periodic with period 2a>, we can pass to the function 


F(u) = with the aid of the substitution x = 


—, the resultant function 

n 9 


F(u) being periodic with period 2 n. On approximating the latter function 
with a trigonometric polynomial T n (u) (F(u) ~ T n (uj) we can then return to 
the variable x to obtain the approximation 


for the original function. 

We shall use the following terminology and notation. 

The symbol C(a, b) (see § 14.1) will denote the space (class) of all con¬ 
tinuous functions / defined on the closed interval [a, b] equipped with the 
norm 

ll/llc(«.i) = max |/(x)| 


^ By C* we shall denote the space (class) of the functions / defined and con¬ 
tinuous throughout the real axis, having period 2 n and equipped with the 
norm 

||/||c* = max |/(x)| = max \f(x)\ 

0<x<2n a«x«a+2ft 

where a is an arbitrary real number. 

A function /€ C* can be regarded as belonging to C(0, 2 ji) (C* c 
c C(0,2 nj) if we consider it for the values of x ranging over the interval 
[0, 2n], However, not every function belonging to C( 0, 2ji) can be obtained 
in this way because a function / € C* restricted to the interval (0,2 jt) 
necessarily has coinciding values at the end points of the period: 

f(0) =f(Zz) 


(3) 
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Conversely, a function / 6 C (0, hi) satisfying condition (3) can always be 
extended periodically with the period ht to the whole real axis to become a 
member of the class C*. 

By L'* we shall mean the space (class) of the periodic functions with period 
2 a which, when restricted to the interval [0,2»], belong to the space 1/(0,2rc) 
(see § 14.2) with the norm 

2 n 

ii/iU‘ = ii/ik(o.*.)=J \m\dx 

0 


We can also say that every function/(x) € L'* is periodic (with period hi) 
and absolutely integrable over the closed interval [0, 2k]. We remind the 
reader that a function/belongs to 1/(0, hi) if its integral 



exists in Riemann’s sense or has a finite number of singularities and is ab¬ 
solutely convergent in the improper sense (see§ 13.13). 

14 * is the space (class) of die periodic functions / with period ht which, 
when restricted to the closed interval [0, ht], belong to the space 14 ( 0 , hi) 
(see§ 14.3) in which the norm is defined by die equality 


ll/IU? = 



l/(*)l 2 dx 
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We can also say that every function f(x) £ £4* is periodic (with period 2rz) 
and has the integrable (over the interval [0,2 it]) square of its modulus; in the 
case of a real function f(x) £ 14 ( 0 , 2 it) we can simply say that its square is 
integrable over [0, 2 ri\. We remind the reader that the space 14(0, 2n) con¬ 
sists of the functions f such that they are Riemann integrable on [0, 2 n] or, if 
their integrals (4) have finite numbers of singularities, the squares of their 
moduli are absolutely integrable in the improper sense. It should also be 
stressed that £4* c £/* (see § 14.2 (13)). 

In the theory of Founer’s series it appears more natural to deal with the 
classes (spaces) L* and £4 of periodic functions with period 2tz belonging 
respectively to the spaces £(0, 2ri) and £^(0, 2rc) constructed with the aid of 
Lebesgue’s integral. 

The asterisk in all these symbols indicates that the functions forming the 
corresponding classes are periodic (with period 2jt). 

A function /belonging to one of these classes depends on one variable x 
and can be real or complex; in the latter case it is representable as f{x)= <p(x)+ 
+iy>(x). Therefore we speak of the “integrability of the square of the modu¬ 
lus” of such a function, which is the same as the “integrability of the square 
of the function” only when f(x) is real. 

System of trigonometric functions (1) is orthogonal and, as will be seen 
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later, is complete in U£ and (and even in C*). Therefore with every 
function/£ Z** (IS) we can associate its Fourier series (see§ 14.6 (2)) with 
respect to system (1): 

oo 

fix) ~ -y-+ £ (a* cos kx+bk sin fac) (5) 

tal 

where 


and 


a* — -j- J /(f) cos ktdt {k — 0,1, ...) 

o 

4 

2 n 

bk — ^J fit) sin ktdt (fc = 1,2, ...) 
o 


«5) 

(7) 


The expressions ao/2 (a x cos x+ii sin x), (a 2 cos 2x+h 2 sin 2x), ... with 
coefficients a*, bk determined by formulas (6) and (7) entering into the right- 
hand side of (5) are the terms of the Fourier series of the function f (they are 
also called the harmonics of f). 

The Fourier coefficients a* and bk (see (6) and (7)) make sense not only for 
the functions f € Ilf but also for the functions / € 11* (and, generally, for 
the functions f € L*). Indeed, the functions cos kx and sin kx are bounded and 
continuous while every function/ € LI* is absolutely integrable, and therefore 
the integrals determining the Fourier coefficients of / € 1/(0, 2n) are abso¬ 
lutely convergent: 

2 n 2 n 

j \f(x) cosfct| dx j \f(x)\dx 

0 0 

and 

2 n 2 n 

| |/(x)sinfac| dx«s j | fix )| dx 

0 0 


Therefore, for the sake of generality, we shall, when possible, consider 
the expansions into the Fourier series of functions belonging to U* (L*). 

Thus, to every function / £ U* (or, generally speaking, to / € L*) there 
corresponds its Fourier series irrespective of whether the latter is convergent 
or divergent at some points x. It should be noted that the addition to a func¬ 
tion / 6 L'* of the zero element of II* (L*) which is representable by any 
function 0(x) satisfying the condition 

2 n 

J |0(x)| dx = 0 

0 

does not alter the Fourier coefficients of /, and hence the Fourier series of / 
also remains unchanged. For instance, this is the case when a function 
/ € L r * (L*) is redefined at a finite number of points. 
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The set of the Fourier coefficients of a function is called the spectrum of 
that function. Many vibration processes (oscillations) studied in physics and 
technical sciences are described by periodic functions F(u) with periods 2co 
(which can be different from 2st in the general case). In such a description the 
variable u = t is time and y = F(u) is the ordinate of an oscillating point or 
the magnitude of a force or the velocity or the intensity of electric current 
and the like. If F is a trigonometric polynomial then 

y = H«) = T + S (“* 008 7T“ +6 * •“ ■§■“) “ 

-^Aco. (£»-„) 


where A k = Vcfy-hbi and <p k (k = 1, ...., ri) are determined from the rela¬ 
tions ajc = cos q>k 9 bk = sin q> k and 0 < tp k < 2n. 

In physics it is said that the oscillation process y = F(u) decomposes into the 
simplest harmonic oscillations (harmonics) 



. fat 

Harmonics ( 8 ) have the frequencies —, the amplitudes Ak and the initial 
phases <Pk- Shown in Fig. 15.2 are the graphs of the three periodic functions 

with period 2n: Sz (x) — sin x - x — (the continuous line), S^x) = sin x— 

_ s “^ 2 ? . 4 . (the short-dash line) and Si(x) = sin x— ... 

(the dotted line). 



Fig. 15.2 


13—3737 
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In Fig. 15.3 we see a schematized graph of the sum 

= (9) 

constructed for a large value of n . The figure suggests that for n -► °© the 

limiting function 

S(x) = lim S n (y) (10) 

is a periodic function (with period 2tz) whose values assumed on the interval 
—7t < x ■< n are determined by the relations 

£(*) = x for —and 5 (tt) = 0 (11) 

Since the function S(x) is discontinuous at the points jc* = (2fc-f l)rc (k = 
= 1,2, .:.) the sequence {£«(*)} of the continuous functions S„(x) 
(n = 1,2, ...) cannot be uniformly convergent toS(x) throughout the real 
line; however, it is uniformly convergent on any closed interval [a, b] belong¬ 
ing to the interval (— rc, n) and, generally, on any interval of the x-axis on 
which S(x) has a continuous derivative (see § 15.5). 

As is seen in Fig. 15.3, in the vicinity of the points of discontinuity x* of 
the limiting function S(x) the graph of S n (x) (with a large n) has sharp 
“splashes”. This is a characteristic feature of the points of discontinuity of 
the first kind of the piecewise continuous limiting function of a sequence of 
smooth functions known as Gibbs** phenomenon which will be studied in 
§ 15.9. 


* J. W. Gibbs (1839-1903), an American physicist. 
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§ 15.2. Dirichlet’s Sum 

Let there be given a function / € U* (or, more generally, /€ L*) and let 

oo 

( a * 008 sin kx) be its Fourier series: 


where 


and 


OO 

fix) ~ -y+£(a* cos fex+b* sin kx) 


2n 


afc== ^/ /(()«**** (Ar= 0, 1,2, ...) 


2n 


bk = -j- J /(f) sin Art df (fc = 1, 2,...) 


0) 


The nth partial sum of this series can be transformed as follows: 
S„(x) = -y-+£(flfc cos kx+bk sin kx) = 


2n 


2n 


= J /(f) </f+£~ J /(f) (cos kt cos fcjc+sin fcf sin kx) dt = 


o 

2 n 


= {t+| 008 *0-^)}/(0 dt = D„(t—x)f(t) dt (2) 


where (see § 8.2 (16)) 


» , sin ( n+ y)- 

2>„(x) = -y+£ COS kx = y- - ■ ' 

i sin-T- 


(3) 


We have obtained a compact expression for the nth Fourier sum of the 
function fix): 


2 n 


2 n 


Sn(x) = -i-J Dnit—x)f{t) dt — ^ J D„(u)f(x+u) du 


(4) 


0 


in the derivation of the last equality (4) we have used the periodicity of the 
integrand. 

integral (4) is called Dirichlefs integral and the trigonometric polynomial 
At(*) is called Dirichlefs kernel . it should be noted that for any x and n = 
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as 0,1,2,... we have 


if a*.-*) d ,=i f 4+t +«* *(/-*>} * = i i * = i 

a a * 1 ' n 


since 


f cos k.(t—x) dt = J cos kt dt = 0 (fc = 1, 2, ...) 

*« o 

In the derivation of* the last equality (5) we have used the periodicity (with 
period 2n) of thg function cos kt and die fact that it is orthogonal on the 
interval [0, 2n\ to the function identically equal to unity. 

Any two Lebesgue (absolutely) integrable functions belonging to L* 
which are equal almost everywhere have one and the same Fourier series, 
that is their Fourier coefficients coincide. 

Any series of the form 

y+£ (a k cos kx+/3 k sin kx) (6) 

where a* and fi k (the coefficients of the series) are some constants is called 
a trigonometric series. 

A trigonometric series is a Fourier series only if there is a function / € L* 
whose Fourier coefficients coincide with the numbers a* and /?*, that is 
Ok — a* and b k — & k . For instance, if it is known that series (6) converges 
in the mean square to a function f € 14 * (or to / € Lj) on [0, 2ar] then it 
is the Fourier series of that function (see the corollary of Lemma 1, § 14.6). 

The product of two even.or two odd functions is an even function while 
the product of an even function by an odd function is an odd function. 
Consequently, if a function / € L'* (or / € L *) is even its Fourier series has 
the form 

f(x) ~ +Y i a k cos kx ~ J" /(0 cos kt dlj 

because its all coefficients b k are equal to zero, and if it is odd its Fourier 
series is of the form 


f(x) ~ £ b k sin x 

jt-i 


Mf 


/(O sin kt dt 


because in this case all the coefficients a k are zero. 

If the coefficients a k and b k of Fourier’s nth sum of a periodic function 
/( x) with period 2 n are computed approximately with the aid of the rectangle 
rule (see § 10.6) using 2/t+l equidistant points of division 


Xk = 


Ink 

2h+T 


(fc = 0,1, ..., 2 n) 


i 
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the resultant trigonometric polynomial is of the form 

S n (f, x) = cos kx+b%> sin kx) 

where 

4° = 2 ^T X f( x j) kx J (fc = 0, 1, ...,n) 

7-0 

and 

2it 

4° = £ /fo) **i (* = 0» 1* • • ») 

7-0 

A remarkable property of this trigonometric polynomial of order n is that 
it provides an interpolation formula with nodes (7) for the function /. We 
thus have 

f(xj) = S„(f, xj) (j= 0,1, .... 2«) 

This property can easily be verified by taking into account that 

2 

2n+1 £ cos kxj cos Ixj = 

2 ^ 

J sin foe, sin = «*, 
and 

2 

2/i+ ^ £ sin fcxjcos /*; = 0 (k, l — 0,1, ...,n) 

§ 15.3. Formulas for die Remainder of Fourier’s Series 

Formulas (4) and (5) of the foregoing section imply that for a function 
/ € L'* (or, generally,/€ L*) we have 

2 n n 

Sn(x)-f(x) = -i- j D„(u) [f(x+u) -f(x)] du = -i- J £>*(«) d B /(x) (1) 

0 —7g 

where 

^«/(*) =f(x+u)-f(x) (2) 

is the first finite difference of / at the point x with step u. 

In these transformations we have used the periodicity of the integrand 
function. 

Equality (1) gives a compact expression for the remainder of the Fourier 
series. The question of whether or not the Fourier series of a function / 
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converges to f(x) at a given point jc and the estimation of the speed of 
convergence reduce to the investigation of the behaviour of integral (1) 
as « -► «>. 

For any number rj > 0 satisfying the inequalities 0 < rj expression 
(1) can also be written in the form 

sin nwj A u f(x) du — 

= i j ^ir~ Au dM+ e***) ( 3 ) 

-v 


Sn(x)~f(x) = ± 


1 f / sinwi 
n J u 

—n ton ^ 


1 


where 



J sin nug(u) A u f (x) du+ J cos nu[i(u) A u f (x) du 



and 



for 0 < \u\ < rj 

forij < \u\ 
outside [—Tty 7t] 



for 0 < |k| < n 
outside ( JCy 


(5) 


( 6 ) 


In what follows we shall essentially use the fact that both functions g 
and /x are bounded throughout the real axis: 

|g(tt)| ^ M and | fi(u )| M 


because 


1 1 


2ten T 


U 


- u 
u— 2 ton y 

2m tan ~ 


-WL« C 

* u 

wtan T 


(0 -c |m| -< ij) (7) 


where C is a constant independent of u. It is also obvious that the functions 
g and fi have compact supports. 

In the next section we shall prove a proposition (Lemma 2) which implies 
that for any x we have the relation 

&,(*) = o(l), n ■* «o 
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which holds uniformly with respect to the values of x belonging to any 
closed interval [a 9 b ] on which the function/is bounded. It follows from this 
property that for any x we have the equality 

S»(x)-f(x) = -i- J Auf(x) du+o (\), n - ~ (8) 

which holds uniformly with respect to x € [a, b] where [a, h] is an arbitrary 
interval on which the function / is bounded. 

For a fixed point x formula (8) always holds provided that the function 
/is defined at that point. To find out whether or not the difference S„(x)— 
—f{x) tends to zero (as n -*■ <») at the point x it is sufficient to investigate 
the first (principal) term on the right-hand side of (8) because the second 
term is sure to tend to zero. 

If it- is known that the function f in question is bounded on a closed 
interval [a, b] then in order to find out whether or not S n (x) uniformly tends 
to f(x ) as n-oo on that interval or on its part it is sufficient to answer 
this question for the principal term on the right-hand side of (8) since it is 
already known that the second term does tend to zero uniformly on [a, b]. 

Of course, if a function / is unbounded on an interval [a, b] then it is 
discontinuous at some of its points, and therefore if the Fourier series of / 
converges to / on [a, h] the convergence must be nonuniform because the 
terms of the series are uniformly continuous functions on (— °°> °o). 

Let us dwell on an important property of Fourier’s series known as the 
principle of localization: to answer the question as to whether or not the 
Fourier series of a function f £ L r * (L*) converges to that function on a closed 
interval [af 9 b'\ it is sufficient to know the properties of the function on any 
closed interval [a, b] containing [o', b'\ strictly inside . Indeed, let us put 
rj — min {o'—a, 6—fc'}. Then for the points x £ [af 9 b'] at which we intend 
to investigate the convergence of the Fourier series the values of the integ¬ 
rand on the right-hand side of (8) depend solely on the values of f assumed 
on [a 9 b] (because if x £ [o', b'] and 0 < u rj then the points x 9 x+u 
and x—u belong to [a 9 b]). 


§ 15.4. Oscillation Lemmas 


Let/6 Z/(— oo, oo) (or, generally, /6 L(- <», «,)); then for any real 
X we have 


J fix) COS Ax dx =Sy J |/(x+-j) -/(*)| dx 

-OO —oo 

oo oo 

J f{x) sin Xx dx J |/(x+y)-/(*)|<fc 


( 1 ) 


* 
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Indeed, 


J f(x) sin Xx dx = J sin X du = 


= - / /(«+t) “ du = - J /(*+y) 


sin Axix 


Therefore 


f / (x) sin Ax c/x 


£ 

2 


J [/(*)-/(x+-j)] sin Xxdx 


T / /( x+ t)-^ 


</x 


For the cosine the argument is quite analogous. 
Lemma 1. Iff 6 L'(—«», <») (L(— °°)) rfeft 


lim J / (x) cos Ax ate = 0 and lim J/(x)sin Xxdx = 0 (2) 


Relations (2) are a direct consequence of inequalities (1) because the 
right-hand sides of (1) tend to zero as A — •» (see Theorem 6 , § 14.4). 

From Lemma 1 it follows immediately that, for a function / € L'* (L*), 
at any fixed point x where the value of /( x) is finite, there holds equality 
(8), § 15.3, that is the term g£x) tends to zero as n -*■ <*» since g^x) is the 
sum of two integrals for one of which we can write 


j* sin mtg(u)f(x+u)du—f(x) j sin nug(u) du ■* 0 (n -► «=) (3) 


(the other integral possesses an analogous property; see below). 

Here it should be taken into account that g(u) is a bounded piecewise 
smooth function with support belonging to the interval [— n, ri\, and there¬ 
fore the functions g(u)/(x+u) and g(u) belong to L'(— «>, oo)(U— <», «>)), 
which low salus to apply Lemma 1. As we have mentioned, the similar 
property of the other integral entering into g,(x) can also be easily proved; to 
this end one should take into account that ju(u) is a bounded piecewise 
smooth function with compact support. 

The proof of the properties concerning the uniform convergence of 
g„(x) to zero is based on the following more sophisticated lemma. 
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Lemma 2. Let f,g€ L'(— 00 ) (L(— °°» 00 )) and, in addition, let g be 

bounded. Then we have the relations 


lim 


lim 

X-*ot 


J cos hig{u) f(ti+x) du= 0 



J sin tog(u) f(u+x) du = 0 



which hold uniformly with respect to all *€(—«>, «,). 

jRroo/. Let |g(w)| < K. On setting an arbitrary e > 0 we can choose 
a continuous finite function q> such that 


Then 


J cos focg(u) f(u+x) du 


/ |#( m +t)/( m+ T + *) Stoffr+x) | 

—oo 

—oo 

oo 

+ T J |^{ m+ t) — M**+*) l ^* + 

+ T / \i(u+^)-giu)\\f(u + x)-<p(u + x)\du^ 

—oo 

J |/(«+-y+x)-/(«+*)|<*i+ 

+T J |^(«+1)-«(«) | <&+ 

—oo 

+- X J | /(»+*)—9<tt+x)| du-e. e (|A| > Ao > 0) (5) 
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provided that A is sufficiently large (here M is a constant bounding \q>\: M > 
>* |<p(tt)|; also take into account that the substitution v = u+x in the 
second integral on the right-hand side eliminates x). 

It is quite evident that cos Ax on the left-hand side of (5) can be replaced 
by sin Ax. 

Lemma 3. Equality (4) continues to hold under the assumption that f 6 L' 
and g(u) = g(oc 9 u) is a bounded function (i. e. |g(a, w)| K forcc^ < a < a 2 ) 
dependent continuously on (a, u) where a is a parameter . Moreover , equality 
(4) holds uniformly with respect to a € [a 1 , a 2 ] and x belonging to any finite 
interval . 

Indeed, let us consider the third term in inequalities (5). It consists of 
three summands the first and the third of which can be estimated as was 
done in (S) while the second can be estimated on the basis of the following 
inequality (see the explanations below): 

N 

Y J |#(a, «+-j)-s(a, m)| \(p(jt+x)\ dx 

—N 

N 

■s-y J |#(a, w+y)-g(«, «)| du •*= e (X > A 0 ) 


provided that A 0 is sufficiently large. 

Since q> is a finite function, there is N such that (p(u+x) = 0 for all x 6 
€ [a 9 b] and u satisfying the inequality \u\ > N 9 and therefore we have 

00 N 

J = J for the summand in question. 

—00 —JV 

From Lemma 2 follows equality (8) of § 15.3 (it holds uniformly on the 
interval [a 9 b ] where f(x) is bounded) if we take into account that the re¬ 
mainder term on its right-hand side is determined by equality (4), § 15.3 
where the functions g(u) and p(u) are finite and integrable. Indeed, the 
second integral on the left-hand side of (3) (it is independent of x) tends to 
zero as n -* «>, and its product by /( x) tends to zero uniformly with respect 
to x € [a 9 b] if /is bounded on [a 9 b] (i. e. | f(x) | < M). For the first integral 
on the left-hand side of (3) we use the following argument. This integral 
is a periodic function with period 2 n because so is /. Consequently, if we 
prove that it is uniformly convergent on [0, 2zr], this will imply its uniform 
convergence throughout the real axis. Let us consider the auxiliary function 


F{x) = f ° r O- 5 ** 3 * 

|0 for x $ [0, 3 tz]. 


Since /€ I/* (L*), we have F 6 L' = L'(— 00 ) (L(- 00 )), and, 

since the support of g belongs to [0, n] 9 we obtain, tor x £ [0, 2ji\ 9 the 
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relation 


n 


f sin mg{u ) f(x+u)du= J sin nugfyi) F(x+u)du = 


“ j sinmg(u)F(x+u)du — 0, n -► oo 

—oo 

which holds uniformly on [0, 2n] (see Lemma 2). 

The following theorem is proved on the basis of Lemma 1. 

Theorem 1. The Fourier coefficients a k and b k of a function f £ X'* (X*) 
tend to zero as k —► oo. 

To deduce this theorem from Lemma 2 it is sufficient to consider the 
restriction of the function / € L'* (L*) to the interval [0,2sr] and then extend 
it to (— oo, oo) by putting it equal to zero outside [0, 2n]. Let the extended 
function be/i € !>' (— °°, °°) (L(— oo)). Then by Lemma 1, 

2 ft oo 

a k = ~ J f(t ) cos kt dt = ~ J /i(0 cos ktdt-+<*> (k -► oo) 

0 oo 

(for the coefficient 6* in the function sin fct the argument is the same). 

We also note that if / € 14* (or / 6 14) then the fact that the Fourier 
coefficients a k and b k of f tend to zero follows from Bessel’s inequality, by 
virtue of which 


E(l^l 2 +l^l 2 ) <o ° 

i 

The fact that integrals (2) tend to zero can be elucidated by the following 
consideration. Let us take, for instance, the integral involving the sine. 
Although the given function/ 6 X'* (X*) may have a finite or even an infinite 
number of discontinuities it nevertheless possesses many properties of a 
continuous function. These properties exhibit themselves in the oscillation 
lemmas proved above. The multiplication of the function/(*) by the function 
sin lx transforms the graph of the former into a “wave-like” curve. Each 
“wave” consists of two “half-waves” which almost compensate each other 
in the mean when the integration is performed. The result of such a compen¬ 
sation due to the “oscillatory” behaviour of the integrand is that integral 
(2) tends to zero when 1 -► «>. 

§ 15.5. Test for Convergence of Fourier Series. 

Completeness of Trigonometric System of Functions 

A function f{x) is said to satisfya Holder condition of order cc (0 < a < 1) 
on an interval [a, b] ((tf, bj) if for any x 9 x! € [a, b] ((a, b)) there holds the 
inequality 

|/(xO-/(x)|^M|x'-.x|« 
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where M is a constant independent of x and x r . This condition is also 
spoken of as a Lipschitz* condition of order a. In the case a = 1 we have 

and simply speak of a Lipschitz condition for the function / on [a,b] ((a, &)), 
the number M being referred to as a Lipschitz constant . 

For instance, iff is a continuous and piecewise smooth function on [a, b] 
it satisfies a Lipschitz condition on [a, b] because 




* 

= J m dt 

X 


M\xf-x\ (|/'(01 M) 


If a function / possesses a bounded derivative (|/'| < M) in an interval 
(a, b) and is continuous on [a, b\ we can apply Lagrange's theorem on finite 
increments to obtain 

l/(*0-/(*)l = !/'(£)(*'-*)I ■* M\*-X\ t e € {x, xf) 

which shows that/satisfies a Lipschitz condition on [a, b\. 

The function |x|* (0 < a 1) satisfies a Holder condition of order a 
throughout the real axis (and, moreover, on any finite interval) because if 

0 «= |x| «= | x? | we can write, on putting |— = f,l •< f -= °°, the inequalities 

I ^ 

\*-x\* iix'i-uir ~ (/- ir K ' 

These inequalities are quite obvious for a = 1. For a -c 1 they follow from 
the fact that the leftmost function of the argument t has a limit equal to zero 
as t — 1 and equal to 1 as t -*■ «> and possesses a positive derivative on 
(1, oo), which means that it increases on (1, °°).** 

Theorem 1. Let a function j belong to II* (or to L*) and satisfy a Holder 
condition of (an arbitrary) order a. on a closed interval [a, b] (in particular , 
this is the case when f is a continuous piecewise smooth function on [a, £>]). 
Then for any ct and b' satisfying the inequalities a < d b' -< b the Fourier 
series off is convergent on [o', h'J, the convergence being uniform. 

Proof. Let b = min {o'—a, b—b'}, 0 < r? < 5 and i? -c n. Then, for 
x € [o', b'] and 0 *s |n| *s % the points x and x+u belong to [a, h], and 
therefore 

\f(x+u)-f(x)\ \f(x+u)-f{x)\ M\u\* (1) 

How for the chosen value of rj we use formula § 15 3 (8): 

S„(x)—f(x) = ~J sin nu ^ x+U y du +o(l) n — 


* R. O. S. Lipschitz (1832-1903), a German mathematician. 

*• In the case | jc| = \x'\ we have Hjc'I*— |jc|*| =■ 0 « |jc'— x|*. 
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This relation holds uniformly with respect to x £ [a, b\. Consequently, for 
any g>0we obtain, by virtue of (1), the uniform estimate 

|$„(*)-/(*)I *4 / ^r~ du+\o{\)\ 

~ T J 

+ T " e (" > K * € [o', b'l) (2) 

where we first choose ij so that the inequality IMiffncc -c e/2 is fulfilled and 
then take iV so large that | o(l) | < e/2 for n^~N. The theorem has been proved. 

Theorem 2. If a function f € C* is piecewise smooth on the interval [0,2a], 
the Fourier series of f comerges to it throughout the real axis , the comergence 
being uniform. 

Indeed, the function/regarded on an interval [—e, 2a-fe] (where e > 0) 
is continuous and piecewise smooth, and therefore, by the foregoing theo¬ 
rem, its Fourier series is uniformly convergent to it on [0, 2a], whence it fol¬ 
lows, by the periodicity of f and of the terms of the Fourier series, that this 
applies to the whole real axis. 

Theorem 3 (Weierstrass). The systems of functions 


1, cos x 9 sin x 9 cos 2x, sin 2x, ... 

(3) 

1, cos x 9 cos 2x 9 ... 

(4) 

sin x, sin 2x 9 ... 

(5) 


are complete in the following spaces respectively: 

(i) in the space C*, 

(ii) in the subspace of C* consisting of all even functions and also the space 
C(0, a), and 

(iii) in the subspace of C* consisting of all oddfunctions and also the class of 
the functions belonging to C(0, a) and satisfying the condition /(0) = /(a) = 0. 

Proof. Let/be an arbitrary function belonging to the class C*. It is uni¬ 
formly continuous on the closed interval [—a, a] and has the period 2a. 
Therefore, given any e > 0, there is a polygonal function U(x) with period 
2a such that 

|/(x)-I7(x)| (6) 

for all x. If/is an even (odd) function then the function II (x) can be chosen 
so that it is also even (odd). For instance, if we join with a polygonal line the 
points of the graph of/having the abscissas xj = jh\ j = 0, ±1, ±2, ..., 

h = -jj- where N is a sufficiently large natural number, this line can serve as 

the graph of the desired function II(x). The function II(x) satisfies the con¬ 
ditions of the foregoing theorem and consequently its nth Fourier sum satis- 
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fies the inequality 

i i7(x)-S„(x)| < y for aU x (7) 

when n is sufficiently large. Besides, if Z7(jt)is an even (odd) function the sum 
S n (x) is also even (odd). 

It follows from (6) and (7) that \f(x)—S n (x)\ < e for all x. This proves 
the theorem because S„(x) is a trigonometric polynomial, that is a finite 
linear combination of functions belonging to (3), (4) or (3) depending on the 
character of the function / in question. Note that S n is Fourier’s sum of II 
and not of /. 

The assertion of Theorem 3 does not contradict the fact that there are func¬ 
tions f € C* whose Fourier series are divergent at some points (in this connec¬ 
tion see the remark at the end of the present section). It should also be noted 
that if a function continuous on [0, n] (belonging to C(0, tz)) is extended to 
(— 7t 9 0) in an even fashion and then is periodically extended (with period 2 tv) 
to the whole real axis, the resulting even function is a function of class C*. 
If a function continuous on [0,jr] and satisfying the condition /(0) = f(n) = 
= 0 is extended to [—n y 0] in an odd fashion and then extended periodically 
to the real axis, the result is an odd function of class C*. 

It should also be taken into account that Theorem 3 implies the following 
property: for any continuous periodic function f (/€ C*) with period 2 it 
there is a sequence of trigonometric polynomials T n (x) (n = 1, 2, ...) uni¬ 
formly convergent to that function (throughout the real axis) whence it follows 
that the function f is representable as the sum of a uniformly convergent series 
of trigonometric polynomials: 

/(*) = £ Qk(x\ Qo = 7o, Qk = Tk—Tk-i Qc = 1, 2, ...) 
o 

Theorem 4. The Fourier series of a function f € Ilf (and 9 generally , of 
f € Li) Is convergent to it in the mean square on the period . 

Proof Indeed, by the foregoing theorem, system (3) of trigonometric func¬ 
tions is complete in C*. Then, moreover, it is complete in (see the theorem 
proved in § 14.9). Therefore the theorem stated follows from Theorem 1, 
§ 14.6 and from the general theory of series with respect to orthogonal sys¬ 
tems. 

By virtue of the theorem we have referred to, for the complete orthonor¬ 
mal system of trigonometric functions (§ 15.1 (1)), Parseval’s relation holds 
for any function / 6 1£ (and, moreover, for / 6 LJ): 

n n 2 / n 2 

\\f? dx = ^ jfdx +^-f jf(t)cosktdt + 

-a -n \ -a 
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or, which is the same. 



£ (iflfcP+iw*) 



Example. The function y(x) with period 2a defined by the relations* 



71—X 
2 


0 


for 0 < x 
for x = 0 


2 n 



obviously belongs to L'*. Its Fourier series is of the form 

/ \ _sui kx 

vix) = Z—r~ 

because the function ip is odd, and 



bk = i S ^ s™ kt dt = T (k= i,2, ...) 

o 


Any closed interval [o', b'] not containing the points x* = 2kn (k = 0, ± 1, 
±2, ...) lies strictly inside another closed interval [a, h] (a < o' < h' < b) 
possessing the same property, and the function ip is continuous on that inter¬ 
val [o, b] together with its derivative, and consequently it is smooth. There¬ 
fore, by Theorem 1, Fourier series (10) of the function ip converges to it uni¬ 
formly on [o', ft']. Hence, it converges at any point x 2kn (k =0, ± 1, 
±2,...). Moreover, it is also convergent to ip at these points 2kn because at 
the points 2kn the function ip and all the members of series (10) vanish. How¬ 
ever, there is no uniform convergence in any neighbourhoods of the points 
Xk = 2Jcit (k = 0, ± 1, ±2, ...). 

Further, it is evident that f € an< i therefore, by Theorem 4, Fourier 
series (10) of the function ip is convergent to ip in the mean square on the 
interval [— 


J 


—71 




2 


dx -► 0 



oo 


) 


The function ip(x) is a simple example of a discontinuous periodic function 
with period 2 n having a single point of discontinuity (of the first kind) on the 
interval 0 x < 2a. Its jumps at the points of discontinuity are equal to 
^(0+0)—y(0—0) = a. 

It is apparent that the function ip(x—x?) whose graph is shifted by ^dist¬ 
ance of xo along the x-axis relative to that of ip(x) has the discontinuities at 


* This function iMx) and the function S(x) mentioned in§ 15.1 (see§ 15.1 (11)) are con- 
nected by the equality —y<jc) = y S(x—n) and therefore the graphs of — y and y S and 
of their partial Fourier sums are obtained from each other by a shift by it along the jc-axis. 



208 


A COURSE OF MATHEMATICAL ANALYSIS 


the points xP+Hcn (fc = 0, ±1, ±2, ...) with jumps equal to tz. It can be 
expanded into the trigonometric series 

yKx-x 0 ) = £- J — - = Z( - k — cosfcx+— jj— smkx) 

which is its Fourier series because it is convergent in the mean square to 
ip(x—x?) on (0,2 7t) (see the corollary of Lemma 1 proved in § 14.6). 

Now, proceeding from the properties of the function ip> we shall prove the 
following theorem. 

Theorem 5. Let f € L'* (L*) be a piecewise smooth function on a closed 
interval [a, b] having a single point of discontinuity x° € (a 9 b) on that interval . 
Then the Fourier series off is convergent at the point xP to the arithmetic mean 
of the right-hand and left-hand limitsoff at that point: 

= -2. + £(u* cos kxP+b k sin foe 0 ) (11) 

L i 

Proof Let us assume that the value of / at the point jc° is equal to the 
arithmetic mean of the right-hand and left-hand limits of f at that point: 

fix?) = y [/(*°-0)+/(*°+0)] (12) 

If otherwise, we can redefine/at x° so that equality (12) holds, which 
does not alter the Fourier coefficients of / and, consequently, its Fourier 
series and its sum at the point x° either. 

Let us put 

fix) =fi(x)+f 2 (x) (13) 


where 


Mx) = 1 [/(*°+0H/(*°-0)] vix-x?) 

and ip is the function defined by the above formula (10). The coefficient in 
ip(x—xP) is chosen so that 

Mx»+0)-Mx°-0) = /(x°+0)—/(x°—0) 

It obviously follows that /i(x°+0)— fifpfi—0) — 0, and since y>(x?) = 

= |[^+0)+^-0)] = 0, we have fApfi) = \ (/ 1 (^+0)+/ 1 (^>-0)]; 

consequently,/(x°) = /i(x°) = /i(x°+0) = f-Apfi—Q). 

Thus, the function is continuous at the point x° and, since it belongs to 
U* and is piecewise smooth on [a, h]. Theorem 1 implies that its Fourier 
series is convergent to /i(x°) at x°. As we know, the Fourier series of fa is also 
convergent to fa (x°) at x?. Consequently the Fourier series of/is convergent 
to /(x°) at the point x° because the sum of the Fourier series of the functions 
/i and fa is equal to the Fourier series of f=fi+fi- 
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Taking into account (12), we thus complete the proof of the theorem. 

The Fourier series of the function / (described in Theorem 5) which has a 
jump at the point x = x° is convergent in a neighbourhood of the point x° 
and at that point itself but the convergence is nonuniform, and its speed is 
low. The speed of convergence of the Fourier series of /i(x) is higher, and 
the convergence is uniform in some neighbourhood of x°. On the other hand, 
the function/ 2 (x) is represented by an extremely simple formula and can even 
be studied thoroughly without expanding it into the Fourier series. It should 
also be noted that the Fourier series of the function xp is thoroughly studied 
in the special literature devoted to trigonometric series. 

Let us mention some further facts concerning the question of convergence 
and divergence of Fourier series. 

A. N. Kolmogorov* constructed a function belonging to the class L* of 
Lebesgue (absolutely) integrable functions whose Fourier series is divergent 
throughout the real axis. 

L. Carleson** showed that the Fourier series of any function belonging to 
the class LJ is convergent almost everywhere. Since C* c L$, the proposition 
of Carleson also applies to any continuous periodic function with period 
2 7t defined on the whole real axis. This proposition also holds for the func¬ 
tions/ € L* p (1 < p < oo)*~ 

On the other hand there are examples (constructed by Du Bois-Reymond 
and Fej6r) of continuous periodic functions /(/ € C*) whose Fourier series 
are divergent on the set of all rational points. These examples indicate that 
if it is only known that a function/is continuous this is not sufficient for its 
Fourier series to be convergent. For the convergence to take place the func¬ 
tion / should satisfy some additional requirements. In the theorems proved 
above the role of such an additional requirement was played by a Holder 
(Lipschitz) condition of order a. In some other more sophisticated theorems 
this condition is replaced by weaker sufficient conditions. 

The properties of the Fourier series of 2rc-periodic functions established 
in this section can be automatically extended to the Fourier series of functions 
with an arbitrary period 2 co. In this more general case we have 

fix) = -y +£ (flfc COS ^-x+b k sin xj (14) 


where 

2 co 2to 

a k = ~j COS ^ tfit) dt and h = sin ^-tf(t)dt (15) 
0 0 

Thus, if a periodic function/ € L'(0, 2co) (L( 0,2 co)) with period 2co satisfies 
a Holder condition of order a (0 < « < 1) on a closed interval [a 9 b] 9 its 


* Academician A. N. Kolmogorov (born 1903), a prominent Soviet mathematician. 
** L. Carleson, a noted modern Swedish mathematician. 

*** This was proved by the American mathematician R. A. Hunt. 


14—3737 
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Fourier series (14) is uniformly convergent to it on any closed interval 
[o', b'\ <z (a, by, if/is piecewise smooth on [o, b\ then its Fourier series con¬ 
verges to 4- [/(x+0)+/(x—0)] at its points of discontinuity x belonging to 
(o, b). 

Finally, if a function y — f(x) describes a periodic vibration process with 
period 2a> (in physics or in some technical science) which is a sum of a finite 
or infinite number of simple harmonic oscillations corresponding to the fre- 

km kjt 

quendes -2- (k = 0, ± 1,...) then the Ath harmonic u*(x) = a k cos — x+ 

+bk sin ~^x can readily be found since the numbers a* and fc* are nothing 

but the Fourier coefficients of/ computed by formulas (15). On the other 

hand, as is known, a harmonic w*(jc) = a* cos ^x+bk sin ^-x (k = 0, ±1, 

i2, ...) can be obtained physically from the compound real oscillation 
y = f(x) with the aid of special devices (resonators), and the experimental 
results thus obtained are in coherence with the corresponding data obtained 
mathematically. 

Examples. The functions below are considered as periodic with period 2n. 
f./iOO - sgn x(|x| < 3 1 ); /x(x) = 

fc *»0 

2. Mx) = x(|x| < n); /**) = 2 £ ( ~ 1)W . IsinA ri ; 

*-i 

3. / 3 (x) is an even function equal to on [0,»], 



2 ^ cos (2k+ l)x 
nL (2*+l>» 


4. M.x) is an even function equal to 1 on (0, A) and equal to zero on (A, ?r), 

0 ■< A •< 3t, 



S. /e(x) is a continuous even function equal to zero on(2A,»),0 < A < y, 
equal to 1 for x = 0 and linear on (0,2A), 



cos kx 




Exerdse. Find out on what intervals (finite, infinite or coindding with the 
whole real axis) the series in Examples 1-5 are uniformly convergent. 
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§ 15.6. Complex Form of Fourier Series 

Let a k and b k be the Fourier coefficients of a function / 6 I/* (or / € L*). 
By Euler’s formulas, we have 

flit cos sin fcx = a k -^ - hb* - % — = 

where 

c k = ^^ and (1) 

It follows that 

2n 2 n 

Ck = ^J (cos kt—i sin kt) f(t) dt = ^ J /(/) e _ito tft 
o o 


and 

2» 2» 

c_* = ^J (cos kt+i sin kt)f(f) dt = ^ J f(t)e tkt dt 
o o 

Hence, the numbers 

2ft 

Ck = ^ J /(*) A (ft = 0, ±1, ±2, ...) (2) 

o 

can be computed with the aid of unified formula (2) applicable to all ft's 
(including ft = 0 for which c 0 = flo/2). 

It is important to note that if/ is a real function then a k and b k are real 
numbers while the numbers c k and c-* may be complex in the general case but 
are mutually complex conjugate: 

c~k = Ck\ ft = 0, ± 1, ±2, ... (3) 

Conversely, if c k = for some ft then the corresponding Fourier coeffi¬ 
cients a k and b k of the function /are real; if (3) holds for all ft's then all the 
Fourier coefficients and, together with them, the function/itself are real. 

Indeed, if, for instance,/ £ 14* then the Fourier series of/converges to/ 
in the mean square, and, if the terms of the series are real then the function 
fix) is also real. In the general case when / € L'* the same follows from 
Theorem 2, § 15.11. 

The nth sum of the Fourier series of f can obviously be written in the form 

S„(x) = cos kx+bk sin kx) = £ c k e ikx (4) 

i -» 

and the Fourier series of /itself in the form of the two-way series 

OO oo 

fix) ~ ^+£(a*cosfc*+fr*sinfc*:) ~ J] c k e ikx (5) 


14 * 
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We shall say that the series on the right-hand side of (5) is convergent for 
a given value of x if the limit 

lim £ Ck e ikx 


exists. 


We thus have defined the convergence of series (5) in the sense of the prin¬ 
cipal value; for the convergence in the ordinary sense it would be natural to 
consider series (5) convergent when the limit 


lim Ck e*** 

«. m-*oo __ m 

exists as n and m tend to infinity independently of each other. 
The (complex) functions 


fbt 


(k = 0 , ± 1 , ± 2 , ...) 


form an orthonormal system on the closed interval [0,2 n] because 

2 n 2jz 

f 7 Le , ** 7 L*r ,,A: dx = f *«*-<>* dx = b k , 

J fan fan 2jiJ 

0 0 

l 

Since the trigonometric functions cos kx, sin kx (k = 0, 1, 2, ...) form 
a complete system in C* and, moreover, in and IT (Theorem 3, § 15.5), 
the same property holds for the system e ikx (k = 0, ± 1, ±2, ...) because 

cos kx = l/2(e fkx +e~ ikx ) and sin kx = l/2i(e ikx -e- ikx ) 

The numbers Ck (k = 0, ± 1, ±2, ...) determined by formulas (2) are the 
Fourier coefficients of f with respect to the system of functions e ikx (see § 14.6 
( 2 )). 

If follows that the series 


f(x) ~ £ C k ^ kx 

—-oo 

««r 

obtained in (5) from the ordinary trigonometric Fourier series of a function f is 
the Fourier series off with respect to the functions e ikx (k = 0, ±1, ±2, ...). 
It is called the Fourier series of the function f in complex form . 

By virtue of the completeness of system (6) in I|, for any function / € 
there liolds Parseval’s relation 
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which can also be rewritten as 

2 It oo 

^ [ \f(x)\* dx = Y. \ck\- (7) 

0 

§ 15.7. Differentiation and Integration 
of Fourier Series 

Let f(x) be a continuous piecewise smooth periodic function with period 
2 it* Taking an arbitrary coefficient c k different from c 0 we can perform 
integration by parts in its expression to obtain 

2 n / 2 n \ 

a I i (ao^+wsI ao.-*) - 

0 \ 0 / 

= 4 C * (fc= ±1.±2, ...) (1) 

2 * 

= fV)e~‘ k, dt (2) 

0 

Here we have used the periodicity of the functions f(t) and e ikt , by virtue 
of which 

The derivative f'(t) is periodic piecewise continuous function with period 
2ji which may have a finite number of points of discontinuity of the first 
kind on the interval [0,2 n\. Of course, it belongs to L'*, and the numbers c' k 
(the complex Fourier coefficients of/0 make sense for it. 

If a periodic function f(x) with period 2n is continuous and possesses a 
continuous piecewise smooth derivative of the (/— l)th order, integration by 
parts (see (1)) can be carried out / times, which results in the equalities 

c * = W c ^ (*=± 1,±2, ...) (3) 

where 

2 n 

^ dt 
o 

are the Fourier coefficients of the derivative f®(x) of the /th order of the 
function /. 

There holds the following important theorem. 

* What is established below also applies to a periodic function / with period 2 n which 
is absolutely continuous on every closed interval (see § 19.5 (11)). 




Ck = 


where 
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Theorem 1. If the Fourier series 

f(x) = £ c* (4) 

— oo 

of a continuous piecewise smooth periodic function* /( x) with period 2n is 
differentiated termwise the resultant series is the Fourier series of the derivative 
f ix) of the function /(jc) : 

fix) ~ £' 4^** = £' iik) c k e tkx (5) 

Here the symbol Y' indicates that the summation is extended over all the values 
of the index k except k = 0, that is the term involving Co is not contained in 
series (5). 

Proof. In the general case the function fix) is piecewise continuous and 
has discontinuities at those points where the derivative of/is discontinuous; 
however, at the points x k where /' is discontinuous the limits /'(x/t± 0 ) exist. 
To a function of this kind there corresponds its Fourier series Y^c k e ikx : 

fix)- EcLe** (6) 

Series ( 6 ) may not be convergent to fix) for some x. In series/ 6 ) we have 

2k 

fit)dt=\\fQ*)-fm = o 

o 

since / is a continuous periodic function with period 2 n. On the other hand, 
for all k 5 * 0 there holds equality (1), and consequently ( 6 ) implies (5). 
Series (4) is uniformly convergent to /(jc), which follows from Theorem 2, 
§ 15.5. 

Theorem 2. If the Fourier series 

(4 = 0) (7) 

of a piecewise continuous function** (p(x) (whose all discontinuities are of the 
first kind!) is integrated termwise (by taking as an antiderivative of k = 
= ± 1 , ±2, . .., the function (ik)'~ 1 e ikx ) the resultant series is the uniformly 
convergent Fourier series of the continuous piecewise smooth function f(x)— 

-i/ /(*) dx: 

0 

2 n ^ 

fix)fix) dx= Y' c *e tkx ( g ) 

1 n —00 


* The theorem also applies to an absolutely continuous function with period 2n (see 
519.5 (11)). 

** The theorem also applies to <p € !»*. In that case/is an absolutely continuous func¬ 
tion (§ 19.5 (11)) whose Fourier series is uniformly convergent to it (this is proved in 
comprehensive courses in the theorem of the Fourier series). 
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where 

2 n 

Ck = H AO e~ ,kt dt (k=± 1, ±2, ...) 

o 

and 

X 

f{x) = / <p(0 dt (9) 

o 

Indeed, by virtue of (9), the function f(x) as integral with variable upper 
limit of the piecewise continuous function <p(t) is continuous and piecewise 
smooth on [0, 2n]. Besides, we have 

X 

= j <p(t) dt f*=o 

o 

because 

2 n 

9<0 dt = c' o = 0 
o 

and, consequently, the Fourier series of / is uniformly convergent to /, 
whence follows (8). On the other hand, the right-band side of (8) can be 
regarded, by virtue of (1), as the result of the termwise integration (in the 
indicated sense) of the right-hand side of (7). 

Remark. Theorems 1 and 2 essentially extend, for the case of the Fourier 
series, the sufficient tests for termwise integrability and differentiability of 
general series known to the reader. These theorems also admit of further 
generalizations which however not only involve the notion of the Lebesgue 
integral but also that of a generalized function (see § 16.11). 

Exercise 1. Prove that if a periodic function f{x) with period 2 a possesses 
the continuous piecewise smooth derivative of the (/— l)thorder,itis 

representable in the form 

n 

/(*> = / (o (0 dt 

-n 

where 

oo cos 

*/(“) = £ \ 1 ( /= 1.2, ...) 

Exercise 2. Using the relation 

*i(«) =-f-nr^- 
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from which it follows that 2?i(w) = (0 < u < 2 a) show that the function 

Bi(u) (for any / = 1, 2, 3, ...) regarded on the closed interval [0, 2 jz] is a 
polynomial of degree / possessing the property that its integral over [0, 2n] is 
equal to zero. These polynomials are called Bernoulli's* polynomials . 

§ 15.8. Estimating the Remainder of Fourier’s Series 

Theorem 1. Let a periodic function f with period 2nt have a continuous piece- 
wise smooth derivative of the (/— 1 )th order throughout the real axis and 
let its derivative / (/) satisfy the inequality 

2 n 

±f |/<0|2 dx^AT- (1) 

' 0 

Then the deviation of thefunction f{x) from its(N— 1 )th Fourier sum satisfies 
the following inequality: 

I -= |/Jf (2) 

Proof. The condition of the theorem implies that the Fourier series of the 
function f{x) is convergent to it throughout the real axis. The deviation 
of f{x) from Sn-i(x) can be written in the form 

f(x)-S N - 1 (x) =Y l (c k e lkx +c- k €~ lkx ) = 

N 

= £ ( 3 ) 

N 

where c* are the complex Fourier coefficients of f which are expressed (in the 
third member of (3)) in terms of the Fourier coefficients of the derivative 
/*0 with the aid of formula (3) of the foregoing section. 

On taking into account that 

\e ikx \ - 1 

(because x is real) and using Parseval’s relation for /® we obtain 

|/(x)-Sxr-i(x)| -«f 4-C4PI + l«Sfcl)-« 

N * 

( oo | \ 1/2 / OO \ 1/2 

2 lw) (za&p+i^n) -= 

- ( 2 f wf (i l lAW *)"" - w ( 2 | •pr) W W 


* After D. Bernoulli (1700-1782), a Swiss mathematician and physicist. 
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The first inequality (2) has thus been proved. The second cruder estimate in 
(2) for the deviation of/from Sn-i follows from the inequality 



i 

AT —1 


dx _ 1 1 

x* 1 2/— 1 (N— I) 81 ” 1 


Remark. Estimate (2) continues to hold (and the proof remains essentially 
the same) when the periodic function f(x) possesses an absolutely continuous 
derivative of the (/— l)th order and the derivative of order / exists almost 
everywhere and satisfies inequality (1) in which the integral is understood in 
Lebesgue’s sense (see the footnotes concerning Theorems 1 and 2 in the 
foregoing section). 

We also note that it is possible to prove the estimate 

/ 

I/(*)-£«(*) I -= ciSLi sup |/ (< >(*)| 

,tr X 

where C is a constant independent of n, but this involves a rather lengthy 
argument. 

Exercise. Confining yourself, for simplicity, to the case when / is divisible 
by 4, show that the first inequality (2) provides a precise estimate. 

Hint. From (3) it follows that for x — 0 we have 

m-sjo) = £ ^ (<£>+<*?*) 

»+i 

and therefore the first two inequalities (4) become equalities if the numbers 
cJP are chosen so that they are proportional to -K- (see the remark after 
§ 6.2 ( 6 )). 


§ 15.9. Gibbs’ Phenomenon 


In this section we shall study Gibbs’ phenomenon which was mentioned 


in § 15.1. 



The function 




/ \ ri sin lex 

m=z k 

(i) 

which is equal to 

7i—x yi sin fcx 

2 “ L k 

(2) 


on the interval (0, a) has as the nth partial sum of its Fourier series the ex¬ 
pression 

( 3 ) 
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On the interval 0 < x «< n we can write for this function (see the explanations 
below) the relations 

= J +£ cos k *j dt = 

[‘HK f ,..1? 

-I ——— * - J ——r **+r/«»*«*- 


2 sin 


2 tan 


= J ~~ dt+j sin ntl—— f - jA J cos n/ 

o o ^2 tan-^- J o 


-l±F*+c( 1 ) (»— ) 


which hold unifonnly with respect to x £ (0, jr). Here only the estimations 
of the second and third summands in the fifth member of (4) require ex¬ 
planation. Let us, for example, estimate the second summand. It can be 
written as 


09 

A n = J sin ntg(t) dt = 


x+nln 


= — J sin ntg(t) dt—^ J sin ntg{t+^ dt — 


nin 

x +«/» 


= y J sin ntg(i) </f—y j sin ntg^t+^j dt+ 

0 x 

X 

+-j / sin dt 

n/n 

whence, since |g(f)| «s AT and g(t) = 0 outside (0, n) (see § 15.3 (7)), follows 

oo 

M.I-4-iM+iijf+i. / |*«-*(<+-J)| d, ~ 0, n~~ (5) 

— OO 

where the right-hand side is independent of x € (0, n), and therefore the 
left-hand side tends to zero uniformly with respect to these x’s. 

On putting x = —in (4) and passing to the limit as n -► <*> we obtain (see 

the explanations below) 


(«) 
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(see relations (9) and (12) below). At the same time we have 


y (0+0) = lim 

x—0 


W —X 


Jl 

T 


The direct computation shows that 

d+ - d+ = l(^dt = 1.089490... 

71 J t 


1 


^(vKO+oj-vKO-O)) 


V<0+0) 


(7) 

( 8 ) 


The fact that this ratio is greater than 1 (and is not equal to 1) is termed 
Gibbs’ phenomenon. 

Fig. 15.3 shows schematic graphs of the function f(x ) = — / ip(x—7t) and 
of its nth partial sum S„(x). We see that the function S„(x) oscillates in the vici¬ 
nity of/(x) on the interval [—jt+ 6, n— 5] (where 5 > 0) for sufficiently large 
7 i. Indeed, the sum S n (x) uniformly tends to f(x) on this interval as 
7 i -► oo. On the other hand, near the point x = n die graph of S„(x) sharply 
deviates upward from the graph of f(x); it is this way in which the sum S„(x) 
exhibits Gibbs’ phenomenon. Then the graph of S n (x) sharply goes down¬ 
ward to the point x = n of the x-axis. An analogous behaviour takes place 
on the interval [—», 0]. 

It should be noted that the same phenomenon takes place in the case of 
an arbitrary function / £L* which is continuous together with its derivative 
on half-open intervals [a, x°) and (x°, b] and has, together with its derivative, 
a discontinuity of the first kind at x°. This follows from the possibility of 
representing the function / in the form of the sum f(x) = /i(x)+/ 2 (*) ( see 
§ 15.5 (12)) where /i is a continuous* piecewise smooth function on [u, b ] 

andf 2 (x) = —ip(x—x?) where «is the jump of f at x°. The Fourier series of/i 

uniformly converges to ft on [o', b'\ c (u, b ) while the function fa is nothing 
but the result of the multiplication of the function rp by a constant and by 
the shift of the argument by x°. For the function fa (and, consequently, 
for f as well) Gibbs’ phenomenon takes place with the same value of ratio (8): 

_ <4(*°) __ 2l F ?Bljt 

y(/(^+0)-/(*°—0)) *1 ' 

where in this case 

d + (x°) = lim [S a (jc»+y)- ^ x0+0 >y (V> - 0 >] 
and S„ is the Tith Fourier sum of /. 

Gibbs’ phenomenon and, generally, Fourier’s expansions of functions, 
should be regarded as an exhibition of the law of nature; for instance, the 
former was first discovered by Gibbs purely experimentally. 


* More precisely, the function/i may have removable discontinuities. 
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There hold the relations 


n r sin* , f /sin*\ 2 , /m 

t = J — dx = J hr) ^ 

0 0 

For the second of them see § 13.15 (12). The first of them can be obtained 
as follows (see the explanations below): 


T" - /*?*+/ —tW 


0 

91 


+-j- J cos nt dt J dt+o( 1) = 


nn oo 


( 10 ) 


1 





* 


„s 


The first equality in (10) follows from§ 15.2 (3) and (5) and the third from 
Theorem 1,§ 15.4 and also from§ 15.3 (7). 

The integral on the right-hand side of (10) can also be written in the form 
of the series 


(*+!)» 


n 


S^*- 1 ! 

0 0 kn 0 0 


si n(/pt+n) du 
kn+u 




a k 



smu du 
kn+u 



It is clear that the numbers a k are nonnegative and monotonically tend to 
zero, and hence the right-hand member of (11) is a Leibniz series. It follows, 
in particular, that 

( 12 ) 

0 0 

Remark. The function 


/, 

A- 

ts 

A t 

/ 

n. 


5 * 

•Vr 


A 



attains its maximum value on [0, <») (which is equal to n/2) at the point 
= or/2. 

Indeed, since the derivative 


K(.x) = n 


sinnx 


fi- 



* u 


t 


X 
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vanishes only at the points x* = kn/n (k = 1,2, ...) of the interval (0, <»), 
the points of extremum of the function X n (x) on that interval can only be 
among these points. But we have 

ft 2ft kn 

•••+(-»*- J 

0 ft {k-l)ft 

n 

rsinu * o/ \ n 

< J__ rfM = A(x 1 ) = T 
0 

whence follows the desired assertion if we take into account inequality (12) 
and the fact that A„(0) = 0. 

It follows that the number d+ (defined originally in (6)) can aso be defined 
with the aid of the equality 

d+ = lim max rp n (t) (14) 

Indeed, let us choose x € (0, n) and then find a natural number n such that 

7t JJ /jj\ 

— x < —r.ThenvM—l < max y) n (t) 9 and,since n -► «> when x 0,we 
n ft l \n / o^t^x 

see that, by virtue of (6), d+ lim max y> n (t). On the other hand, by virtue, 

of (4), we can write the relations 

fn(x) < A„(x)+o(l) = A„(jr/n)+ o(l) = </ + +o( 1) (»—«>) 

holding uniformly with respect to x € (0, n), whence, taking into account 
that n •* oo for x 0, we obtain lim max y„(t) « d + . 

jc-^ 0 0</<x 

Now we see that d + is in fact equal to the right-hand member of (14). 

§ 15.10. FejfirV Sums 

As was mentioned in § 15.5, there are examples of continuous periodic 
functions/with period 2 it belonging to C* whose Fourier series are divergent 
at some points and even at an infinite number of points of an arbitrarily 
chosen countable set, for instance, at all rational points. In this connection 
of extreme importance is the fact that the Fourier series of an arbitrary func¬ 
tion /£ C* is uniformly summable to / throughout the real axis with the aid 
of the method of arithmetic means (see § 11.10). 

Let us take a function/ € I/* (or, generally,/ € L*) and form its Fourier 
series 

n 00 

/(*) +£(a* cos kx+ bk sin kx) 

i 

* L. Fej6r (1880-1959), a Hungarian mathematician. 


222 


A COURSE OF MATHEMATICAL ANALYSIS 


where 


2 n 






cos kt dt 


(k = 0,1, ...) 


and 


2« 


bk = -j- J /(0 sin A:/ (A: = 1,2, ...) 


Denoting the partial sum of the Fourier series as 

S„ = y+£(a* cos kx+bk sin kx) 

we form the arithmetic means of the sums So, Si, 

_ S Q -\-Si+ ... + S n 


On = 




(n = 0,1,2, ...) 


( 1 ) 


We shall begin with deriving a compact expression for a„. To this end we 
write 

| 2n 2ft 

if A0*+i±f no-vm*-- 

0 k~l o 

--sr^rf {t+£ c ‘<'-*)}/W‘" 

On taking the imaginary parts on both sides of the equality 

e <*/2_ £«»+8/Z)« |_ gKn+Vx 


£ gi(k+l/2yx -- 
k**Q 


l-e* 


e -m- e i*n 


we receive 


Consequently, 


t sin = 


2sm T 


..«+l 
sin* —=— * 


sin 


, » . n sin (*+-y). 

T+?W = T + i:-T-^ 

l i 2 sin-r- 


( . H+l 
sm 

—IT 

sm T 


( 2 ) 


(3) 


2 
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2 n 


•2 n 


and we obtain 

°n(x) = -i J F„(t-x)f(t) dt = -i-J F„(u)f(x+u) du 
0 0 

where 


Fn(x) = 


1 


2(h+ 1) 


. H+l 
sin —^— x 


. x 

sm T 


(4) 

(5) 


In the derivation of the last equality (4) we have used the periodicity of the 
integrand. 

The function a^x) is called Fej&’ssum (of order n ) and the function F„(x) 
is Fejer’s kernel. It can readily be seen that 

F n (x) = -j f f) «* kx (6) 

Therefore the sum a„(x) can also be written as 

O^x) = 4jr+ £ ”*^ 1 * (fl/fc COS fcx+h* sin fcx) (7) 


Let us enumerate the following properties of the kernel F*(x): 

(0 F„(x) is a nonnegative even trigonometric polynomial of order n (see 
(5) and (6)); 

2» 

00 4 / W = 1 (8) 

0 


(see (6); take into account that cos kx is orthogonal to 1; fc = 1,2, ..n). 

**J TTTv = — 1 

0 


4b 

(iii) J F„(x) dx 


I r dx __ 

2(«+I) J /. $\* — «\* 

o |sm -j) 2(«+1) Ism—l 


0 (» -*• oo) 


By property (ii), the deviation of <r„(x) from /(x) is expressed by the for¬ 
mula 


2 n 


On(x)~f(x) = 1 J F n (t—X)[f(f)—f(x)] dt = 


= i / mmx+t)-f(x)] dt (9) 

—71 

In the derivation of the last equality we have used the periodicity* of the 
nitegrand function. 

Now we proceed to the following theorem. 
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-s 

Theorem 1 (Fej£r). Fejer's sum of order nofan arbitrary 2rt-periodic func¬ 
tion f(x) continuous throughout the real axis (i.e. f € C*) uniformly tends to 
that function as n -► OO • 

II f-On | Ic(0, 2a) = max | f(x)-O n (x)\ - 0 («-<») (10) 

X 

Proof Let co(b) be the modulus of continuity of the function /; g>( 5) is a 
continuous function of 5 (see § 7.10, Example 2). Therefore, by virtue of (9) 
and properties (i), (ii) and (iii), we have 

n n 

k.(*)-/(*)l ^ J F n (t)<o(\t\)dt = ^f F„{t)(o{\t\) dt = 

—n 0 

d n 

= 4 / F„(0o(U|)*+4/ F„(t)a>(\t\)dt* 

0 d 

n 

■*co(S)+K±f F„(t)dt < y+|- (n > no, K^m(t)) (11) 

a 

• s 

where first 3 is chosen so small that o>(3) < -tt and then n 0 is taken so large 
that the second summand in the fifth member of (11) becomes less than -j 
for n >• »o. 

Later on we shall prove some other properties of Fej6r’s sums (Theorems 
2 and 5 in§ 15.11) for the general case of an arbitrary dimension n which are 
important for the theory of Fourier’s series. 

We already know that it may happen that the arithmetic means of the 
partial sums of a number series converge to a limit while the series itself is 
divergent. That very situation takes place in the case of the Fourier series of 
an arbitrary continuous function. There exist continuous functions whose 
Fourier series are divergent on any preassigned countable set, for instance, 
on the set of all rational numbers. But, as has been shown, this does not pre¬ 
vent the arithmetic means of the partial Fourier sums of any continuous 
function /from converging (even uniformly!) to /. 

Note that, in particular, Fejlr’s theorem implies the completeness of the 
system of trigonometric functions 

1, cosx, sinx, ... (12) 

in the space C*. For, if / 6 C* and e =- 0 is an arbitrary number then there is 
n such that there holds inequality (11) where <r„(x) is a trigonometric poly¬ 
nomial, that is a finite linear combination of functions belonging to system 
( 12 ). 
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§ 15.11. Elements, of the Theory of Fourier Series 
for Functions of Several Variables 


The functions 


1 


(2»)"'* 


■«**. k = (fci, k„); kx-^kjxj 


(kj = 0, ±1, ±2, ...;j= 0, ..., n) 


( 1 ) 


are periodic with period 2 n with respect to each variable xj. 

They are orthonormal on the n-dimensional cube (“n-dimensional pe¬ 
riod”) 

= { ^ Xj j “ 1 , h } ^ ( 2 ) 

(and also on any other cube with edges of length ht parallel to the coordinate 
axes) because 


1 


l 


f 1 pikx _i e~ tIx dx — 

I /A \mI« C /A _ C MA 


(2^* Onyi* 




n n (0 

= jdx i... J dx n = lj 

. -» -n 


for k 9 * l 
for Ifc = / 


For, if k 7 * 1 , then there is j for which kj—lj f* 0, and hence we obtain 

n 

J e‘ ik i-'i )dx i dxj = 0 


—71 


if k = /, the integrands of all the integrals entering into the product are 
equal to unity. It is clear that system (1) is countable. 

We shall deal with the following classes of (complex or real) functions 
with period 2 n (with respect to each variable xj) defined in R n . 

The class C* consists of the continuous functions and is equipped with the 
norm 

||/||c* = max |/(x)| 

X 

The class L* consists of the functions (Lebesgue) integrable on the period 
the norm being defined as 

ll/IU* = / l/(*)l dx 

•4. 

The class L\ consists of the functions which are Lebesgue measurable and 
have (Lebesgue) integrable squares of their moduli. The corresponding norm 
is 

\f(x)Pdx\ W 



1 5-—3737 
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The Fourier series of a function f £ L* in complex form is written as 

/(*) ~ '£c k e lkx (3) 

where 

Ck = Wr S f(t) e ~‘ b * (4 > 

J* 

and the sum extends over all the possible integral vectors (i.e. having integral 
components) k = (k% 9 ... 9 k„) (kj = 0, ± 1, ±2, ... \j = 1, .. n). 

The numbers cm are called the Fourier coefficients of f The Mh Fourier 
sum is written in the form 


Sv(*) = £ c ^ kx = lhfr{ I e-w-»m dt = 

\k,\*N V f 4 \k}\ 

= fk? f I e ~^-^... Y dt = 

1 J, \ki\** 






where 


i N 

D N (u) - y + £ COS fcu 


is Dirichlet’s sum (of order N). 

The multi-dimensional analogue of Fej6r’s Mh sum has the form 


*»(*) = 7*r / ^N(t-x)f(t) dt - j <M«)/(*+“) da 

A . A . 


where 


0ai(«) = £w(0 = 


. W+1A2 
sin—-— t 


. t 
sm T 


Let 


= {l«/l « e; y = 1, ...,«} 

Then for the function @n(u) (&n{u) »• 0) we have 

/ <M«) du -1; j 0*(«) <ii = 1 


and 


i | 0 at(«) du - Q (Af — co) 




( 5 ) 


( 6 ) 


( 7 ) 


( 8 ) 


( 9 ) 
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For the planes in which the faces of 4, lie divide 4,—4« into a finite number 
of rectangles (i.e. rectangular parallelepipeds with edges parallel to the. co¬ 
ordinate axes) on each of which at least one coordinate u Jo satisfies the in¬ 
equality |ty 0 | a» e. Therefore if the integral with element of integration O^du 
is written as the product of the integrals with elements of integration 
F„(uj) duj , one of the factors (corresponding to j = jo) tends to zero as N — °° 
while the other factors (which are positive) do not exceed 1 (see § 15.10, 
properties (i)-(iii) of the kernel Fjv). 

Let us prove the following theorem generalizing Theorem 1, § 15.10 to 
the n-dimensional case. 

Theorem 1. The Nth Fejir sum a N of a function f £C* satisfies the condition 

ll/-<r»lic* - 0 (N — <x>) 

Proof. Taking into account (7H9) and denoting by co(b) the modulus of 
continuity of/ we can write 

|ffw(*)-/( JC )l = -jrj J <M«) [/(*+«) -/(*)] du f <M«) co(|h|) <& -s 

M* 4, 

( <o(2S\fn) j0 n(u) du+ -J- J 0 N (u) 

\ 4a 4 # -4a / 

«S a>(2b]fn )+-^- J $>n(u) du -= e 

4*-4a 

(N > No, K = max KOI) 

Here we first choose b so that a>(23|/» ) -= 4- (2Sfn is the diameter of 
As) and then take a sufficiently large JVo so that the second summand in the 

g 

fifth member of these relations becomes less than y • 

Theorem 2. The Nth Fejir sum Ojtofa function f € L* satisfies the condition 

\\f-o N \\is = J |/(*)-o*(*)l dx~ 0 (i\r-~) 

4. 

Indeed, we have (see the explanations below) 

ll/-ew|U* -s-^r jdx j0n(.«)[f(x+u)-f(x)]du *=s 

a. a, 

/ ^(«) du j\f(x+u)-f(x)\ dx = 

a* a. 

= i / 4>n(«)m du — 0, N-~~> (10) 

a. 


15* 
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where 

M.«)= f l/(*+«)-/(*)l dx 

A. 

Is a continuous (see below) periodic function with period 2 n (with respect to 
each scalar argument) which is equal to zero for u = 0. According to Theorem 
1, the last integral in (10) involving this function tends to zero as n -*- <» for 
this integral is nothing but the value of the Mh Fejlr sum of the function 
A(k) at the point« = 0. 

In the second relation (10) we have changed the order of integration, 
which is legitimate because in the theory of the Lebesgue integral it is proved 
that, for any nonnegative measurable function, the integrations with respect 
to different variables can be interchanged without altering the result (see 
Fubini’s theorem in § 19.3, property 19). 

The continuity of A(«) is established as follows: 

|A(h)-A(b 0 )| «s j |/(jc+h)-/(jc+«°)| dx — 0 (» - *°) 

The last property (the convergence to zero) follows from Theorem 6, § 14.4, 
in which we should assume that / = 0 outside a finite cube with sufficiently 
large dimensions containing the cube (with the same centre). 

Theorem 3. System of functions (1) is complete in C* (and, consequently, in 
L* and Z£ as well; see§ 14.9). 

The assertion of this theorem follows from Theorem 1 if we take into ac¬ 
count that, for any N, Fejfr’s sum On(x) is an expression of the form 

£ a* e<** = T n (x) (11) 

where a* are some numbers, that is as is a finite linear combination of func¬ 
tions belonging to system (1) (in other words,avis a trigonometric polyno¬ 
mial of order N). Indeed, the one-dimensional Fej6r kernel can be written 
in the form (see § 15.10 (6)) 

fM*> = T+| 1 ! W icos k * = T (<“*+«-“■)] 

4 

n 

whence it is seen that the kernel &n(t—x) = FT iv(fy—x>) is a trigonometric 

M 

polynomial in x of order N with vector parameter t. The multiplication of 
0 fi(t—x) by /(<) and the integration of that product with respect to the 
parameter t £ (see (6)) lead to a trigonometric polynomial inx of order N. 

Theorem 4. Fourier series (3) of a function f £ L%is convergent in the mean 
square to f (i.e. in the sense of L? — La(<d J). 

This follows from the completeness in of the system of functions (1) 


if 
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orthonormal on A m and from Theorem 1, § 14.6 proved in the general theory 
of series with respect to orthogonal systems. 

Any series of the form 

( 12 ) 

(where c* are numbers) extending over all the possible integral vectors k is 
called a trigonometric series (in complex form). 


Theorem 5. If series (12) is the Fourier series of a function f belonging to L*, 
thisfunction is determined uniquely to within its values on a set of measure zero . 
Indeed, let (12) be the Fourier series of a function / 6 L*. Then 


** = (5F 

a* 


This formula uniquely specifies, for any N 9 Fej6r’s sum o N (f 9 x ) of the function 
/ in question because the kernel &n(u) of this sum is a definite linear combi¬ 
nation of the functions e~ iku ( \kj\ JV). By Theorem 2, the sum o N (x) 
tends to f(x) as N -► «> in the sense of the convergence in the space L(AJ. 
This obviously determines the function / uniquely to within its values as¬ 
sumed on a set of measure zero. 

At the end of § 1S.S we already mentioned Kolmogorov’s theorem assert¬ 
ing the existence of a function fo € L* dependent on one variable whose 
Fourier series is divergent throughout the realaxis. Hence, from the point of 
view of the pointwise convergence the Fourier series of the function fo has 
nothing in common with fo and does not represent it in this sense. But this 
does not mean that there is no connection at all between fo or, generally, 
between a function / 6 L* and its Fourier series. On the contrary, they are 
closely related but in the sense different from that of the pointwise con¬ 
vergence. Indeed, as has been shown, the Fej6r sum o N of order N of any 
function / £L* which is closely connected with the Fourier series of f possesses 
the property that (Theorem 2) it converges to / with respect to the metric of 
L*. Theorem 5 also establishes a relationship between the functions / € L* 
and their Fourier series; according to this theorem any two different (not 
coinciding almost everywhere) functions belonging to L* possess different 
Fourier’s series. As will be seen later (§ 16.11), it is this property that provides 
a foundation for the generalization of the notion of functions/ £ L* to more 
general objects (the so-called periodic generalized functions). 

Formula (5) for the Nth sum of the Fourier series of f(x) can also be written 
in the form 


S n(x) = -^r J n (t + cos • • • +costf(//-x y ))/(0 dt = 

A, 



N 

. . COS k^ti — Xi) ... cos k„(t n —x„)f(t) dt 

k »=0 



where the prime indicates that the functions cos kfa—xi) with kj = 0 
(j = 1, ..., n) under the summation sign should be replaced by 1/2. 
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Expression (13) admits of some further useful modifications; we shall limit 
ourselves to presenting them for the two-dimensional case (n = 2). For 
n > 2 they are quite analogous. 

On putting 


n n 


a k i = J J cos ku cos Iv f(u 9 v)du dv 


—31 —71 


n 3X 


bkl = l? J J sin ku sin Iv f(u 9 v) du dv 


—n —n 


n n 


(14) 


c kl = J J cos ku sin Iv f(u 9 v) du dv 


—3% —31 


n 3t 


d k i = ^p J J sin ku cos Iv f(u 9 v) du dv 


—n —n 


and 


we obtain 


A k i = a k i cos kx cos ly+b k j sin kx sin ly+ 
+c k i cos kx sin ly+d k i sin kx cos ly 


(15) 


n 3t 


N N 


Ssix, y) = -^ j j £' £' COS k(u-x) cos l(y-y)f(u, v)dudv = 


*-0 1=0 


N N 

= I E' 4*x, y) 
0 0 


(16) 


where the prime in the second sum indicates that Aoo, Ako and Aoi (k, 1^0) 
must be in fact replaced by and — respectively, and the same con¬ 

vention applies to the first sum. Thus, 

l N 

S N (x, y) = Z("*° 008 kx+du o sin kx)+ 

+4-Z (^ 008 (?+*« sin (p)+Z Z Ak >( x ’ y ) ( 16 0 

i it 

Fourier series (3) of the function / with respect to system (1) can be trans¬ 
formed formally into the series 

oo 

f(x 9 y) ~ (a k o cos fcx:-f<4o sin kx)+ 


008 Iy+ c oi sin (y) +£ J] A kt (x 9 y) (17) 


1 1 


* k T:} ' '* ,fl %t"' -<.V 
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It should be noted that series (17) can also be derived in a direct manner. 
The matter is that the trigonometric functions 

cos kx cos ly, sin kx sin ly, cos kx sin ly, sin kx cos ly (18) 

(k, 1 = 0 , +1, +2, ...) 

form, as can readily be shown, an orthogonal system on the rectangle 
j' = f—j[ s x, y <4 The expansion of / into the Fourier series with 
respect to this system exactly results in series (17). 

Thus, series (17) in which the numbers a M , bu, c k i and da are computed by 
formulas (14) is the Fourier series of / with respect to system (18), and num¬ 
bers (14) are the Fourier coefficients of f relative to system (18). 

It follows that 

Aki — dki cos kx cos ly+bki sin fcx sin ly+ 

+Cki cos kx sin ly+da sin kx cos ly — 

= Cktd ( ^ kx+,y l+c%, -i eW*~W+ ctk,i^ i ~ kx+,y) +c-k, -ie~ t ^ kx+,y > 


where (in distinction to the foregoing formulas) tit denotes the correspond¬ 
ing complex Fourier coefficient (in order to distinguish between such a 
coefficient and cu in (14)). 

We also note that system (18) is complete in C* (and, consequently, in L * 
and 14 as well), which follows from the completeness of system (1) and from 
the fact that the functions forming system (1) are finite linear combinations 
of functions belonging to system (18). 

Finally, we also mention that iff € L* is a real function, its Fourier coeffi¬ 
cients aw, bu, ci u and da are real while, generally speaking, the coefficients 
tii are complex but satisfy the condition that and ca are mutually 
complex conjugate: cl*,-; = c*,;. 

Now we return to the general R-dimensional case using the former notation. 

If a function / € C* possesses the partial derivative £ C*, the expression 

of its any Fourier coefficient c* with k„ 0 admits of integration by parts 
(see § 15.7): 

2 n 2n m —1 2 n 

<*(/) = -^r J ... J ? ** dh... dt„.tj e-‘>v»f(tu ..., tn ) dt„ = 

0 0 0 


2a 


2 a 


(InY 


/..j 


e 1 


dt\ ... dtj, i—i 



X 



Generally, if X = (Ai,..., A„) is a given nonnegative integral vector (i.e. 
Aj are nonnegative integers; j = 1, ..., n) and/ t * ) € C* for every nonnega- 
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tive integral vector s<A (i.e. sj^Xy, j = 1, ...,»), the integration by 
parts performed die corresponding number of times yields 

(|A|=|a,, ** = #...#) (19) 

where we should put Xj = 0 and k$> = 0° = 1 when k s = 0. As to the num¬ 
bers cAf»), they are the Fourier efficients ooef the derivative /&>. 

Formula (19) does in fact hold in the more general case when the function 
/ € L* has the (Sobolev) generalized derivatives (see§ 19.5) /*> € L* {k } «s X j). 

Theorem 6 . Let A = (A, ..., X) be a vector with positive integral components 
X equal to each other and let a function f(x) =/(*i, .. x n ) belong to C* 
together with its partial derivatives /*** of order A A (kj A). Also, let the 
inequalities 

•( 2 ^yr / l/®(*)l 2 dx«sM* (20) 

hold for any vector l = (/i, ../„) whose components lj are equal to 0 or to 

A 0. 

Then the deviation of the Nth Fourier sum S N (x) of the function f (jc )from 
f(x) satisfies the inequality 

\f(x)-S N (x)\-*-^ 

where the constant C depends solely on X and is independent of M and N. 

Proof. The remainder of the Fourier series of f corresponding to the partial 
sumSWis ' 

qnix) = £ Clc e** (21) 

max | | >*N 

Let us choose a natural number m satisfying the inequalities 0 < m < n 
and consider the set Q m of the integral vectors k — (ki, .. k„) whose 
coordinates satisfy the relations 

\k } \ = 0 (J= 1, ...,/nifm =»-0) 

|£«+i| >-N,\kj\s»l (j= m+2, ...,ni£m -=n-l) 

The same symbol £2 m will also be used for denoting any set of vectors k 
which can be transformed into the above-described set by the corresponding 
permutation of the indices j. To each given m there obviously corresponds a 
finite system of such sets Q m \ the set of all k’s over which sum (21) extends is 

(A. max \k 4 \ £ ££* (23) 

m=0 

where the second sum extends, for every m, over all the different sets Q m . 

Let us estimate the sum of the moduli of only those terms of series (21) 
which correspond to the vectors k belonging to some Q m . For definiteness. 
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let us assume that Q m is described as in (22). For the other*sets of the type of 
Q„ the calculations are quite analogous and lead to the same estimates. 
We have 


£ 1*1 - I 


1 / 0(*-«>Ay* \ 

*i+i • • • *i c * \9*i+i • • • 0*2/ ^ 






l 


i 

*€Q« 
1 


“( 


*“+* *-+!=! **+* 



(see (19) and (20)). Consequently 

le*(*)l 


CM 

W-W 


(24) 

(25) 


where C is a constant independent of M and N. 

It follows from (25) that the Fourier series of/is uniformly convergent; 
as is known, it is also convergent to/in the mean square. Therefore it con¬ 
verges uniformly to that very function/(«)(seethe lemma below), and,con- 
sequently 

la**) I = l/(*)-sW*)l 

which is what we set out to prove. 

Lemma 1. If a series of the form 

uifx) + Ui(x) + tafx) + ... 

consisting of functions Uj(x) (J = 0, 1,2, ...) continuous in a domain Q is 
convergent in the mean square to a continuous function S(x) and, at the same 
time, converges uniformly on Q to a function o(x), then S(x) = o(x) on Q. 
Proof. Let Sn(x) be the sum of the first N terms of the series and let 

x N = max |<t(jc)— Sn(x) | 

x(V 

where V c 12 is an arbitrary ball. By the hypothesis, x N -*• 0J(§I11.7). There¬ 
fore 


U 


|5(jc)— a(x)| 2 dx 


) 


1/2 


13t*)-aw*)P + (J mx)-o(x)\*dxj* ^ 

•* I-SW-SnC*)! 2 +MnY\V\ - 0 (iV-oo) 
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Consequently, the leftmost member of these relations is equal to zero, and, 
since the functions S(x) and cr(x) are continuous, they are indentically equal 
to each other. 

Theorem 6 has been proved. It does in fact hold (and the proof remains 
the same) under the more general assumption that the partial derivatives in 
(20) are understood as generalized ones in Sobolev’s sense. 

Now, for an arbitrary 77 >■ 0, we form the set K n (a “cross-shaped” region) 
which is the union of the n sets {|»/| -= y) (J — 1» • • •» R ) and proceed to 
the following theorem. 

Theorem 7. For my Junction f € L’* (or f € L*) and m arbitrary 77 > 0, 
the equality 

•w** 

S N (x)-f(x) = f ft !/(*+«)-/(*)] *+o0) (N - ~) (26) 

V " 1 

holds uniformly on any set Q of points x on which f is bounded. 

Proof. We shall confine ourselves to the two-dimensional case. We have 
the relation 

n n 

J J D n (u)Dn(v) [f(x+u, y+ v)-f(x, y)] dudv = 
v n 


— J J sin (-N-hy) ug(u) sin (^+y) 


X[f(x+u, y+ v)—f(x, y)] dudv — 0 (N — ~) (27) 


which holds uniformly on the domain Q where/is bounded. Here 



for 77 


u •< n 


outside [ 77 , jc) 


Property (27) follows from a simple lemma generalizing Lemma 2 of § 15.4 
to the two-dimensional case. 

A property analogous to (27) obviously also holds for the integral on the 
left-hand side of (27) when its domain of integration is replaced by a domain 
symmetric to the former with respect to any of the coordinate axes and with 
respect to the origin. 


Remark. A thorough investigation shows that in the general case the cross- 
shaped region K n in formula (26) cannot be replaced by the cube A v = {\uf < 

— 1. n}; here lies an essential distinction between the Fourier 

series for functions of many variables and those for functions of one variable 
(cf.§ 15.3 (8); see also § 16.8 (17)). 
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§ 15.12. Algebraic Polynomials. Chebyshev’s Polynomials 

To establish a relationship between algebraic and trigonometric polyno¬ 
mials (more precisely, even trigonometric polynomials) let us resort to the 
equality 

cos nd+i sin nd = (cos Q+i sin dy = 

— (cos 0 )"+/Ci(cos 0)" -1 sinx+i 2 CS(cos 0 )" - 2 sin 2 0+ ... 

The terms on the right-hand side involving even powers of sin 0 are real 
while those with odd powers of sin 0 are imaginary. Besides, (sin Sf m = (1 — 
—cos 2 0y*(m = 1,2,...). It follows that for any natural n we have 

cos nd = Q n (cos 0) 

where Qn(x) = cos ware cos x = a$ ,) +aj ,) x+ ... +a^bc" is an algebraic 
polynomial of degree n with real coefficients. It is called Chebyshev’s polyno¬ 
mial of degree n. 

Obviously, 

CM*) = 1 

Qi(x) = cos arc cos x = x 

Q^x) = 2 (cos arc cos xf— 1 = 2 X 2 — 1 


It follows that every even trigonometric polynomial 

T„(0) = ^r+£«* cos kd 

is transformed with the aid of the substitution 0 = arc cos x (or x = cos 0 ) 
ipto the corresponding algebraic polynomial of degree n (this substitution 
specifies a homeomorphic, that is continuous and one-to-one, mapping of 
the closed interval 0 =5 0 jr on the closed interval — 1 x «s 1): 

Oa n 

P„(x) = r«(arc cos x) = -=•+£ a* cos k arc cos x 

z i 

It is important that, conversely, the substitution x = cos 0 (0 <« 0 « tc, 
— 1 < x < 1 ) transforms an arbitrary algebraic polynomial 

P„(x) = ap+flix+ ... 

of degree n into the corresponding even trigonometric polynomial 

r„(0) = P„(cos 0) = -y+J] a* cos kd 

(see § 8.11 ( 8 )) where the numbers a* (k = 0,1. n) depend on P„. 
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§ 15.13. Weierstrass’ Theorem 

Theorem 1 (Weierstrass). The system of functions 

1, x 9 x 2 9 ... (1) 

is complete in the space C(a 9 b) of continuous functions . In other words 9 for any 
function f(x) continuous on [a 9 b] and any e > 0 there is an algebraic poly¬ 
nomial P n (x) such that 

\f(x)-P n (x)\ < e for all x 6 [a± b] (2) 

We shall first carry out the proof for the interval [— 1, +1]. Let f(x) be a 
continuous function defined on [—1, +1]. Then /(cos t) is a continuous 
function on the interval [0, n] 9 and, since the system of the functions 

1, cos t 9 cos 2/, ... 

is complete in C(0, n) (see Theorem 3, § 15.5), given any e > 0, there is a 
trigonometric polynomial T„(t) such that |/(cos t)—T„(t) | < e. 

The trigonometric polynomial T n (t) can be written in the form T n (t) = 
= jP„(cos t) where P n is an algebraic polynomial of degree n. Hence, 

|/(cos f)—P„( cos t)| < e (O^t^n) 

and therefore 

\f(x)-P n (x)\ < e (-l^x^l) 

which proves the theorem for the closed interval [— 1, +1]. 

In the general case when we are given a continuous function f(x) defined 
on a closed interval [a 9 b] we can make the substitution 

x = a+^^(z+ 1) 

which specifies a linear one-to-one mapping of the interval [—1, +1] of 
variation of z on the interval [a 9 b] of variation of x. Then the function fix) 
goes into the function 

F(z) =/(a+^(z+l)) 

which is continuous on [—1, +1]; by what has already been proved, for the 
latter function there is a polynomial P n {z) such that 

\F{z)—P„{z)\ < e 9 z € [-1, +1] 


>sr 


> 

I s 



>ju 


-i 




o". 


a' 


The inverse transformation leads to the inequality 

|/(x)-i?„(x)| < 6, x € [a, b] 


where jR„(x) — !*» ( —l) is obviously a polynomial. 

The theorem has been proved. | 

It should be stressed that the degree n of the polynomial P„(x) (for which | 
inequality (2) holds with a given e) depends on s. Generally speaking, when f 
e 0, the degree n tends to infinity. | 
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§ 15.14. Legendre’s Polynomials 
Let ns take the functions 

Ux) = 1, L n (x) = (»= 1,2,...) (1) 

We shall consider them on the closed interval [— 1, -f1]. For each / = 0,1, 
2, ..., the function L^x) is obviously a polynomial exactly of degree /. On 
diff erentiating the expression (x 2 — 1)* = (x— l)"(x+l)" according to Leib¬ 
niz’ rule we obtain 

= »!(x+l)*+ ... 


where the terms denoted by the dots contain the factor x— 1. Therefore 
Li( 1) =* 1 (/ = 0, 1, ...). Patting m < n and integrating by parts we re¬ 
ceive 


+i +i 

2 n n\ J Ir*(x)x m dx = J x m dx = 

-l -l 




+i 


+i 

1 f _m-l iy . 

. r m J ** dx = 

-1 


= -m J X” 1 — dx = ••• =° 


-1 


The first summand in the third member is equal to zero because +1 and 
—1 are the roots of multiplicity n of (x 2 — 1)” and, consequently, the deri- 

vative -v— (x 2 — 1)” (m = 0,1, ..., n—1) vanishes at thepoints ±1. To the 

last of the integrals written explicitly in the above relations which contains 
x'" -1 (instead of the original power x 1 ") we again apply integration by parts, 
which again reduces the power of x by unity, etc. The continuation of this 
process brings the power of x involved to zero. 

The equality we have obtained shows that system (1) is orthogonal on 

[- 1 , + 1 ]. 

Let us evaluate the integral of the square of L^x) over the interval [—1, +1]. 
To this end we put «„(x) = (x 2 — 1)*. Then 

+1 +1 
J dn\x) i$K x ) d* = — j w£*“ 1) (x)i4? +1) (x) dx = 

-i -i 

+i +i 

= J U<r~ 2 \x)l$ +2 \x)dx = . . . = (—l) 1 * J Unl/^ dx = 

-1 -1 
+1 

==(2n)jJ (1— xYtl+xy dx 
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But we have 


T* T* 

f {l-x'r(\+xYdx = -£ l j (l-x)"- 1 (l+x)" +1 <fc= ... 


(«+!)(«+2) ... 


XaJ 0+*)**- 


(nlf 

(2nj>! (2«+l) 


2*n+i 


and therefore J L%pc) dx — * Consequently the normalized polyno¬ 


mials are of the form 


(-> = 0 ,!,...) ( 2 ) 

On the other hand, if we apply the orthogonalization process developed in 
§ 14.7 to the system 1, x, x 2 ,... on the interval [— 1, +1] we shall obtain the 
complete orthonormal system P<Jx), Pi(x), P^x), ... on [— 1, +1]. 

At the nth stage of this process (n = 0,1,2,...) the polynomial P n (x) of 
degree n is uniquely determined to within its sign by imposing the conditions 

that, in the first place, it is normalized ^i.e.J F%dx = lj and, in the second 

place, it is orthogonal to Po, Pu • • .,Pn-i. But, as is readily seen, the poly¬ 
nomial <p n (x) possesses all the indicated properties, and therefore it is identi¬ 
cally equal to one of the polynomials +P„ or — P„ depending on which of 
them has a positive coefficient in x" because <Pn(x) possesses this property. 

The system Po, Pi, ... being complete in C(— 1, +1), we have thus proved 
that the system of functions 

7>o» <Pu <P 2 • • • (3> 

is not only orthonormal on [—1, +1] but also complete in C(— 1, +1) 
(and, moreover, in £*(— 1, +1)). 

The functions <p n (jc) are called Legendre's polynomials (orthonormal on the 
closed interval [— 1, +1]). The functions L„(x) are also called Legendre's 
polynomials (uniquely determined by the conditions L„(l) = 1; n = 0,1,...). 

It follows that to Legendre’s polynomials applies the general theory of 
orthogonal systems of functions. In particular, any Junction fix) € 
6L 2 (—1, +1) can be expanded into the Fourier series 


fix) = £ ( f><PkJ<Pk(x ) 

o 

with respect to Legendre's polynomials q>k which is convergent to Jin the mean 
square on the interval [— 1, +1]. 

Series with respect to Legendre’s polynomials can be tested for the ordi¬ 
nary or uniform convergence by analogy with the theory of trigonometric 
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Fourier series whose theory was presented here. For instance, if it is known 
that a function / possesses a continuous derivative of the second order on the 
closed interval [—1, +1], its Fourier series with respect to the system of 
Legendre’s polynomials is uniformly convergent to that function on the 
interval. As in the theory of trigonometric Fourier series, the estimates for 
the remainder of the Fourier series of / with respect to Legendre’s polyno¬ 
mials depend on the differentiability properties of /. Generally speaking, the 
smo other the function, the higher die speed of convergence of the series. It 
should also be mentioned that, as a rule, a series in Legendre’s polynomials 
converges faster stricdy inside the interval [—1, +1] and slower at its end 
points. 

















CHAPTER 16 


Fourier Integral. 
Generalized Functions 


§ 16.1. Notion of Fourier Integral 

In the foregoing chapter we dealt with periodic functions of period 2ji be¬ 
longing to the class U* (or, generally, to L*). For each such function there 
exists its Fourier series 


where 


and 


f(x) = (flu cos lcx+bk sin kx) — £ 

l 

0) 

n 

a k = -^ J /(/) cos kt dt 

—n 

(k = 0,1,...) 

(2) 

n 

bk = — J f(t) sin kt dt 

—n 

(k = 1, 2,.. .) 

(3) 

<*= -k //«>•“* 

0 

(k = 0, ±1, ±2, ...) 

(4) 

a *r~*b k ^ _ a k +ib k 

9 t'—k — -) 

(k = 0,1, 2, ...; ho = 0) 



In this chapter we shall be concerned with functions nonperiodic in the 
general case, which are defined throughout the real axis and belong to the 
class L' = L'(— °°) or to the more general class L = L(— ») of 

Lebesgue integrable functions. 

Every function / £ L' is absolutely integrable in Riemann’s improper 
sense (see§ 14.2^on (— OO 9 oo ) while every function f £ Lis absolutely inte¬ 
grable in Lebesgue’s sense over the real axis. All the results that will be 
established for / € U also apply to / € L but in the latter case their justifi¬ 
cation involves the notion of the Lebesgue integral. 
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For a function / £ L' the following integrals make sense for any real s: 


= J f{t) cos st dt 

— OO 

(5) 

oo 

b(s) = ^ / fit) sin st dt 

(6) 

— OO 

and 

eo 


c(s) = -^ jfit)e~ ht dt 

(7) 

— OO 

These integrals exist because 

|/(t)cos st\ «= |/(0I € L' 

(8) 


for the integrand in integral (5), and similar estimates hold for (6) and (7). 

It can readily be shown that the functions a(s) 9 b(s ) and c(s) are continuous. 
Indeed, if/has a finite number of points of discontinuity, this follows from 
the uniform convergence of integrals (5), (6) and (7) because the integrand 
functions in these integrals are continuous with respect to (s 9 t) except at the 
points t where f is discontinuous. For the general proof of the continuity 
see Lemma 1 in § 16.2. 

The functions a(s) 9 b(s ) and c(s) are respectively analogues of the Fourier 
coefficients a k9 b k and c k of a periodic function; the latter are cfcfined for 
discrete values of k while the functions a(s) 9 b(s) and c(s) depend on the con¬ 
tinuously varying argument s. 

The functions a(s) 9 b(s ) and c(s) possess the properties 

a(s) 0, b(s) -*■ 0 and c(s) 0 (s -+ ©©) 

analogous to the corresponding properties of the Fourier coefficients (see 
Lemma 1, § 1S.4). 

It would be natural to call the functions a(s) 9 b(s ) and c(s) Fourier’s cosine 
transform, Fourier’s sine transform and Fourier’s (complex) transform of 
the function f respectively; however, for the sake of symmetry, these names 
are used for the integrals differing from (S), (6) and (7) in some constant co¬ 
efficients. 

As an analogue of the term of a Fourier series it is natural to consider the 
function 

oo 

a(y) cos sx+b(s) sin sx = ^ j f(t) cos s(t—x) dt = 

— oo 
oo 

= ln ! /(0 dt = c( J )e<« +c (_ i y) e -a JC 

— co 

dependent on x and on the parameter s. For a real function /(/) we have 
c(—s) as c(j). 


> 6—3737 
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The expression 

N 

Sn(x) = j ( a(s ) cos sx+b(s) sin sx) ds = 
o 

N OO 

= ~J dy J f{t) cos s(t—x) dt = 

0 — OO 

oo AT 

= ¥ //CO*/ cos= 

— oo 0 

= ¥ J /« ii£ ^ * - i f /(*+<>^ * - 

— OO —oo 

= ¥ //(x+O^*+ 0 (l) (JV -* =o, jj >• 0) (9) 

—n 

is an analogue of the Mh Fourier sum; the summand <?(1) on the right-hand 
side of (9) uniformly tends to zero with respect to all x belonging to any 
interval [a 9 b\. As will be shown, under some general assumptions, expression 
(9) approximates the given function / in the sense that 

+ oo 

f(x) = lim Sn(x)= lim f f(x+t) sm Nt dt 

N-*°° N->oo J 1 

— OO 

The latter relation is known as Fourier's single-integral formula. We shall 
call the expression Sn(x) (determined by formula (9)) Fourier’s single inte- 
gral. 

Since the integrand in the first integral (9) is continuous in s, this integral 
exists. In the second equality (9) we have changed the order of integration. 
By Theorem 2, § 13.14, this is legitimate when/has a finite number of dis¬ 
continuities because in this case the integral 

oo 

J fit) cos s(t—x) dt 

— oo 

is uniformly convergent with respect to s 6 [0, N] and the integrand is con¬ 
tinuous in (/, s) except at a finite number of the points t. For a more general 
function / this is justified by the lemma which will be proved in § 16.2. 
Finally, the number 17 > 0 in the last integral (9) can be chosen quite arbitra¬ 
rily for if, for instance, some 17 =► 0 has been chosen, we can write 

00 / 

/ f(x+t) sm ( Nt dt = J/(x+/)y sin Ntdt+Xn(x) 


( 10 ) 
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provided that / > r} is taken so large that 

oo 

<7 j l/(*+OI*-= 

i 

oo 

T j \m\du < 6 (11) 

H-a 

for x ranging over [a, b\. Then the integral on the right-hand side of (10) also 
becomes less than e for N >■ No provided that No is sufficiently large (see 
Lemma 2, § 15.4 where we should put g(t) = —■ for t g [j?, /] and git) = 0 out¬ 
side [»?, /]j. 

Thus, die integral on the left-hand side of (10) becomes less than £ in its 
absolute value for all x € [#, b] when N =» No and therefore it tends to zero 
as N -+ oo uniformly on [a, b\. 

The function SV00 can also be written in the complex form 

N N 

Sn(x) = j (c(s)^ sx +c(—s)e~ u *) ds = f c(s)e ,,x ds = 

0 —If 

f 

N 

e isx ds -L 
fbi 

§ 16.2. Lemma on Change of Order of Integration 

Lemma 1. Let f and q> be functions belonging to 1 /( 0 , =») (or to HO, oo)) and 
let A (s 9 1) (0 s 9 t < oo) be a bounded continuous function (| A(,s, t)| X). 

Then the integral 



f /(!)€-'" dt ( 12 ) 


|Aw(*)l = 


OP 

J /(x+f)-j-sin JVtrf/ 


y(s) = J A(s, 0/(0 dt (1) 

o 

is a bounded continuous function of s, and the equality 

eo oo oo oo 

J <p(s) ds j A(s, 0/(0 dt = J f{t) dt J A(s, 0 <p(0 <& (2) 

0 0 0 0 

holds . 

Proo/. For an arbitrary e >0 we can take finite continuous functions /i 
and (pi such that 

eo eo 

J l/( 0 -/i( 0 l dt < i and J l 9 < 0 - 9 »i( 0 l dt -= 

o o 


16 * 
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Then 


N 

i4s) = J A(s, f)/i(0 dt+7](s) (3) 

0 


where N is chosen so large that the closed interval [0, N] contains the support 
of fx and 


IHOl = 


/ [/(0-/i(01 Us, 0 dt 



l/(0-/i(')l * < « 



Since the integral on the right-hand side of (3) is a continuous and bounded 
function of s> Lemma 1, § 13.14 implies that the function fi(s) is continuous 
and also bounded (IMS')! NK max| fi(f) |+e). Consequently, the outer 
integral on the left-hand side of (2) (taken with respect to s) makes sense. 
The existence of the integral on the right-hand side of (2) is proved in like 
manner. 

Now we can write (see the explanations below) 

00 eo N N 

j <p(s) ds j X(s, dt = j <p(s ) is J X(s, t)f(t) dt+o(l) = 

0 0 0 0 

N N 

= J fif) dt j (p(s) X(s 9 1 ) ds+o( 1 ) = 

0 0 


= J f{t) dt J (p(s) X(s 9 1 ) dt (AT - 00) 

0 0 

The first of the above equalities follows from the estimation of the integral 

00 N 

j q>(s)dsj Us, t)f(t)dt: 

N 0 


00 


N N 


J J + J / + J HO * / fit)Us, 0 

AT 0 ON N N 




I HOI ds j |/( 0 I if) = o(l) 


N 



The last equality is justified in a similar way. It should be taken into 
account that the integral in the third member in the equalities differs from 
the rightmost integral by o(l) (AT -»* and therefore tends to the latter as 

AT-oo. 
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Remark 1. Lemma 1 also applies to the case when the scalar variables s 
and t are replaced by vector variables s = (s l9 .. s m ) and t = (t l9 ..., t n ) 
(0 ^ Sj 9 tk < 00 )• 

Remark 2. Equality (2) also follows from Fubini’s theorem proved in the 
theory of the Lebesgue integral (see §§ 19.3 and 19.4, property 19). 

§ 16.3. Convergence of Fourier’s Single Integral 

An important property of Fourier’s single integral of a function/is that, 
under some rather general assumptions, it converges to the latter as N -► «>, 
that is 


/(*) = lim S N {x) = lim f f{t+x)^P~dt (1) 

N-+~ N-* o. n J 1 

This property is implied by the following important lemma establishing a 
close relationship between Fourier’s integrals and series. 

Lemma 1. Let two functions f € L' = L\— °°)or f € Land f % € L'* or 

f t £ If (this means that f t is periodic with period 2a) coincide on a closed 
interval [a, b ] (i.e.f(x) = f t (x)for *g[a, bn. 

Thenffor any x € C a, b), there holds the relation 

lim [Sjvto-S&Oc)] = 0 (2) 

which is uniform with respect to x belonging to any closed interval [o', b'] c 
c (a, b), the function Sn(x) being Fourier*s single integral off and Sfi(x) being 
the Nth partial Fourier sum of the function f^. 

Proof. Let us set a value x € (a, b) and let the closed interval [o', b'] c 
c (a, b) contain x. On putting 

r} = min {o' — a, b—b'} 
we can write the relation (see§ 16.1 (9)) 

fl 

s N (x) - JL f Ax+O^r dt+0{l) iN ~ “> (3) 

“V 

holding uniformly with respect to x € [a, b]. On the other hand. 

S* N (x) = ±j f.(x+1) ^ dt+o{ 1) (N -) (4) 

holds uniformly with respect to all x (see § 15.3 (8) where S„ and / should be 
replaced by 5J and /* respectively). Now, since x+t € [a, b] in integrals (3) 
and (4), the condition of the lemma implies f(x+t) = /#(x+/) whence fol¬ 
lows the equality 

S^x)-SU*) « o(\)-o(l) = *1) (N - ~) 
which holds uniformly on [a' 9 b']. 


f 
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A real or complex function f(x) defined on the real axis ( —- OO 9 oo ) will be 
called locally piecewise smooth if it is piecewise smooth on any finite closed 
interval [a, b] (i.e./(x) and its derivative/'^) have a finite number of points 
of discontinuity of the first kind on every such interval). For our further 
aims it will be convenient to assume that for all x there holds the condition 
2f(x) =/(jt+0)+/(jt—0) although a locally piecewise smooth function 
(understood in the sense of the ordinary terminology) must not necessarily 
satisfy this additional requirement. 

With the aid of Lemma 1 the sufficient tests for convergence of Fourier's 
series established earlier can be automatically extended to Fourier's single¬ 
integral formula . For example, there holds the following theorem (see Theo¬ 
rems 1 and 5 in§ 15.5). 

* 

Theorem 1. Fourier’s single integral of a locally piecewise smooth function 
f£L'(orf£L) converges to thatfunction as N -*■«>, the convergence being 
uniform on any closed interval [o', b’] lying strictly inside an interval [o,b] 
(a < o' •<= b' -= b) at whose all points die function f is continuous. 

Proof. Let us choose x € (— «>, <*>) and let [a, b] be a closed interval con¬ 
taining x, the function/being continuous on [a, bj. We shall begin with the 
case when b—a < 2 n. Let us embed this interval in an open interval (a, 
a+2 ri) (a -c a -s b -= a+2ri) and construct the auxiliary periodic function 
/, with period 1st which is equal to/on [a,a+2w). It is obvious that/, £ L'* 
is a piecewise smooth periodic function. For its JVth Fourier sum Sfr we have 

Sn(x) — /„(*), x € [a, b] (5) 

Consequently, by virtue of Lemma 1, for Fourier’s single integral of the 
function / we can write the relation 

lim S N (x) = lim $&(*)+ lim [SV(x)-S&(*)] =/.(*) =/(*) (6) 

N-+00 N-+-00 N-*-oo 

As is already known from the theory of Fourier’s series, property (5) holds 
uniformly on [o', b'] c (a, b) provided that/is continuous on [a, bj. There¬ 
fore, by Lemma 1, property (6) also holds uniformly on [o', b'j. 

To complete the proof we now consider the case when b—as» 2ar. On divid¬ 
ing [o', b'] into a finite number of closed intervals whose lengths are less than 
ht we see that the relation Sn(x) — f{x) holds uniformly on each of the 
subintervals and hence it holds uniformly on [o', b']. 

Equality (6) has been proved for the case when N — «> running over the 
set of natural numbers. In order to extend this result to the case of an arbit¬ 
rary variable N tending to infinity let us put N = [JV]+a (for positive values 
of N) where [W] is the integral part of N; then the relation 

J ^f(x+t)dt- j ^P~f(x+t)dt = 

—•00 —•00 

= 2 J cos /ffl+yj t Sto y 2)< /(*+ t )dt-*0 (N - ~) 
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holds uniformly with respect to x belonging to any finite interval of con¬ 
tinuity of /. This follows from § 15.4, Lemma 3 in which we should put 

, .v sin (a/2) t /A 
g(«» 0 =-(0*sa < 1) 


§ 16.4. Fourier Transform and Its Inverse. 

Iterated Fourier Integral. 

Fourier Cosine and Sine Transforms 

A real or complex function fix) defined throughout the real axis is said 
to be locally integrable if / 6 L'(a, b) (or / £ L(a, b)) for any finite closed 
interval [a, b\. 

Iff d L' = L’i— oo, oo) then also/£ L%a,b ) but, generally speaking, the 
converse is not true. For instance, a continuous function defined throughout 
the real axis is always locally integrable but it must not necessarily belong to 

I/(— oo, oo). 

If/is a locally integrable function, the integrals 

N If 

f"(x) = -±r jf(t)e->*‘dt and f N (x) = -p==- J* f(t) e 13 " dt ( 1 ) 

make sense for any real x and any N > 0. 

The limits 

lim f N (x) = fix) and lim f N (x) = fix) ( 2 ) 

AT—►oo N-+-00 

(provided they exist) will be called, respectively, Fourier's transform and 
Fourier's inverse transform of the function f. We shall write them in the form 


fix) =y=j fit)e-t*dt and fix) = J f{i)ef"dt (3) 

—•«© — oo 

but it should be kept in min d that, in the general case, the integrals in (3) 

are understood in the sense of the principal value I that is J = lim J j. 

For the functions / C L' (or / € L) their Fourier transforms (3) always 
make sense and moreover integrals (3) are ordinary absolutely convergent 

OO 

improper integrals for which the symbol | can be understood as 

N' J 

• r °» 

lim J where N and N' tend to infinity independently of each other. 

AT, AT' —►oo \ 

_ —Is 

The definitions stated imply the relation (see § 16.1 (9) and (12)) 

oo oo 

fix) = 4- J ds J fit) COS sit-x) dt = fix) 


(4) 
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t 


As was proved in § 16.3, equality (4) is sure to hold for any locally piecewise 
smooth function f 6 L'. The inner integral (with respect to t) in (4) is abso¬ 
lutely convergent for such a function while the outer integral (with respect to 
s) is convergent but is not necessarily absolutely convergent. 

The double integral in (4) will be referred to as Fourier*s iterated integral 
of the function f 

Thus, we see that Fourier's iterated integral of a locally piecewise smooth 
function f £ L' is equal to that function f 

As to the rightmost member of (4), it indicates that f can be regarded as 
the result of the two operations, namely, Fourier's (direct) transformation 
(the operation symbolized by the sign “ ~ ”) and Fourier's inverse transfor¬ 
mation (the operation symbolized by the sign “ ^ ”) performed on /. 

Under the same conditions imposed on / there also holds the equality 
fix) = fix) because 



J f(t) e*" dt = 



V;- 

si " 


-k 

yj 

fc 

1} 

> 


•i £ 


N ©o 

= lim ~ f e isx ds f fit) e~ ist dt = fix) 
N-»oo ** J J 

—N — ©O 


(here we have replaced s by —s). 

The equalities 

/(*) =/(*) =f(x) ( 5 ) 

do in fact hold under some considerably more general conditions on /, par¬ 
ticularly when the operations ~ and^ symbolizing Fourier’s transforma- . 
tions are generalized in an appropriate manner (see the following sections). 
We also note that 


J cos s(t—x) f(t) dt = cos sx f cos st f(t) dt+sin sx J" sin st f(t) dt 

— eo -— oo -— oo 

whence it follows that if a locally piecewise smooth function / 6 I/(— °°, °°) 
is even then (see (4)) 


f(x) = ~ J cos sx ds j cos st f{t) dt 


( 6 ) 


and if it is odd then 


fix) = ~ J sinax&J sin st fit) dt 


( 7 ) 


In formulas (6) and (7) we can regard the variable x as ranging within 
the semi-infinite interval [0, oo) and fit) as an arbitrary locally piecewise 


f 

& 
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smooth function belonging to L'(0, °°) because these formulas only involve 
the values of/ assumed on the positive x-axis. Let us discuss this question 
jo more detail. 

Suppose we are given a locally piecewise smooth function f € 1/(0, <») 
such that /(0) = /(0+0). On extending it to the whole real ax is as an 
even function we obtain an even locally piecewise smooth function / £ L' 
(_ oo, e») to which formula (6) applies; in particular, it holds for x s» 0. 

Let us assume now that the given locally piecewise smooth function f d L' 
(0, oo) satisfies the condition/(0) = 0 (generally speaking,/(0+0) ^ /(0)). 
On extending /in an odd fashion to (— «>, oo) we obtain an odd locally 
piecewise smooth function /€ L'(— °°, °°) for which formula (7) holds; 
in particular, it holds for x s» 0. 

It should be stressed that in formula (7) we have/(0) = 0 while in formula 
(6) the value /(0) = /(0-f 0) can be quite arbitrary. 

Hie integrals 

oo oo 

f(t) cos st dt and f(t) sin st dt 

o * o 

are called, respectively, Fourier's cosine transform and Fourier's sine trans¬ 
form of the function f It follows immediately from formulas (6) and (7) 
that if Fourier's cosine or sine transformation (i.e. the operation of forming 
the first or the second integral written above) is performed twice in a con¬ 
secutive order on a given function /, the result is again the original function /. 
In this sense Fourier’s sine and cosine transformations are inverse to them¬ 
selves. 

Exercises. Prove the following formulas for the locally piecewise smooth 
functions/€ L'(— oo, oo): 

l./(-0 =/(*)• 2./(—x) =/(x). 3.7(^ = |^/(|) • 

4 ./(at) = (a * 0). 5. real). 

For instance, Fourier’s transform of £**/ (see Exercise 5 ) is obtained as 
follows: 

cP* e 1 ** | f(u) e~ iut du = 

= ^=| J /(«) e ~ M fa = /(/*+*) = f(j*+x) 



§ 16.5. Differentiation and Fourier 
Transformation 

Theorem. Let fbe continuous locally piecewise smooth function and let f 
°nd t?(t) belong to II = Z/(— oo, oo) (or to L). Then f possesses the con¬ 
tinuous derivative f'(x) (i.e.f is in fact a smooth function) expressed by the 
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formula 

fix) = U?(x) (1) 

(in the abbreviated form f = if). 

Proof. Since / € L', the function / is everywhere continuous. Further, the 
inclusion relation tf € L' implies that/ € Z.' (|t| 1),and therefore/ € L'= 

= L’(— ~), 

oo 

fix) =p= J /(«) e ,xu du (2) 

— OO 

and 



The differentiation under the integral sign is legitimate here because, by 
virtue of the inequality, 

| iuf(u)e~ ixu \ \uf{u)\ 6 U 

integral (3) is uniformly convergent with respect to x and the integrand in (3) 
is continuous in x 9 u. The theorem has been proved. 


§ 16.6. Space S 

Let us state the following definition. 

By (L. Schwartz**) space S is meant the totality of all complex-valued 
functions q> = <p(x) (i.e. q> = q>i+iq> 2 where q>i and q> 2 are real; it may of 
course happen that <px = 0 or q> 2 = 0 of both) defined and infinitely differenr 
tiable throughout the real axis and satisfying the condition 

sup (l+|x|0= *(/, K <p) < oo (1) 

X 

for any pair of nonnegative numbers l and k (where k is an integer). 

It follows from this definition that for any k the derivative qt k \x) is boun¬ 
ded, tends to zero as x -► oo and belongs toLp (1 «>) because | qf k \x) | < 

< a ^° note t ^ iat every finite infinitely differentiable function 

obviously belongs to S . 

If q> and <p m (m = 1,2, ...) are functions belonging to S and the condition 

*(/, k 9 (p m (p) — 0 (m — oo) 

holds for any of the indicated pairs (/, k) we shall write <p m -+<p(S) and say 
that q> m tends to q> in the sense of S (or that <p m converges to q> with respect to 
the topology of the space S or, simply, that the sequence {(p m ) is {Syconver¬ 
gent to (p). 


* L. Schwartz, a modem French mathematician. 
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It is obviousthat S' is a linear, space . 

We shall have to deal with operators A on the space S:Ay = ip (y 9 ip € S). 
Such an operator A assigns to each function y d S a function ip d S'. 

An operator A is called linear if 

A(ccyi -\~P<p 2 ) = ocA(pi~\-(}A(p 2 

for any complex numbers a and ft and any functions y± 9 <p 2 € S'. 

An operator .4 is said to be continuous if, given any sequence of functions 
(p k g S' convergent to a function £ S with respect to the topology of S', 
there holds the condition 

Aq>k — Ay (S) 

The following assertion provides a sufficient* test for continuity of a 
linear operator: iffor any pair (/, k) of nonnegative integers there is a system 
of pairs (/i, fci), ...» (/ m , k m ) dependent on the former such that 

m 

x(l, k, A<p ) C/,/fc 2 x(lj, kj, <p) 

j-i 

for ally d S where C\ % k are constants independent of y 9 then the linear operator 
A is continuous. 

Indeed, if y p -► y(S) and an operator A satisfies the indicated condition, 
then, for any pair (/, k) 9 we have 

m 

*(/. k, A(<p,-(p)) *C,. k £ x(lj, kj-, <p,-<p) — 0 (v -* ~) 

J -1 

The operation of differentiating a function y d S an arbitrary number of 
times [i which results in the derivative yM specifies a linear operator from S 
into itself This operator is continuous because 

«(/, k 9 yM) — n(l 9 k+p 9 y) 

for any pair (/, k). 

A function A = A(jc) infinitely differentiable on (—©©,<») is said to be of 
polynomial growth together with its derivatives if for any nonnegative integer 
k there is a nonnegative number l(k ) = / and a constant C such that 

|A«(x)|^CO + W0 

For instance, the function (ix) s where s is a nonnegative integer is obviously 
an infinitely differentiable function of polynomial growth. 

For any fixed A(x) of the indicated type the operation Xy = X(x)y(x) 
of multiplication of y d S' by A specifies a continuous linear operator 
under which S is mapped into S {S 5 y Xy d S). The fact that this is an 


* It can be shown that the property indicated in this assertion is in fact pot only suffi¬ 
cient for the continuity of A but also necessary; here we shall not present the proof of the 
necessity. 
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operator from S into S and that it is continuous follows from the inequalities 
(l+|x|0l(ty)<*>| = (1+1*10 £ C{W>tffc-A * 

J -o 

^Cxfo+ixr^oi^i 

0 

which imply 

x(l, k, kp) -s Ci £ *(/+/(/), k-j, <p) 

« 

The linearity of the operation Xcp is quite evident. 

Let us show that Fourier's transformation <p -+ $ specified by the formula 

£(*) = | <K0 e~ txt dt (2) 



determines a continuous linear operator under which S is 


mapped onto S, the mapping being one-to-one . 

Indeed, if (p € S then q> £ L\ and therefore Fourier’s transform^ is sure 
to be a continuous function. Further, we have 


= J y{t)e *** dt 
iKO = <p(t) {-it? = M 



The function y(t) belongs to S as the product of q> € S by a continuously 
differentiable function of polynomial growth. Since y> € U integral (3) is 
uniformly convergent for any k, and therefore the differentiation of (2) with 
respect to * under the integral sign is legitimate. On integrating by parts we 
obtain 

ft k \x) — f ip(t)e~ ,xt dt — 

because yf*\i) ■* 0 (t -* ± °°). 

It follows that 

W'l^*)! -« J <2, /, ip ) f -jfjr = cx(2, l, W ) 

In particular, |^ fc >(x)| < cx(2, 0, ip), and therefore 

x(l, k, f) - sup (1 + |*|0 I^K*)! ^ c(*(2, /, A<p)+x(2,0, A<p)) 


J ip’(t)e~ ,x, dt = ... = J V< 0 (0 e 1x1 dt 



FOURIER INTEGRAL. GENERALIZED FUNCTIONS 


253 


Consequently, <p C 5 and f depends on A<p continuously. Further, A<p 
depends continuously on <p and thus $ also depends continuously on q> € S. 
The linearity of the operator in question specified by the transformation 
q> — $ is evident. We have shown that under this operator S is mapped onto 
S. It now remains to prove that S is in fact mapped onto S and that the 
mapping is one-to-one. To this end we first note that if % is an arbitrary 
function belonging to S, it can be regarded as Fourier’s transform of the 
function X £ S because % is smooth and belongs to L'. Hence, under the 
transformation <p -*■ $ the space S is mapped onto itself. Finally, the equality 

<Pi = $2 (<pi, q >2 € S) implies <pi—<p 2 = 0, and hence q>i—q>z = 0 = 0, that 
is 9 >i = q> 2 , which shows that the mapping of S onto itself under Fourier’s 
transformation <p -*• <j> is one-to-one. 

Now for any two functions <p,xp £ S we introduce the expression 

(<P> V>) = J V(x)v(x) dx 


(which involves the function ip itself, not the complex conjugate of ip!)- 
By virtue of Lemma 1, § 16.2, we can write 


(<P, f) = | <P(x) fix) dx = J <P(x)0z | y<0 e~ M dt = 
= J J <p(x)e- lxt dx = (ip, f) = (<p, ip) 


and we thus arrive at the equality (<p,f) = (<p, ip) serving as an analogue of 
Parseval’s relation established in the theory of Fourier’s series*. In a s imilar 
way we can prove the equality (<p, y>) = ($, ip) which is also an analogue of 
Parseval’s relation. Thus, we have the two equalities 

(% ip) = ($, ip) and (q>, $) = (% ip) (4) 


serving as analogues of ParsevaTs, relation. 

Here we also write the equalities 

(<p', ip) = j <p'(t) W) dt = <p(t) ip(t) - J <Pif) V>'(0 dt = - (f, ip 1 ) (5) 

(<P, V € S) 

which follow from the fact that y(t), ip(t) ■* 0 as t — ± «>. Finally, we have 
the important equalities 

<p'(x) = iUp = (<p € S) (6) 

To prove the first of them one should take into account that the inclusion 
relation <p € S implies <p € S and, since ix is an infinitely differentiable func¬ 
tion of polynomial growth, there must be ix<p € S, Hence, q> and ixf belong 


* If we bad put (q>, V) = j P(x) V(x) dx then there would be (<p, y) — (§, y). 
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to I/, and therefore the theorem proved in § 16.5 applies to this case. The 
.second equality (6) is proved analogously. 

The functions q> € S obviously possess the properties (i)-(v) established 
in Exercises at the end of § 16.4. 

Let K € U (or K € L) and q> € S. The expression 


K*<p =^= J K(x-1 ) <p(t) dt = | <p(x-1) K(t) dt = <p*K 


is called the convolution (also faltung) of the functions K and <p (or of q> and K). 
There hold the important relations 


= = (K d L', <p d S) (7) 

The relation R(p — K*<p is proved as follows (see the explanations below): 
Rep = ( 2 ^ 3 /2 J e * xs ds j K(u) e~ isu du J cp(v) e~ isv dv = 

= ( 2 ^- je^dsj K(u ) du j <p(v) dv = 

= J e'" ds J K(u) du j <p(£-u)e- til d£ = 

= (2^ /«"**/ «“'** / K(u)<p(£-u) du = 

= J £(w) 9>(x-«) dfc = 

The first member in these equalities makes sense because <p d S,y> d S d 
d L',K d L', and l?is a bounded continuous function, and therefore Rq> d L' 
is a continuous function. In the third equality we have replaced v by | = 
= «+ v, and in the fourth equality we have interchanged the integrations 
with respect to u and to | (see Lemma 1, § 16.2 or Fubini’s theorem in Chap¬ 
ter 19). The fifth equality holds since the integral 

x(D = J K(u)<p($—u) du 

is a function belonging to U because 

| KD| d£*efdtj |tf(«)| m-u) | du = j |?(0| dt f |tf(«)| du^co 
and since the function k(£) possesses the continuous derivative 

*'(£) = J K(u) <p'(( — u) du 

(the last integral is uniformly convergent). 
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To complete the proof of (7) we must show that &p = Rq>: 
= f R(u) <p(u) e* xu du = R<p 


Exercises. Prove that the functions below belong to S. 

1. e"* 1 . 

2 . V (x)| e ^ r for l*^ 1 ’ 

( 0 for |x|»l 

(see§ 5.11 (8». 

» 


§ 16.7. Space S' of Generalized Functions 

If to each function q> € S there corresponds, according to a certain law, 
a number (F, <p) dependent on q> linearly and continuously (with respect to 
the topology of S), we say that there is a continuous linear functional F de¬ 
fined on S. A continuous linear functional Fis also called a generalizedfunc¬ 
tion or a distribution . 

A functional F of this kind possesses the following two properties: 

(i) for any pair a, P of complex numbers and any pair <p> tp of functions 
belonging to S there holds the relation 

(F,eup+Pip) = <x(F, <p)+/?(F,y>) 

expressing the linearity of F,' 

(ii) F satisfies the condition 

(F, 9>w) - (F, <p) (when <p N -* <p) ( S) 
expressing the continuity of F. 

The collection of all the generalized functions (i.e. continuous linear 
functionals) F is denoted as S'. 

Usually it is not difficult to find whether a given concrete functional (F, q>) 
defined on S’ is linear. As to the continuity of F, it can be checked with the 
aid of the following important sufficient* test: 

If there is a constant Canda finite system of pairs (fci, h ),.. .,(fc m ,/ m )such 
that the inequality 

\(F,<p)\*C£x(lj,kj,<p) (1) 

J -1 


* It can be shown that the condition of this test is in fact not only sufficient but also 
necessary for a functional to be continuous; here we shall not present the proof of the 
necessity. 
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holds for all the functions <p belonging to S> then the functional (F, q>) is 
continuous. Indeed, (1) implies that if q>N <p(S) then 


m 


|(F, <Pn)-(F,<p)\ = |(F, (pN~<p)\ x(lj,kj,<p N -f) — 0 (N - «,) 

J -1 

Let us consider an example. Let F(x) be a locally integrable complex- 
valued function, defined throughout the real axis, such that there is a number 
/»»0 for which |F(x)| «sC(l-H*IO where C is independent of x. The 
integral 


(F, <p)= f F(x) <p(x) dx 


( 2 ) 


( 


where y € S and 


r-D‘ 


is a continuous linear functional F on S, that 


is a generalized function F € S'. Indeed, we have 

1 + 1 * 1 * 


|(F, y)| «* J |F(x)y(x)| dx«sC j 1+ ^ilr ^+2,0,y) dx «s C x x(/+2,0,y) 

whence if is seen that functional (2) is defined for ally 6 S and is continuous. 
Its linearity is quite evident. 

Equality (2) also specifies a functional F 6 S' in the case when the func¬ 
tion F(x) belongs to l!p (or to Lp\ 1 «s p -= <». If F(x) € L\ then the con¬ 
tinuity of (F, y) follows from the inequalities 

I(F,y)| -s J |F(x)y(x)| dx*sj |F(x)| x(0, 0, y) dx =s Cx(0,0, y) 
and if F(x) €1^(1 «= p < <») it is implied by the inequalities 

l(f»9)l*«J |F(x)y(x)| ■« J IF(x)| y^j-*(1, 0, y) dx «s 
< (/ \F\ P dx) Vp (J (T ^) X/ Vl, 0, y) = Cx(l, 0, y) (y+| = l) 

It is important to stress that for two locally integrable (in Siemanris sense) 
Junctions FJx) and F 2 (x) to specify equal generalized Junctions Fi = F 2 d S' 
with the aid of equalities of type (2) it is necessary and sufficient that the equal¬ 
ity Fl(x) = Fs(x) should holdfor all the points of continuity of Fi(x) and Ffx). 

The sufficiency of the indicated condition is obvious. Its necessity can be 
proved as follows. Suppose that the equality 


J Fi(x) y(x) dx = j Fs(x) y(x) dx for all y € S 


(3) 


holds and that, simultaneously, there is a point of continuity xo of the func¬ 
tions Fl and F 2 such that, for instance, 

y(x 0 ) = Fi(x<>) —F 2 (xo) > 0 
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Then there exists an interval (jco— 5, Xo+5) on which 

V<x) > V > 0 

Let us take a nonnegative function q> € S with the interval [xo— 5, xo+ 5] as 
its support (such a function exists; for instance, we can put <p = y>((x—xo)l8) 
where y(jc) is the function considered in Exercise 2 at the end of § 16.6). For 
such a function <p we obtain 

* 0+0 

(Fi, <p)-(F 2 , f) = j fix) fix) dx =- i? J fix) dx> 0 

Xo—d 

which contradicts (3). 

A more general proposition (proved in § 19.6, Theorem 1) reads: two lo¬ 
cally Lebesgue integrable functions specify one and the same linear functional, 
with the aid of formula (2) if and only if they are equal to each other on every 
finite closed interval [a 9 b] except possibly at the points of that interval forming 
a set of Lebesgue measure zero . 

A generalized function specified with the aid of integral (2) by an ordinary 
locally integrable function F{x)* is identified with the latter. For instance, 

sin x 9 (sin x)/x 9 e~ x * 9 In | x | and £ a*x* are ordinary functions belonging to S 

o 

and at the same time they are generalized functions belonging to S'. 

The function e xt is an example of a function which cannot be regarded as 
belonging to S' (that is it does not specify a continuous linear functional on 
S with the aid of formula (2)) because, for instance, integral (2) does not 
exist for this function if we take q>(x) = e~ x% 6 S. 

Example 1. The functional 8 determined by the relation 

5 = (d, f) = <p(0) if 6 S) (4) 

is a generalized function called the Dirac** delta-function (or, simply, the 
8-function ). It is obvious that 8 £ S' because 

|?(0)| sup \<p(x)\ = k(0, 0, q?) 

X 

whence follows the continuity of 8 (its linearity is quite evident). 

We shall prove that there is no locally integrable function F(x) which gene¬ 
rates the 8-function with the aid of (2). In this sense 8 is a “proper” generalized, 
function distinct from those generalized functions which can be identified 
with ordinary functions. 


* A generalized function specified with* the aid of formula (2) by a locally integrable 
function is usually called regular while all the other generalized functions are called singu¬ 
lar. — 7V. 

** P. A. M. Dirac (bom 1902), an English physicist. 


258 


A COURSE OF MATHEMATICAL ANALYSIS 


We shall prove this assertion by contradiction. Let us suppose that there is 
a locally integrable function F(x) generating the 5-function with the aid of 
formula (2). Let jc 0 t* 0 be its point of continuity such that F( Xo) > 0. Then 
there is an interval (xo—d 9 Xo+8) not containing the point x = 0 on which 
an inequality F(x) > rj > 0 is fulfilled; in this case it is also possible to choose 
a nonnegative function <p € S with support [jco—5, x 0 + 5] to obtain 

(F, q>) = J F(x) q>(x) dx > f] j q>(x) dx >- 0 

Xq—6 Xq—Q 

But this is impossible because for the functions <p with support not contain¬ 
ing the point x = 0 the functional 5 assumes the zero value: (5, (p) = <p( 0 ) = 
= 0. Thus, the function F(x) cannot take a positive value at its any point of 
continuity distinct from x = 0 . 

It can similarly be proved that F(x) cannot assume a negative value at a 
point of continuity xo 5 * 0. Consequently, there must be 

J F( x ) 9 >(*) dx = 0 for all <p € S 

which contradicts the existence of functions <p £ S such that <p(0) ^ 0. 

It is also possible to prove the more general assertion that functional (4) 
cannot be represented by integral (2) in which F(x) is any function locally inte¬ 
grable in Lebesgue’s sense . 

However, the functional (5, q>) can be written in the form of the Stieltjes* 
integral 

00 b 

(5, (p) = (p(0) = J <p(x) dd(x) = lim f <p(x) dd( x) 

— 00 b-*-+oo a 

where 



for x 
for x 


0 

0 


is the so-called Heaviside ** (unit) function. 

The Stieltjes integral written above is defined by the relation 

= lim £9#y)W*;)-0(*/-i)] 

max 1 

where the closed interval [a 9 b] is split into parts with the aid of points of 
division a = x 0 < xi -= ... «: x N = b and $,€ Xj] (J = 1, .. N). 



* T. J. Stieltjes (1856-1894), a Dutch mathematician. 

** O. Heaviside (1850-1925), an English physicist. 
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It is obvious that if the point x = 0 belongs to an interval [xt~ 1 , and does 

not coincide with its right end point then 

£?<£/) = ?>(f/)[0(x/)-0(*/-j)] = <p(£i) - <p(0) 

1 

(max |xj— *j-i\ - 0 ) 

If the point x = 0 coincides with the right end point of [jc/-i, x /] the above 
sum is equal to ^(l/+i) q>( 0 ), that is we obtain the same result. 


Example 2. The generalized function P. — is defined as the limit 



The integral on the right-hand side of (5) is understood in the sense of the 
principal value (“v.p.” means French “valeur principale” principal value). 
If 99 ( 0 ) 5 * 0, this integral does not exist in the ordinary Riemann (or Le- 
besgue) sense. On the other hand, limit (5) can be written in the form of 
the improper Riemann integral 


lim < 

8—0 I 
e>0 ' 




<p(x)-<p(-x) 

X 


8 



<p(x)-y(-x) 

x 


0 



(here we have q>(x)—q>(—x) = 0 (jc), x 0 ). 

Clearly, this functional is linear. Its continuity follows from the inequality 


f dx 


1 

/» * 


JV(0 dt 


—* 


dx+\ *)] dx 


f 2xx(0, Up) J y> dx < d^o, 1, <P)+X(l,0,<p)] 


Now we proceed to a number of important operations on generalized 
functions. 

IfX = X(x) is an infinitely differentiable function of polynomial growth its 
product by a generalized function F € S' is written as XF = X(x) F(x) and is 
defined by means of the equality 

(AF,9) = (F,^) (6) 


17 * 
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This definition is correct because Xtp is continuous with respect to <p £ S 
and (F, kp) is a functional continuous with respect to hp and, consequently, 
with respect to <p as well. The linearity of (F, hp) with respect to 9 ? is apparent. 

This definition also appears natural from the point of view of definition 
(2) because if a functional F € S' is generated by a locally integrable function 
F(x), the function A(x)F(x) in its turn generates the functional %F € S' with 
the aid of formula ( 2 ), and 

(AF, <p) = J A(x) F(jc) q>(x) dx = J F(jc) A(x) <p(x) dx = (F, A 9 ?) 


The derivative of a generalizedfunction F € S' is defined as the generalized 
function F' determined by the relation 

(F\ 9 O = —(F, 9 /) ( 9>6 5) (7) 

Since the derivative 9 )' belongs to S and the operation of differentiation is 
continuous with respect to <p and, besides, (F, 9 ?') is a continuous functional 
with respect to 9 /, we see that (F\ 9 ?) is a linear functional continuous with 
respect to 9 ?. Its linearity is obvious. 

Definition (7) is quite natural because if, for instance, the function F(x) 
is continuous together with its derivative F'(x) and F, F' 6 1/ then 


(F\ ?>) = J F'(x) <p(x) dx = F(x) y(x) F(x) ?>'(*) dx = -(F, <p') 


Indeed, we have 9 ?(x) -► 0(x — «>) and also F(x) -► 0 (x «>); the latter 
can be, for instance, shown by means of the relation 


Xf 

F(x’)-F(x) = J F'(<) dt -* 0 (x, x? - 00 ) 


because the limi t lim F(x) exists and cannot be different from zero since 

X—+-oo 

F 6 L 

It is obvious that any generalized function F € S' possesses the (general¬ 
ized) derivative F (fc) of an arbitrary order k defined by induction with the aid 
of the relation F (A:) = (F (Ar_1) )'. We thus have 

(F ( ^>, 9 )) = (— 1 )*(F,P ( *>) 


For example, 

(#*>, 9 » = (- 1 )" («, ¥*) = (- 1 )*^>( 0 ) (*= 1 , 2 , ...) 


and 



that is O' = d. 
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We say that a sequence of generalized functions Fn € S' (JV = 1,2,...) 
converges to a generalizedfunction F € S' (and write Fn F(*S")) if* 

lim (Fn, q>) = (F, q>) for all q> € S' ( 8 ) 

AT—*•«» 

It follows automatically that the sequence of the derivatives Fjv is conver¬ 
gent to the derivative F' because 

(Fit, <P) = ~(Fn, <Pl -(F, ?') = (F, y), N -+oo 

We can also consider a series 

F = I/1+K2+K3+ ••• (9) 

of generalized functions € S' whose sum F € S' is a generalized Auction 

understood in the sense that 

£> - F(S'), N~ ~ 
i 

It obviously follows that series (9) can be differentiated termwise: 

F = mJ+*4+*4+ • • • 

Example 3. Let us consider the ordinary function 

... . — for 0 -< x -c e 

/«(*) = 6 

0 for x $ ( 0 , e) 


dependent on the parameter e > 0 . It can obviously be identified with the 
generalized function f e determined by formula ( 2 ). 

Evidently, 

e 

(f»,f) = "7 J — V(0), e — 0 (for all <p € 5) 

0 

whence it follows that 

lim/, = d (S') 

B -+-0 


Fourier's transform and Fourier's inverse transform of a generalized func¬ 
tion F £ S' are defined as the generalized functions F and P determined, 
respectively, by the equalities 

(F, <p) = (F, ip) and (F, <p) = (F, $) (p € 5) (10) 

This definition is correct: $ € S and depends continuously on cp while 
(F, $) depends continuously on <p, and therefore (F, #) is also continuous 


* It can be proved that if a sequence of generalized functions F# € & is such that the 
sequence of the numbers (/^r, q>) satisfies the condition of Cauchy's criterion for any <p € S, 
then there exists a (uniquely determined) generalized function F € 5 for which relation 
(8) holds. 
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with respect to q>\ the linearity of (F, <p) with respect to q> is evident. This 
definition is natural because, for instance, it is coherent with the equality 
($, ip) = (<p, f) holding for q>, ip Z S. Further, we have f = F because 

(A <p) = (?,$) = (F, $) = (F, <p). 

The transforms F and F depend continuously on F Z S'. This assertion 
means that if a sequence of generalized functions Fn Z S' is convergent to 
F Z S' (F n -*■ F(S')) then F N is convergent toF(F N -*■ F(S')). Indeed, 

(Ar, <P) = (F n , <p) - (F, f) = (F, ?>), AT -- 

It should also be noted that Fourier's transformation F -+ F of generalized 
functions F Z S' specifies a one-to-one mapping of S' onto S'. Fourier 1 s in¬ 
verse transformation F P (F Z S') possesses the same property. Let us, for 
instance, prove this assertion for F. We already know that F determines a 
mapping of S' onto S' ; if 0 Z S' is an arbitrary generalized function it can 

be represented in the form<2> = #, which shows that Fourier’s transformation 
does in fact specify a mapping of S' onto itself. Finally, if Fi, F 2 Z S' and 

= F 2 then F 1 —F 2 = 0, F 1 —F 2 = 6 = 0 and hence Fi = F 2 , which 
shows that the mapping in question is one-to-one. 

It follows from (10) that 

F' = ixP = —ixF ( 11 ) 

because, for instance, we can write (see § 16.6 ( 6 )) 

(- ixF, <p) = (- ixF, (p) = (F, -ixy) = (f, = -(F, <p') = (F\ y) 

As readily follows by induction from (11), there holds the following 
general formula for the derivative of the fcth order: 

/**> = {tifP = {^0 (k = 0,1, 2, ...) (12) 

If K Z S' is a generalized function whose Fourier transform R is an ordi¬ 
nary infinitely differentiable function of polynomial growth, it is possible to 
state a correct definition of the convolution of K with an arbitrary generalized 
function F Z S' by putting 

K*F = & = KF (13) 

This definition is obviously coherent with the definition of the convolution 
of K G L' (or K€L) with q> € S stated in die foregoing section in the sense 
that these definitions provide the same result when the conditions of both are 
fulfilled simultaneously. 

Example 4. We have 8 = 8 = -jL= because, for instance, 

f 2 n 

(3, <p) = (3, $) = f f(t) dt 
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Consequently, 


& k) = {-ixfS = ^=(-ix)*l = ~X^ixf (k = 0, 1,2, ...) 


and thus 


F<*> = (-ixfp = fhc W*P = fhc (#*>*F) 
Example 5. We have (see the explanations below) 

(sgn x , <p) = (sgn x,<p) = jLj sgauduj e<“V(0 dt = 
= J <*< J flKO (e tat -e~ lut ) dt = 

= lim J df J sin ul du = 

— cos Nt 


-H 1 &.!««- T^'" 

= it = 

00 0 

- KP/ *®=?=a*-/?/«•- />* 


(14) 


which results in the formula 


sgnx = )/J/v.p. y (15) 

The function sgnx is locally integrable and bounded; consequently it 
belongs to S 9 and therefore the first member in (14) makes sense and, 
together with it, the second and the third members as well. In the passage to 
the fifth member we have changed the order of integration (for finite N; see 
§ 13:15). In the passage to the sixth member we take into account that 

lim f —- cos Nt dt = 0 

n-+oo i 1 

because the smooth function (<p(t)—<p(—t))lt belongs to 1/(0, »). The last 
member is written as a singular integral in the sense of the principal value. 

We also note that if F(x) € S' and a ^ 0 is a real number, the generalized 
functions F(a—x ) and F(ax) are defined with the aid of the equalities 

(F(a-x), <p(x)) = (F(x), <p(a-x)) 
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and 

(F(ax), g>(xj) = {a\~ 1 (F(x), <p(xla)) 

The correctness of these definitions follows from the fact that the operation 
of passing from q>(x) € S to q){x—a) or to q>{xja) is continuous in the sense (S). 
On applying the definitions stated to an ordinary locally integrable function 
F(x) which simultaneously is a generalized function we readily see that these 
definitions look natural from the point of view of the theory of ordinary 
functions. 


Exercises. Prove the following relations. 

d(x) (S). 


i Jl s * nNx _ 

n x 

2 . — e~ x ' h ' - 


8(x) (S). 


Hint : the integral ~^= f e~ xt/ ‘'w(x) dx 

eyn J 


can be represented as the sum 


/ 1+/2 of the integrals h and h taken, respectively, over the domains | x| < 1 
and | x| > 1. In die first of these integrals one should put <p(jc) = y( 0 )+v(x) 
and take into account that |y(x)| < c|x|; in the second integral it should be 
taken into account that the ftmction <p(x) is bounded (| cp(x) | < M). 

3 * ^T«w«(x)+p4» e ~° 


Hint: = v.p. f dx (see (5)). 

—00 

Below it is supposed that F € S’. 

4. f(-x) = P(x). 

5. f(-x) = P(x). 

«• w=^(i). 

7. F(ax) = (a * 0). 

8 . = e~ 1fa F = F(x+ (j) (where \i is real; take into account that e ifit is 
an infinitely differentiable function^of polynomial growth). 

9. Prove that the generalized function P(x)f(x) belongs to S' when P(x) = 

n 

= £ a*** is an arbitrary polynomial of degree n and f(x) € Z£(or / € 

0 

1 < p < 00 , or if f{x) is a bounded locally integrable ftmction. 
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§ 16.8. Many-dimensional Fonder Integrals 
and Generalized Functions 

Let R„ = R be the n-dimensional space of the points x = (xi, ...,x a ) and 
let Aft = A$ = {|xy| -s N', j = 1,.. .,n) (N >• 0) be a cube belonging to R. 

Let us consider a locally integrable ninction /(x) defined in R, that is 
/ £ L'(An) or/ € L(Au) for any N (in the general case f(x) can be complex¬ 
valued). For such a function make sense the integrals 

/*(*) = //(*)« -< “ d» 

f N (*) = ( 2 ^p J /(«) e lx * du lxu = 
which are continuous functions of x(see the lemma in § 16.2 and the remark 

it 

to that lemma) tending to zero when | jc | 2 = £•*/-*■ 00 (see Theorem 1 be- 

1 

low). 

By Fourier's transform of f and by Fourier's inverse transform of f we shall 
mean, respectively, the functions 

/(jc) = lim f N (x) and /(x) = lim f N (x) (2) 

00 N-+-oo 

These limits are sometimes understood in the sense of the convergence in 
the mean square (i.e. ||/—/^lU, -► 0, JV -► «>). 

Theorem 1. Iff 6 U = L'(jR) (orf 6 L = L(R)), then limits (2) exist in the 
ordinary sense and determine /(x) and /(x) as bounded continuous functions 
possessing the property 

lim /(x) = lim /(x) = 0 

Proof. The continuity and the boundedness of / and / follow from the 
lemma proved in § 16.2 and from Remark 1 after that lemma. Further, if e* 
is the unit vector of the x*-axis, then (see § 14.4, Theorem 6) 

| (2ri) nl2 f(x)\ = y | J/(«) e"** du+jf[u *<**+*> du -s 

•*tS W-+?) du ^° ( Xk °° } 

If |jc| 2 = Vx| -►oo then max |x*| -► «> and/(x)0,andtherefore/(x) = 

* 1 k 
=*/(-*) - 0. 
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The expression 

Sjv(*) =f N = 

_ 1 
“ wr 


j e 1 ™ dv J du = 

A v 

J/(«) du J £-*«**-«) do = 





^A*+») * 



where the function f (x) belongs to II (or to L), is a multi-dimensional ana¬ 
logue of Fourier’s single integral studied for functions of one variable in the 
foregoing sections. 

The legitimacy of the change of the order of integration in (3) follows 
from the lemma in § 16.2 and from Remark 1 to that lemma. 

Under some rather general conditions (e.g. see §§ 16.9 and 16.10) imposed 
on the function / it can be shown that 


fix') = Jim S N (x) = lim j do J /(«) <r /0 “ du 

Ajt 

= ~^yr j e*°dvf f(u)e~ lm du 



where the outer integral is understood in the singular sense (that is the exis¬ 
tence of the limits in (3) as N -► «> is guaranteed for the domains An of 
that very type indicated above and not for arbitrary ri^’s). Formula (4) is 
a multi-dimensional generalization of Fourier’s ordinary integral formula. 

Thus, if the function / satisfies certain conditions there hold the equalities 

fix) =fix) =/(*) (5) 


In our further discussion we shall be mainly concerned with the two-dimen¬ 
sional case although all the results obtained can readily be extended to the 
general case of an arbitrary dimension n. 

Let f (x) and tp(y) be two locally integrable functions of one variable, that is 
belonging tQ L’(A$) (Z^d^)) for any = (—N 9 N)). Then obviously 

fix) <piy) € L’iA%) 


and 


= {1*1, M < JV} = A&xAft 
fy^ix, y) = J J/(«) <Pi v ) e~ /(M,+yo) du dv = 


4P 


= J /(«) e~ lxu du j= j <P( V ) e iy ° dv 

=f N ix) $ N iy) 


4P 




FOURIER INTEGRAL. GENERALIZED FUNCTIONS 


267 


Therefore, if 

/*(*)-/(*) and f N (y) - y(y) {N «») (7) 

then 

f(x)v(y) =Mx,y) (8) 

If relations (7) hold in the sense of the metric of L 2 , relation (8) also holds 
in the same sense: 

11/(*) v(y) -fy> N I lw = 11/(*) viy) f N (y) \ lx**,) 

^ I \f(x) (<p(y)-v N (y)) I !£,(«,)+11 (/(*) -f N (x)) q> N {y) | |i** f) = 

= ll/llwlly-^ll^*o+ll/-/ 5v ll^ll^ik(^ - 0 {N - ~) 

It follows that if the functions/( x) and <p{y) are such that 

fix) = /(*) = f{x) and <p(y) = fiy) = $(y) 

in the sense of the ordinary convergence or convergence in the mean then, 
in the same sense, there hold the relations 

Mx, y) = f{x) yiy) = f(x) <piy) = fp(x, 7) 

Let us come back to the general n-dimensional case. We shall say that 
a function <p(x) belongs to the class (space) S if it is complex-valued, infi¬ 
nitely differentiable on R = R„ and satisfies the condition that for any pair 
formed by an integer / > 0 and an integral vector ft = (lc l9 ..., k n ) > 0 
(with nonnegative integral components kj > 0) there holds the condition 

supO+ixiOM*^*)! = «(/, ft, ?) < °° (|j 

Since for any such k we have 

\<p Wl< 1+UI-+ 1 

it obviously follows that the partial derivative <p (Af) is a bounded function 
belonging to Lp(R) (1 < p < «>). 

If functions q> and q> m (m = 1,2,...) belong to S', and for any pair (/, ft) of 
the indicated type the limiting relation 

ft # , <Pm-<P) 0 (m -► oo) 

holds, we shall write <p m -*■ (p (S) and say that q> m tends to q> with respect to the 
topology of S (in the sense of S). 

An operator A (<p, A<p 6 S') under which S is mapped into itself is said to 
be linear if A(oc(p+/}y)) = ocAcp+fiAy) where q>,ip € S and a and /? are arbitrary 
complex numbers; it is said to be continuous if q>N -*■ <P (S) implies Acpx 
A(p ( [S ). 

For a linear operator A to be continuous it is sufficient * /tot /or arcy pair 
* This condition is in fact not only sufficient but necessary too. 
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(/, ft) there should exist a constant Q t k and a system of pairs (//, k j ) (j = 1 , ... 
*. m) dependent on (/, ft) such that 

*(/, ft. Asp) x(lj> ft i, <p) (for all q? 6 S) 

because <p, q> (S) implies 

m 

x(l,k,A(rp,-<p)) «iCi, k X *(//, kJ, <p,-rp)- 0 (v- «>) 

Below are examples of some important continuous linear operators A on S 
(<p, Arp 6 S). 

(i) The operator corresponding to the differentiation of rp: 

. ,„ 0 !*l® / " \ 

'* = **• “ «*■..«» ■ (w - Eft) 


The linearity is quite obvious and the continuity of this operator follows 
from the relation 

x(/, k, <fW) = x(/, k+p, <p) 

(ii) The operator corresponding to the multiplication of q> by an infinitely 
differentiable function A(x) of polynomial growth (Arp = A(x)<p(x)),that is 
such that for any nonnegative integral vector k there is a number l(k) for 
which 


|**>(x)|«:C(l + |x|'<*>) 

where C is independent of x. The linearity of this operator is obvious and 
its continuity is implied by the inequalities 

l(i+|x|0(ty)<*>| = (i+|x|0 X X'Y*- S) 

■sc x (i+i*iO0+l*l w )lf^" ,) l 
0 «««* 

-S Cl X x(l+l(s),k-s,rp) 

where 


Agl(Ar—s)l _ ftil ... ft.!(ft x -Si)l ...(*,-*«)! 
s\ Sil ... s n \ 

(hi) The operators generated by Fourier’s transformation <p y and 
Fourier’s inverse transformation q> -► q>. 

The linearity of these operators is quite clear because for any q> 6 S we 
have 



J 9 du = yZySt I e 


(2w)"'* J (Inyo* 

j e~ ix * u *q)(u) du„ = 1# —"<p 




• • • 


( 9 ) 
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where q> € S and j ~ is the sign of the operation of forming Fourier’s trans¬ 
form only with respect to the variable xj (in the analogous sense we shall use 
the symbols x~ 9 j^ 9 and the like). This reduces the investigation of the 

continuity of the operation ~ to that of the operation j ~ (j = 1,.. ri)~ 
Let us show that the transformation <p *<p generates a continuous and 
one-to-one mapping of S onto itself 

We shall confine ourselves to the two-dimensional case. For q>{x 9 y) £ S we 
have 



ixt dt 


On putting (see the explanations below) 

we obtain (with the aid of the integration by parts) the equalities 


0 * 1 +**^ 
0 .x** dy** 


fg(t,y)e-‘*‘dt = ±j^(t,y)e 
••• = 1x1 dt 


ixt dt - 



Since is an infinitely differentiable function of polynomial growth 
(&i 3» 0 is an integer), the function g(t, y) belongs to S and is continuous (in 
the sense (5)) with respect to <p. Therefore, in particular, g(t, y) -* 0 (/ -► ± «.) 
whence follow equalities (10). 

From (10) it follows that 



+*tyt 

dx* 1 0j;** 


J -^*(2; U 0; g) Cx(2; /, 0; g) 


and therefore, on applying (10) once again, for / = 0, we obtain 


(1+1*10 


0*1 +*»y 
0X*1 dy*t 


Ci(«(2; 0, 0; g)+x( 2; /, 0; g)) 


Consequently, ip depends continuously (relative to the topology of S) on g 9 
and hence, together with g 9 on q> as well. 

If ip{x 9 y) 6 S is an arbitrary function, then x ip€S and ip = x ~( x y>), whence 
we see that the mapping of S onto S corresponding to the transformation 
<p -► x <p is in fact a mapping of S onto itself. 

Finally, the equality x $i = x q> 2 implies x (<p\—q>z) = 0 whence q>i—q >2 = 
= *0 = 0, which proves that the mapping generated by the transformation 
q> — x <p is one-to-one. 

It now follows from (9) that the mapping of S onto S generated by Fourier's 
transformation <p — <p is one-to-one and continuous . 

Any two. of the operations 

1 ~. n 1 ^. n^ 
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commute with each other. Consequently, for my function <p € S the equalities 

<P = <P = 9 (11) 

hold at every point x d R. For example, in the two-dimensional case we have 
for q>(x 9 y) the relations 

as — y 


Confining ourselves to the case of a function <p(x> y) of two variables we 
also note the following fact: 



A(x) <p(x, y) = *A(x) X $(x, y) 



where A(x) is any infinitely differentiable function of polynomial growth. 
Indeed, we have 


Mxyp = X(x) y ~ x <p = *~(A(x y$) = x X(xY$ 
because = x^y^y ~ = x^. 

For functions q> 9 rp d S we also have the relations* 

(fo i) = (<P> <p\ (<P, v)= j 9>(0 v(0 dt (13) 

R 

(qfV, rp) = (—1)1*1 (<p, yt») (14) 

¥*K*) = (ixff = {-ixff ({ixf = |i|l*l *£*... x**) (15) 

and 

&p = If =K*<p= J K{u) <p(x — u) dtt (K £L' ot K £ L) (16) 

They generalize, respectively, formulas (4), (5), (6) and (7) in § 16.6 and 
are proved analogously. 

By analogy with the one-dimensional case, for the space S of the functions 
(p(x) (x = (xi,..., x„)) we consider the space S' of all generalized functions 
(distributions) F which are the continuous linear functionals (F, q>) (q> d S) 
on S. 

For a linear functional (F, <p) to be continuous it is sufficient that there exist a 
system of pairs (/i, ft 1 ), ..., (/*,, k m ) dependent on it and a constmt C such 
that (see § 16.7 (1)) 

|(F,<p)| «s C £ x(lj, H <p) (for all (p € S) 
j-1 

A function F(x) € L p (or F(x) € L p ), 1 ■«/> -c or a locally integrable 
function F(x) of polynomial growth (i.e. |F(x)| «s C(l + |x| ; ) for some t) 


* Note that the integral in (13) involves the function y> itself and not its complex con¬ 
jugate. 
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generates the generalized function 

(F, <p) = J F(x) <p{x) dx 

where q> € S and 

*» 

Any two such functions differing at least at one of their points of con¬ 
tinuity (or, in the case of the Lebesgue integrability, differing on a set of 
positive Lebesgue’s measure) generate different (regular) generalized func¬ 
tions, which is pfoved like in the case of one variable using the function 
y>(\(x—x°)fd\) dependent on n variables (see Exercise 1 below). 

The functional (3, q>) — q>(0) is the n-dimensional delta-function dependent 
on x = (xi,. .., x„); this is a generalized function which cannot be generated 
as a regular generalized function by any locally integrable function. The 
operations AF (where A is an infinitely differentiable function of polynomial 
growth together with its derivatives), F**\ F, F, /F and /F are defined with the 
aid of the equalities 

(AF, <p) = (F, hp), (F<*>, f) = (-1)1*1 (F, ?**>), 

(F, <p) = (F, f), (F, q>) = (F, f), ( J jF, <p) = F, Jf and ('F, <p) = (F, % 

whence, in particular, follows 

F^ = (ix)*F = (—ix) rt) F 



The convergence Fn -* F(S') is understood in the sense that (Fv, <p) 

— (F, <p) (N -*■ <*>) for all <p € S. Finally, by analogy with the one-dimen¬ 
sional case, the convolution is defined by the formula 

K*F=& f =$P (F € S’) 

where K £ S' is such that it is an infinitely differentiable function of poly¬ 
nomial growth (see also § 18.3). 

In the two-dimensional case, for a function /(x, y) £ L' = L'(Ri) (or 
/(x, y) £ £(F 2 )) and any j ? > 0 we can write 

S N (x, JO = ^ JJ ^-f(x+u,y+v) du dv+o(l) (N ~ ~) (17) 

where K v is the cross-shaped region whose points (u, v) satisfy one of the 
inequalities 

|«| < jj and |«| < t) 

This follows from the relation 

ff ^ f(x+«, y+v)dudv-~ 0 (N -* «») 
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which is a simple generalization of Lemma 1,515.4 to the two-dimensional 
case and from similar relations for the integrals taken over the domains sym¬ 
metric to {tj «s x, y) with respect to the coordinate axes and with respect to 
the origin. 

It should be stressed that the cross-shaped region K v in (17) cannot be 
replaced by the square 

Here lies an essential distinction between the many- and one-dimensional 
cases. In the one-dimensional case the convergence of Fourier’s single inte¬ 
gral of a function / € 1/ (or / g Li) at a point x or the convergence of Fou¬ 
rier’s partial sum of a periodic function/€ Z/* (/ € L*) depends solely on 
the behaviour of / in an arbitrarily small neighbourhood of x. In the two- 
dimensional (many-dimensional) case this is no longer so: a function /6 U 
(I/*) equal to zero in a neighbourhood of a point (x, y) may have Fourier’s 
partial sum (or the expression of the type Sn(x)) which is not convergent to 
/(*, y)asN —► oo . 

To elucidate what has been said let us consider the set C<£A') of all con¬ 
tinuous finite functions f(u 9 v) with supports belonging to the rectangle 

A’ = {0 < u < % rj < v *< 2 rj; rj > 0 } 
equipped with the norm 

H/llcoCdO = max J f(u, «0I 

(», v’ii.Af 

To each function/ € Co(ri') there corresponds the value 

s N (f) = Srff, 0,0) = ± JJ ^/(«, 0 ) du dv 

A’ 

of Sn at the point ( 0 , 0 ). 

The supremum of this integral extended over all the functions / = C^A') 
with H/ll =s 1 is equal to 



0 rjN 


It can readily be proved that 

An — ► OO 9 N -► OO 

(to this end one should use the argument of Theorem 3 in § 9.15). 

From the point of view of functional analysis, A N is the norm of the func¬ 
tional Ss(f 9 0,0) defined in the space Co(A f ). As is proved in functional an¬ 
alysis, the fact that A N -+ oo implies the existence of a function / € Co(i4')such 
that the functional SW(/, 0, 0) is unbounded for it (on the setiV = 1,2, ...). 
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. Here 8 


Exercises 

1. Prove that e~ |*| 2 € Sandy (|-^^-) € S /|x| 2 = 

>■ 0; see Exercise 2 in § 16.6. 

2. Show that 

/(*+!») = = (jt i,../*„), t = (/x,../„), fit = '£i*jtj\ 

3. Show that the supremum of the Fourier sums S n (f, 0) at the point 
x — 0 extended over all the functions / € C, of one variable with norm 
||/||c. *=s 1 is expressed as 


sup |S„(/,0)|=-|f|D^)l* 


oo, 


n 


oo 


where D„(t) is Dirichlet’s kernel. It follows, by virtue of the theorem of func¬ 
tional analysis mentioned above, that there is a function / € C, whose Fou¬ 
rier series is divergent at the point x = 0. 


§ 16.9. Finite Step Functions. 
Approximation in the Mean Square 

Let us begin with the simplest finite step function 

1 for x € (a— 8, a+8) 

<Pa. a(x) = -I 0 for * $ [«-*. 

y for x = a—8, a+8 


( 1 ) 


dependent on one variable x (8 >• 0). 

Its Fourier’s transform is 

VM = f e-** dt = ]/■§<?-**« 


e* xd —e~ bA 

2ix 


i/T _ 

= !n e 


ixa 


sinxd 


( 2 ) 


a-6 


and therefore, taking into account that (p at 6 €l/isa locally piecewise smooth 
function, we obtain 




( 3 ) 


The function <p a ,e obviously belongs to Ik. Formula (2) also indicates that 
(pa, t does not belong to L! but belongs to Ik (generally, to l£, 1 -= p < <*>), 
and the relations 

11 (Pa, A1 lit = 28 


18—3737 
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and 


\\9',»\\l = WVa.tWh -f (-^r-) 2 dx = 28 


hold (see § 15.9 (9)). Thus, we have the equalities 

||^a.»|ll, = WVa.iWu = ll£fl.«llr, (4) 

We shall show that they make sense for all the functions q> € I*- 

According to the definitions of the operations ~, ~JV and (see 
§ 16.4) and by virtue of the fact that <p a ,» € !»' is a locally piecewise smooth 
function, we have the relations 

Sf!" !■ ("-»)} ( 5 ) 

n.a(x) - <Pa,a(x) J 

which hold for any real x. 

It is important to note that here we have not only the pointwise conver¬ 
gence but the convergence with respect to the metric of L 2 = L^(— », <») as 
well, that is 

II9£»-?mII£ 2-0 (tf- ~) (6) 

and 

\\Kt-<Pa,*\\L2 - 0 (N~ ~) (7) 

Relation (6) is trivial because the interval [a—d, a+ d] belongs to [-N, JV] 
for sufficiently large N, whence 

N 

9a, Ax) = / 9a. «(0 e ~ lx> dt = 9^ t {x) 

The proof of (7) is more complicated. We have 

a+6 N(a+6-x) 

«•<*>= i J ■*= i J t 1 *- 


«—6 


N(a-6-x) 

*) 


= l-i- f f 

71 J Z 71 J 


sin z 


N(a+*-x) 


since 


Jr si 
71 J 


smz 


1 


Therefore, taking into account (1), we arrive at 


/ \9a,t(x)-$f, i (x)\*dx«;h+I 2 +I 3 +U 






FOURIER INTEGRAL. GENERALIZED FUNCTIONS 


275 


where 


/ / oo \ 2 \ 1/2 

-(/fe / 

V»-d \ /V(a+d-x) / / 


0 N(fl—6—x) 

i J 

-OO 


2 \ 1/2 


sin r 


') *) 


© AT(<M-d—x) 

± / 


2 \ 1/2 


sinz 


and 


AT(a-d-Jf) 


/ oo / iV(a+d— x) \2 \ 

= f- ( 


H 


2 \ 1/2 


Now, putting w = N(a+d— x), we receive 


(tt/i) 2 


2dN / oo 

=*/4f¥ 

0 \« 


But 


oo oo 

J sinz , _ cosz 1°° f 

z z L J 


cosz 


and, consequently, 


sinz , 1.1 2 

- dz «*s——: = — 

z u u u 


We shall use this estimate for w > 1. For u < lit is sufficient to take into 
account that 


sinz 


where iSTisa constant independent of u. It thus follows from (9) that 




By analogy it is proved that 

h - 0 (N 




18 * 
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Next, making the substitutions u = N(x—a—8) and z = —z\ we obtain 

oo /U+2N6 \ 2 


(nlif = 

00 / —u \ 2 

a 4 1 = 

0 \-a-2jV3 / 

Consequently, 

i 1 OO \ 

(nlif 


The relation 

h-» 0 (N -* 


(iV-oc,) 


is proved similarly, which completes the proof of relation (7). 

It is quite evident that in (5), (6) and (7) it is allowable to interchange the 
symbols mid 

It should be noted that if the intervals (a—8,a+d) and (b—a,b+o) do not 
intersect then, together with the obvious equality 

J 9a, 4.x) 9b, 4 X ) dx — 0 

there hold the following important relations: 

J fa,4x) $b,4x) dx = J <pa,» 9 b.odx = 0 


Indeed, 9a, a, 9b, a € £ 2 , and therefore the integral 

N 



= lim j f e~ lxu <p atl (u) du j e lxtl <pb.4 v ) dvdx = 
N ~*"“ -w 

“ JSiJ * (m) (it J dv ) = 

= lim f 9 a,»(M)^b, a (u)du = f <pa,» 9 b,adu 
N-+~ J J 


exists and is absolutely convergent. 

All the three integrals in the third member have finite limi ts of integration 
and therefore the change of order of integration is legitimate, which leads, 
after the integration with respect to x is performed, to the fourth member. 
The passage from die fifth member to the sixth one is justified by the fact 
that 9b,o -*■ 9b,a in the sense of Z*. 

An arbitrary finite step function of one variable can be written in the form 

fix) - f l Ck9a k ,t h (x) 

1 
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where c* are constant coefficients (complex, in the general case) and the inter¬ 
vals (n*—3/t, and ( ai—d h ai+8/) do not intersect for k ^ /. 

In the further presentation we limit ourselves to the two-dimensional case 
although all the statements and proofs can readily be extended to the n-di- 
mensional case. 

In the case of dimension 2 the simplest finite step function is of the form 


<pAx, y) = 



for (x, y) 6 ri 
for (x, y)€ A 


where 

A = {a—b < x *< 0+5, 5— a < b+a) 
is a rectangle. At all the points of continuity of this function we have 

q>Apc, y) = ?«.«(*) <Pb,a(y) (10) 

An arbitrary finite step function / of the two variables (x, y) can be written 
as a finite sum of the form 

Iff Iff 

fix, y) = £ C k <pj(x, y) a £ Ctfpa t , «,(x) <p bk , 0*00 (11) 

1 1 

where c* are, generally speaking, some complex constants and the rectangles 

A\ A m (12) 


are pairwise disjoint. 

It follows that 

m 

= I c *ft*.**(*) vh.o*(y) i N - °°) 

1 

(13) 

m 

-* £ c *?>«***(*) fb^otiy) =f(x,y) (N -* oo) 
1 

where the convergence is understood in the pointwise sense (in the second 
relation at the points of continuity of the functions f aii a k (x) <pb K at (y)) and 
also in the sense of the mean square. 

The set of all step functions will be denoted 2K. 

For any two step functions /, f € we can write 

v(x, y) = £ wpfipc, y) (14) 

1 

where the system of rectangles A k is the same as in (12) because the union of 
the two systems of rectangles specifying, respectively,/and y> can obviously 
be represented as a sum of a finite number of rectangles which are only al¬ 
lowed to intersect along some parts of their boundaries. 


f N ix,y) - fix, y) 

f N = t *&Hix) Kniy) 
1 
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It is important to note that 

fix, y) <p(x,y) dxdy = 

= £c*c* 

1 

= £c*c* J l9>a*,«*(x)l 2 <£»cj \<pb k ' 0k (y)\* dy = 

991 

= f l&M*(*)l 2 dx f |^a t (y)l 2 dy = (/, ip) (15) 

1 ^ J 

because the functions <pjk(x 9 y) and <p^t(x 9 y) are obviously orthogonal for 
k j* l in the two-dimensional sense, and in the one-dimensional case there 
hold equalities (4).* 

The last equality in (15) is proved like the equality of the first and fourth 
members by replacing in die latter/ and 9 ? by/ and 9 ? respectively and taking 
into account die orthogonality of $a kt s k and for k i. In particular, 
from (15) it follows that 

if,f) = if,f) for all /€ 2 R 


J J 9a*.a t (x)<Pb K o t (y)<Pa K t k (x)<pt, K ' t (y)dxdy = 


§ 16.10. Plancherel’s Theorem. 

Estimating Speed of Convergence of Fourier’s Integral 

The complete statement of Plancherel’s theorem involves the space L z 
whose definition is based on the notion of the Lebesgue integral; the advant¬ 
age of the space L 2 over Li is that the former is complete (see property 20 , 
§19.3). Here we shall state this theorem and present its proof based on the 
fact (see property 18 in § 19.3) that the set of allfinite step functions is dense in 
L 2. 

Theorem 1 (M. Plancherel). For every function f £ 1,2 = Lz(Rn) there 
exist its Fourier transforms f 9 f € L 2 : 

/(*) “ Jjm f N (x) = lim J f(u)e~ lxu du (1) 

and * 

fix) = Jim f N (x) = lim / fiuY** du (1') 

A S 

n 

where u = («i, ..., u„), x — (xt, ...., x„), ux = £ ujXj 

J -1 


* In this argument we consider the scalar product of/and <p (involving the complex, 
conjugate of q>) in order to use formula (15) in the next section (see the footnote concerning 
(4) in $ 16.6). 
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and ' Ajf {J Xj\ < N 9 j 1 9 • •»> n} 

and the convergence is understood in the sense of the space L 2 . 

Fourier 9 s transformations f -+■ fond f—f possess the following properties: 

(i) they are linear; 

(ii) they produce one-to-one mappings of L 2 onto L^; 

(iii) they are mutually inverse , that isf = / = f 9 f€ L%; 

(iv) under these mappings the scalar product 

a- 

is preserved ((/, q>) = (/,$) = (/, <p)\ /, q> € I*), and thus the mappings are 
isometric (||/|| = ||/|| = ||/||). 

Proof. In the foregoing section we proved that the finite step functions 
/(/€ 2ft) not only belong to L% but also are mapped under Fourier’s trans¬ 
formations / — /and/ -*• /into L 2 and that property (iv) holds for them. 

Now let us consider an arbitrary function/ € Lz and suppose, at present, 
that it is finite. Then, for sufficiently large N, its support belongs to An and 

/(*) = /*(*) J/(«>-*“ du (2) 

In the case under consideration / € L, and therefore (see § 16.2)/is a contin¬ 
uous function on /? = R„. Let us show that it belongs to Lz and that 

ll/ll - ll/ll (3) 

(here || || = || UiJ. Indeed, there is a sequence of finite step functions 
/ (/» € 3K) with supports belonging to A N such that 

II/-/.II-0 (v~~) (4) 

It follows that 

I/(*)-/(*) I = J dt -s 

A* 

* (2^ ll/“/*ll W 2 ^ 0 O’ ^ 

Consequently, ffx) uniformly converges to f(x) on R n . By virtue of (4) 
and property (iv) (the latter has already been checked for the functions 
f, £ $ 01 ), we can write, for an arbitrary e > 0 and sufficiently large s , the in¬ 
equalities 

e ^ \\fp~fv\\ = \\fp~? q\\ ^ \\fp~feWLitAji* P> Q ^ s (3) 

where A =» 0 is an arbitrary number. Now, since f q converges uniformly to 
/and the rectangle Ax has finite dimensions, we can pass to the limit as q ■* ~ 
under the sign of the norm (i.e. under the integral sign), which yields 

e ** \\fp— /ll£«( 4 t) (p =- s) 


(/»9>) = J /(«) ¥“) fa 
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On fixing p and making X increase indefinitely we arrive at the limiting rela¬ 
tion 

«II/.-/II ip > s) 

Since we also have 

ll/,-/llHllAll-ll/lli ( p > s ) 

it follows that 

Il/H = Km ||/,|| = lim ||/,|| = H/ll 

p-+oo p—*»«o 

which proves that / € L 2 and that equality (3) holds. 

The validity of relation (1) for the function/ € L 2 (with compact support) 
readily follows from equality (2) for sufficiently large N. 

Now let us take an arbitrary function / € L 2 (not necessarily finite). In 
this case for positive N and JV 7 (iV < N') we have (see the explanations below) 

\\f N '-f N \\ = I du = 

Ajfi—Ajg 

= ll/llz^,,-^) - o, ( 6 ) 

and, by the completeness of L 2 , there is a function belonging to L 2 which we 
denote by / such that 

117-/^11-0 (7) 

that is relation (1) holds. 

The function f N ' — f N can be regarded as Fourier’s transform of a func¬ 
tion with compact support which is equal to fix) on Air—A h and equal to 
zero at the other points. For a function of this type we have already proved 
that its norm is preserved under Fourier’s transformation, which accounts 
for (6). 

From (7) it follows that 

||/||= lim ||/"||= lim WfWuM = ll/ll 

N -+-00 N -+-00 

The linearity of the operation ~ is obvious. Its continuity can also be 
readily shown: 

ll/*-/ll = IliP/ll = IIA-/II - o (*--) 

Since/(—x) = /(x), the results obtained apply to the operation as well. 

Now we can easily prove the equalities 

/=/=/, /€L 2 ( 8 ) 

Indeed, these equalities hold for the functions / € 2R, and, since for / € L 2 
there is asequence of functions / €'3R such that ||/—/|| -► 0, the continuity 
of the operations ~ and ^ allows us to obtain equality (8) by passing to the 
limit as V —>• oo in the equaUdes 
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Mr _ 

If xp € £2 then $€ L% and xp = xp,. This shows that under the operation ~ 
the space L 2 is mapped onto itself, the mapping being one-to-one since ipi = 

= V 2 implies y>i—y >2 = y>i—fa = 0 = 0. 

In these considerations the symbols ~ and ^ can be interchanged. We 
have thus proved property (ii). 

Finally, if 

ll/-/»ll» Il9>-Wll - 0 (v - »,/„ <p, g 2R) 

then on passing to the limit in the equalities 

if*, <Pr) = if*, 9*) 

we arrive at 

if, <p) = if, V) 

Indeed, we have 

\if, 9)~if*, <P*)\ = I((/-/,), ?)-(/» -= 

II/-/.II IMI + ll/,11 llf.-9>il - 0 (v-~) 

The theorem has been proved. 

Theorem 2 (Analogue of Theorem 6 , § 15.11). Let A = (A,..., A) be a vector 
whose all components are equal to a natural number A find let, for any nonneg¬ 
ative integral vector the partial derivative /W (in particular , the func¬ 

tion f itself) be continuous . Also let the inequality 

hold for any vector / = (/i, ..., /„) with components lj equal to 0 or to A. 
Then the deviation of the integral Sn(x) corresponding to the function f(x) 
from that function satisfies the inequality 

\f(x)- SN ix)\ (9) 

where C depends on X hut does not depend on M and N. 

Proof. Let us estimate the expression 

Qn(x) = -ctf J /(«)*'“ du 

where 

d}f = R„—An 


The set A'n can be described as the collectiofrof the points u = (ui, ..u n ) 
such that max \uj\ > N. 

Since / € L 2 , Plancherel’s theorem implies that / € L 2 , and hence Qn(x) 
can be regarded as the limit (in the mean) of the form 


ew(*) = Jim. -j&yS* J /(«>*" du 


4yi—4ir 
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Now, taking an arbitrary integer m satisfying the inequalities 0 < m < n, 
we define the set Q m of the points 0 = («i, ..u„) such that 

\uj\ 1 (j=l, ...,m if m > 0) 

l«m+i| \U]\ » 1 (j= m+2, ..., n ifn>m+l) 

The symbol S2 m will also denote any set reducible to the one defined above 
by means of the corresponding renumbering of the coordinates. 

We obviously have 

= "l Z Q m 

n°0 

where the inner sum extends over all the possible Q m 9 s corresponding to m. 
On arranging the summands entering into this sum into a sequence and 
renumbering them as (A l9 A 2 , ...» A p ), we put 

p-i 

Ei — A l9 E 2 = A 2 — Ei 9 .. E p = -dp— JEjt 

1 

and obtain 

An = = 0 (k s) 

1 

Every set J5* thus constructed belongs to some Q m . 

Now we can write (at present, purely formally; see the explanations below) 

«?"(*)=-dr*- i on 

^*1 •fi* 



Let us estimate one of the integrals J (fc = 1,...,/?). For definiteness, let 

E k 

Eh c Q m where Q m is that very set which was defined by inequalities (10). 
By virtue of the equality 


a 6 *-*/ - Hn-mvOT TS 

I —-j — *' ^*m+l •••“/! 


• • • 9*2 


( 12 ) 


which can be rewritten as 


?. . __ 1 _ 8 <"-»/ , . 

/ « - / (»-*)l a A +i 0 A 4 +I ... 0*J 


we obtain 



( 13 ) 
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It follows that 


(14) 

where C, as well as C', is independent of M and N. 

Estimates (13) show that integrals (11) are in fact convergent for any x, 
the convergence being absolute. Moreover, for N -► «>, these integrals, and, 
together with them, qn(x) converge uniformly to zero. Thus, the sequence of 
the functions 

£*(*) = ( 2 ^ 7 ? / f(»y xm du 

converges uniformly for N -► oo. At the same time, since/ g L 29 Plancherel’s 
theorem shows that Sn(x) tends to /(x) as N «> in the sense of the mean 
square. Therefore (see Lemma 1, § 15.11) SW(x) converges uniformly to that 
very function /(x), and consequently 

0 n(*) =f(x)-S N (x) (15) 

Relation (9) follows from (14) and (15). 

§ 16.11. Generalized Periodic Functions 

Let S* be the set of all infinitely differentiable periodic functions <p with 
period 2 n dependent on one variable x. 

Every function <p 6 S* can be written as the sum of its Fourier series uni¬ 
formly convergent to that function (see Theorem 2, § 16.10): 

n 

(fix) = £ c k e ikx , c k = i j <p(t)e~ lk ' dt ( 1 ) 

—71 

(fc = 0, ± 1, ±2, ...) 

The series can be differentiated termwise any number of times (see § 15.7), 
that is 

= £ (ik) s c k e‘ kx (s = 1,2 ,...) (2) 

— OO 

and the series on the right-hand side of ( 2 ) is uniformly convergent to <p& (x) 
for any natural s. 

If <Pn> (p € S* (n = 1,2, ...) and q$(x) uniformly converges to <p (l) (x) as 
« — oo for afiy integer s 2 * 0 , we shall write 

<Pn-+<P (S*) 

In particular, it is evident that if a function <p belongs to S* and Sn(x) = 

N 

= £ c k e ikx is its Mh Fourier sum then Sn <p (S*). 

—N 
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Let us denote by S'* the totality of all continuous linear functionals / 
(generalized functions) on S*. 

An ordinary function / € L'* (or / € L*) determines with the aid of the 
equality 

2n 

C/» -J/tOrtO* (?€$*) 0) 

o 

a (regular) generalized function belonging to 5 '* which is denoted by the same 
letter /. Here we shall not repeat the argument of § 16.7 concerning the case 
of the space S ; it can obviously be applied to the space S* as well to show 
that two functionals (3) determined by two functions fuft € £'* coincide 
identically on S* if and only if fi(x) = f^x) at the points of continuity of f\ 
and f% (in the case of the space L*, if and only if /i(x) = / 2 (x) almost every* 
where). 

Since the functions e lkx (k = 0, ±1, ±2) belong to S*, to any functional 
f € S' * there correspond the numbers 

c* = ***) & = °» ±2. • • •) 

called the Fourier coefficients of /. 

We shall prove the equality 

lim cjte'**,= £ CkC ~ k ’ 2nc ~ k = («**» 9) (4) 

N -~°° \-N I 

showing that the series 

f(x) = £ (5) 

—oo 

called the Fourier series of the generalizedfunction /is convergent to/in the 
sense of the space S'*. 

Indeed, we have 

( £ c *e tkx > = £ = ^(e 7 **, <P) = £ (/> e _< **) (<?***, ?>) = 

\-n / -n —j>r 

= (/, S*(x)) - (/, V ) (IV - ~) 
because Sn(x) -*■ <p (x)(S*). 

It should be noted that, by virtue of die orthogonality of the functions 
£***, there hold the relations 

N 

(f,e Ux )= lim Y e tbc ) = 2 jtc_, 

_ w 
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It follows that the representation of a generalized function / € S'* in the 
form of the sum of a convergent (in the sense of S'*) series (5) with constant 
coefficients is unique. 

Let us show that for every function / € S'* there is a natural number A 
dependent on / (but independent of k) and a constant A such that 

\c k \^A\k\ x (fc=±l, ±2, ...) (6) 


Indeed, let us suppose the contrary. Then for each A = 1,2,... there must 
exist k\ such that 

|C**| 35 and Ifcil < \k»\ < ... 

Let us put 

^ (X)== W = 

It is obvious that <px € S* and that the limiting relation 

► 0 (A -► oo) 


^> (X ) = (-*#*-*» 


\W 


holds uniformly for any nonnegative integer s; therefore 

*Px "*■ 0 (S*) 


and 




On the other hand, by virtue of (4) and by the orthogonality of the functions 
e lkx , we have 

Srl(/> 9 >a)I = \c kx c'-k x | > l*il A -|^pr =1 (A = 1, 2, ...) 


2 n 


which leads to a contradiction. 

Now let us show that, conversely, if numbers c* (k = ±1, ±2, ...) 
satisfy inequality (6) for some A and A > 0 for all k 9 then the functional 


(/» <P) = E c * c -*> 2wc-*= (<P, e 1 **) (7) 


is a generalized function / € S'*. Indeed, for k ^ 0 we have 



whence 


1**1 


\W>\\C 


and for s = A+2 we obtain 

sf'** 


2ji 


and Il9> (,) ||c = max |^ (l) (/)| 

t 

£' = 4-f' ^ll^llc 

-OO -OO 
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(the prime in the symbol indicates that the corresponding sum does not 
include the term with k — 0). On the other hand, 

il CoC ®l 

Thus, 

IC/.^I^Bdl^llc+llfllc) 

where B is a constant independent of <p\ consequently, if <p n ■* <p ( S*) then 
l(/»-(/>7 , »)l = l/.^-9>»)l ■«-B(||?) ( *>-9 ?>||c+||?>-?’»||c)-0 (»- ») 

whence it follows that/ € S'*. 

As was already mentioned, functional (7) can also be written in form (5). 
It follows that the space S'* can be defined as the totality of the formal 
series 


fix) = £ C]£ ikx 

— oo 

with coefficients satisfying inequalities (6) where A, X > 0 are some cons¬ 
tants dependent on the series in question, the values of / on q> 6 S* being 
defined with the aid of equality (4). The delta-function 5(x) belonging to S'* 
is determined by the series 

**) = ~k i e ‘ kx = i ( t +cos x+cos 2 *+ • • •) 

— oo 

For each function q> € S* we have 

(d, <p) = lim i f (y+Ecos kt\ t )dt = lim S N i<p, 0) = y(0) 

n J \ 1 / 

—n 

where Sni<p, 0) is the value of the IVth partial Fourier sum of the function <p 
assumed at the point x = 0. 

By analogy with S' (see § 16.7 (7)), the derivative F‘ of a functional F € S'* 
will be understood as the functional determined by the formula 

(F, <p) = -(F, ?0 

Let us show that if 


Fix) = £ c k ^ 


then 


Fix) = £ iik)c k e** (8) 

— oo 

Note that, by virtue of the inequalities \c k \ •« A\k\ x (fc =±1, ±2, ...) 
holding for some A, A > 0, there also holds the inequality 

\ikc k \ A\k\™ 
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which, as we know, implies that series (8) is convergent in the sense of S'* 
to a generalized function 0 6 S'*. Equality 0 = F' follows from the follow¬ 
ing calculations: 


(0, <p) = lim 


N-+ 


CO 



(ik) c k e ikx <p(x) dx = 



|^here one should take into account that J <p'(x) dx = Oj. 

The result we have established is a generalization of Theorem 1, § 15.7 on 
the termwise differentiation of the ordinary Fourier series. 

If a function / belongs to L'* (or / £ L*) it also belongs to S'* and its 
Fourier coefficients understood in the ordinary sense and in the sense of 
S’* coincide. The Fourier series of a function / € L* is not necessarily con¬ 
vergent to it; there is an example of a function/ € L* whose Fourier series is 
divergent everywhere on the real line (this is Kolmogorov’s example, see 
§ 15.5). On the other hand, what has been established above in the present 
section shows that the Fourier series of a function / € L'* (/ € L*) is always 
convergent to /in the sense of S'*. 

Here we shall also dwell on the representation of the convolution 0*/ of 
two functions 0,/ € L* in terms of their Fourier coefficients. Let 


0(x) = £ h k e ikx and /(;c) = £ c k e ikx 

— oo — oo 

Then (see § 18.3) 

It 

V(.x) = <*>*/ - ± J #(*-/)/(/) dt (y> € V) 

-ff 

The Fourier coefficients of the function ip can be transformed with the aid of 
Fubini’s theorem as follows: 


71 

/“» = J V<x) e~ lwx dx = 


—71 

2 n 


n 2n 

o 


2n 


0{x — t)e~ iv ^ x ~^f{t) e~ ivt dt) dx = 

2 71 


= ij f^ e ~ Mdt yb\ #( x-t)e-«*-‘>dx 
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Consequently, 


#*/= £ (9) 

— oo 

It appears natural to define the convolution of two arbitrary generalized 
functions 0, / € S'* by means of equality (9) because, together with the 
coefficients c* and X k , die products also satisfy inequalities of type (6). 





CHAPTER 17 


Differentiable Manifolds 
and Differential Forms 


§ 17.1. Differentiable Manifolds 

By a k-dimensional (0 < k < n) differentiable manifold in the /i-dimen- 
sional space JR = R„ is meant a set S c R for whose any point x° there are a 
permutation j l9 .. . 9 j„ of the natural numbers 1, ... 9 n and a rectangle 

^ = {II ^ ^ ^ 1) • • •) k 9 l = • • •» w} 

which cuts from S a part SA aS described by equations 

Xji — fl(?Cji9 • • •» ^ = 1» • • •» C^/i» • • •> ^ ^ 

A' “ {l* 7 ,--$l < 5, s = 1, ..., k) (1) 

where f t are continuously differentiable functions on A'. 

An n-dimensional (differentiable) manifold in R = R„ is an arbitrary open 
set S c R„. 

If a number 8 0 mentioned in the above definition has.been found it 

can obviously be arbitrarily decreased with the retention of the property 
stated. For instance, we can take asda rectangle 

^ ^ ^ = 1» • •k, < ^»/ = 1, ...»w} 

where 8 S < 8. We can also set an arbitrary number oo ■< a and, using the 
continuity of ft, choose do < d so that the functions fi differ, respectively, 
from x# by less than oo for \xj—tf t \ -c do, s = 1, then, obviously, 

the rectangle 

A® — ^ do, ^ 52 1, • •., k, ^ 0 * 0 , / k^* 1, .«., ft) 

will also satisfy the requirements of the definition. 

Thus, the expression “there is a rectangle A" entering into this definition 
can be replaced by “for any e > 0 there is a rectangle A with diameter less 
than e”, die new definition being equivalent to the former. 

System of equations (1) is a special case of a system 

Xt — Ffu) = Ffyt 1 , ..., M fc ), 0 € 00 ; 1 = 1, ..., n (2) 

where o> is a domain in the k-dimensional space of the points 0 = («i, ... 
..., Uk) sod the functions Ft are continuously differentiable on eo, the matrix 


19—3737 
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0F, 


|| having rank k. When the point u runs over co the point x describes 

a set S c R which can naturally be called a k-dimensional surface . The cor¬ 
respondence between the points ir and x established by (2) is supposed to be 
one-to-one: G)3if5*x€S , (inthe contracted notation we shall also write 
u a* x or a) ^ S). 


For the sake of brevity we shall simply speak of a surface S represented 
(described) by functions (or equations) (2) without enumerating all the indi¬ 
cated properties. 

Let u = (mi, .. u k ) be connected with u' = («£, ..., i£) with the aid of a 
continuously differentiable one-to-one mapping 


u} = q>j(u u • •u k ) 9 u € co 5 * co' 3 ir' (3) 

whose Jacobian is different from zero on co. In such a case we shall say that 
mapping (3) is continuously differentiable in both directions meaning that the 
mapping'is continuously differentiable and one-to-one and that its Jacobian 
is different from zero (note that the condition that the mapping in question 
is one-to-one implies that the Jacobian of the transformation from ir to u 
which is equal to 1 is expressible as the product of the Jacobians of the trans¬ 
formations from u to u' and from u' to if, and hence both Jacobians are dif¬ 
ferent from zero). 

The solution of equations (3) with respect to uj yields 

uj = y)j(uu ..u k \ u r € ft)' 

On substituting uj in (2) we obtain a new (parametric) representation of S: 

Xi = &i(u') = &i(u[ 9 .. u k ) = Fi(yj u • • •, Vk)> «' € ft)', / = 1, .. n 

where the functions &i possess the same properties as F/. 

A surface S determined by equations of type (2) is not necessarily a fc-di- 
mensional manifold in the sense of the above definition (e.g. see Fig. 6.1 in 
§ 6.S). In this connection the lemma below provides a simple sufficient test for 
a surface S described by equations (2) to be a ^-dimensional differentiable 
manifold. 


Lemma 1 .'Let S be a surface representable by equations (2) with functions 
Ft possessing the above-indicated properties. Let o in (2) be a bounded domain 
mid let the functions Fi be defined not only on co but also on co and specify a 
homeomorphism co ** S 9 that is a one-to-one mapping of co onto S continuous 
in both directions. 

Then S is a k-dimensional differentiable manifold. 

Proof. Let x° € S' be the point corresponding to a value u = if 0 of the 
vector parameter ir; then co contains a sufficiently small open cube X with 


centre at u° such that one of the minors of the &th order of the matrix 


0F| 


du 4 


D(x x > II II 

vv i* v , is different from zero in that cube, and the first k equa- 

l* • • •» Wjy 
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tions of system (2) can be resolved with respect to u l9 ..., t**: 

Uj = • • •> ^)> (^l> • • •> X/c) 6 P ^ ^ 0 = i> • • •> 

Consequently, a certain partS" of S(S' <z S) is described by the continuously 
differentiable functions 

Xi &](x i, • • Xfc), («^1> • • •> %k) 6 P 9 1 ^4* 1, • • •, 71 (4) 

resulting from the substitution of uj = y)j (j = 1, .. k) into the last n—k 
equations (2). 

The image of the compact co—X (by a compact in R„ is meant a bounded 
and closed set) under the mapping S ** a> is a compact F not containing the 
point x° and therefore not containing some rectangle A with centre at x° and 
edges parallel to the coordinate axes. By the continuity of the functions 
the dimensions of the projection A’ of the rectangle A into the coordinate 
subspace x l9 .. .,x* can be diminished (we retain the notation A for the new 
rectangle) so that the points (x u .. .,x*, &k+u • • • > #») belong to A for all 
(xi, ...,**) €A'ap. Then the part SA is described by the equations 

X( — ^i(Xi, • • •, Xjfc), (xi, • • •> £ A 9 i = k“ j* 1, 

Indeed, the points x described by these equations belong to SA and there are 
no other points of S belonging to A because these are either points of form 
(4) where (xi, ..., x*) € p—A' or points belonging to F. 

Lemma 2« Let a surface S be represented by equations (2) where the func¬ 
tions Fi possess all the indicated properties and let S contain a surface o 
described by functions 

Xi = ^i(^), V = (t?i, • • •, ®A:) £ ^ = 1> •••,/! (5) 

where G is a domain and &i possess the same properties as Ft . 

Then the obvious one-to-one correspondence 

G v *£ u £ (o' cz co (6) 

determined by systems (2) and (5) is continuously differentiable in both direc¬ 
tions and hence o is described by functions (2): 

7 

Xt = F£u\ u € a/, i = 1, ...,72 
where co' is a domain . 

Besides , if Sis a k-dimensional differentiable manifold then so is o. 

In particular , i/o & described by functions (2) in which u£G c: co then both 
a and S are k-dimensional differentiable manifolds . 

The proof of the lemma is based on the following proposition (see § 7.18). 
Suppose we are given two continuously differentiable functions 

v = a(ir), u £ g <z R/c and io = /?(«>), v € g' € Rk 

which specify, respectively, some mappings of the domains g and g* belong¬ 
ing to Rk into jR*. Let«° and v° = a(«°) € g'. Then the composite func- 
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tion (mapping) w = /?(a(ir)) exists in a sufficiently small neighbourhood 
co c g of the point ir° and is continuously differentiable in co, its Jacobian (i.e. 
the Jacobian of the transformation from u to u>) being equal to the product 
of the Jacobians of the transformations a and /?. 

In particular, if the Jacobian of the transformation from it to to is different 
from zero on co, so is the Jacobian of»the transformation from it to v, and 
the image of the domain co under the mapping specified by a is also a domain. 

Relations (5) assign to an arbitrary point v € G a definite point x = 
= (xi, .. x„) € o c S, to which, by virtue of (2), there corresponds a uni¬ 
quely determined point xt £ co'. At the latter point the rank of the matrix 


dF ( 


duj 


is equal to k , and consequently, for some pairwise distinct values 


i = /i, ..., 4 of the index /, equations (2) can be resolved with respect to 
ui, ..., Ufc- This results in the two consecutive continuously differentiable 
mappings 


G 3 v ->• ( x k , ..., x ik ) — u 6 co' 


making sense not only at the original point v but in some neighbourhood of 
v as well. 

A similar argument shows that to the point u £ co' thus obtained there cor¬ 
responds, under two consecutive continuously differentiable mappings, the 
original point o?G. 

We have proved that correspondence (6) is continuously differentiable in 
both directions, and, since by the hypothesis G is a domain, so is co'. 

Now let S be a fc-dimensional differentiable manifold, and x° € o. Accord¬ 
ing to the definition of S, it is possible to renumber the coordinates and to 
find an open rectangle A with centre at x° so that SA is described by some con¬ 
tinuously differentiable functions 


Xi - Xfc), i - ..., fly. (x i9 • •., Xk) £ A (7) 

where A' is the projection of A into the coordinate subspace (x u __ x*). 

By what has already been proved, there is a correspondence 

A r 3 (xi, .. x^ z* u 6 co'' c co 


continuously differentiable in both directions, co" being a domain. The inter¬ 
section co'co" of co' and co" is an open set containing the point ir° correspond¬ 
ing, under (2), to the point x°. Consequently, the cube A' can obviously be 
replaced by a smaller cube with faces parallel to those of the former and 
centre at the same point (for the diminished cube we retain the notation A') 
so that the new domain co" belongs to co'. We see that under these assump¬ 
tions functions (7) now describe a A = SA, which shows that a is a manifold. 


Lemma 3. The intersection of two k-dimensional (differentiable) manifolds 
o i = {x: xi = <pi(u), i = 1, ..., n, u£U} 
and 

o 2 = {x: Xi = rpi(p), v £ V} 
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belonging to a k-dimensional manifold 

S = {x: x t = f(w) 9 i=l, w£W) 

is a k-dimensional manifold representable as 

0^2 = {x: xt = f(w) 9 i=l, ...,n, € FF J FF^ c W 

where generally speakings W m is an open set (and not necessarily a domain 
even when U 9 V and W are domains). 

Proof Since o*, a 2 c S 9 Lemma 2 implies that 

a x = {x: xt = fi(w) 9 i=l, o>€FFi}, FFi c FF 

and 

cr 2 = {x: X/ =yj(io), i = 1, ..., n 9 w € FF 2 }, FF 2 c FF 

where FFi and FF 2 are domains together with J7, F and FF. It follows that 
the assertion of the lemma holds with W+ = FFiFF 2 . 

Now let us show that the following definition of a ^-dimensional differenti¬ 
able manifold S is equivalent to the one stated at the beginning of the sec¬ 
tion: a k-dimensional differentiable manifold is, a set S ci R„ for whose any 
point x° and any e > 0 there is an n-dimensional neighbourhood Q of that 
point with diameter d(Q) < e such that S£2 is representable by relations (2) 
(with functions possessing the properties indicated for (2)) where S should be 
replaced by SQ. 

Indeed, if we put A = Q 9 A' = to 

Xj t j = Ms == • • •» M/c) S = 1, 2, •••,& 

and 

xj t =fj $ (u l9 ..., u k ) = F Jt (ui 9 ... 9 u k ) s = k+ 1, ..., n 

in the former definition where, as we know, it is allowable to assume that 
d(A) < e for any e > 0, this will result in a system of functions F§ satisfying 
the requirements of the latter definition. 

Now, let S satisfy the conditions of the latter definition and let x° be a 
point belonging to S. Then there is a neighbourhood Q of that point with 
diameter d(Q) < 1 such that SQ is described by functions (2) (possessing, the 
properties indicated for (2)). Let us suppose that the point X° corresponds 
to a point 11 ° 6 <o and let us take 5 > 0 so small that the ball J»—«°| < d 
belongs to co. The spherical surface | if—«°| = 5 is mapped, under the trans¬ 
formation specified by functions (2), onto a .set JT c S which is bounded and 
closed. Since it does not contain the point x°, we have 

min |x—x°| = m > 0 
x$r 

Now, proceeding from the latter definition, let us find a second neigh¬ 
bourhood Qi of the point x° with diameter d(Q{) < mf2 such that SQx is 
described by functions 

Xi = v ^ G 9 i = 1, . • •» k 
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where G is a domain. By Lemma 2, the set SQ\ can also be described by the 
equations 

Xi = F,(* 0 , u € co' c o) ( 8 ) 

where co' is a domain. 

It is important to note that we have in fact 

co' a co' c co (9) 

because co' belongs to the closed ball |*r—«°| < 8 which belongs to co ac¬ 
cording to the definition. It follows that equalities ( 8 ) not Only set up a 

one-to-one correspondence SQi ^ co' but also SQi ^ co', which indicates, by 
virtue of Lemma 1, that SQ\ is a /c-dimensional differentiable manifold (in 
the sense of the former definition). Hence, there is a rectangle A c Qi with 
centre at x° for which there hold the properties indicated in the former defi¬ 
nition for Sfii; consequently they hold for S as well since SA = SQiA. 

It should be noted that the second definition of a fc-dimensional differenti¬ 
able manifold (in contrast to the first one) cannot be restated as “for any 
point jr 0 £ S there is its n-dimensional neighbourhood Q such that ... ” 
without indicating that there should exist a neighbourhood of this kind with 
arbitrarily small diameter. For if, for instance, the functions F(u) specifying 
the surface S by means of (2) are bounded on co, the set S can be embedded 
in a cube A, and then SA = S while S must not necessarily be a ^-dimen¬ 
sional differentiable manifold. 

Finally, we note that the equivalence of the two definitions implies that if 
a set S satisfies the conditions of the first definition relative to one coordinate 
system it satisfies them relative to any other system as well. 

Lemma 4.* If the intersection 0i0 2 of two k-dimensional (differentiable) 
manifolds 

Oi = {jc: Xi = <Pi(u), u c co} 
and 

cr 2 = {x: Xi = y)i(v), o £ g} 

(i = 1, ...,«) belonging to a k-dimensional manifold S (of arbitrary nature) 
is nonempty , this intersection is a k-dimensional manifold . Between the para¬ 
meters u and v with the aid of which 0 \ 0 2 is representable there is a one-to-one 
correspondence 

( 10 ) 

where U° and V° are open sets . 

Proof Let x° € oyp 2 . Then x? = 9 ,( 11 °) = 9 ,( 0 °) (/ = 1, ..., n). There 
exists an /i-dimensional neighbourhood A of the point x° such that 

SA = {x: Xi = f(w), w 6 W} (11) 


* Lemma 4 generalizes Lemma 3 while Lemma 5, in its turn, generalizes Lemma 4. 
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There also exist two n-dimensional rectangles Q l9 fi 2 c J with centres at 
x° of sufficiently small diameters such that 

O 1 P 1 = {*: Xi = (pi{u ) 9 u c U\ c co] (12) 


and 

02 Q 2 = {x: xt = y>i(v) 9 v eVi czg} (13) 

It follows that o^Q l9 o 2 Q 2 c SA 9 and consequently, by Lemma 2, there are 
one-to-one correspondences V\ ** c W and Vi ** Vi c W contin¬ 
uously differentiable in both directions. 

Let fV' = L[y[ (it is an open set). The indicated correspondences induce 
the correspondences 

U x z> U* ^ W’ ** V m c Vi (14) 

where J7* and V m are open sets. 

Note that the equations 

xt = tpiu ) 9 0 € J 7 * 

as well as the equations 

x/ = y>i(v) 9 0 € 

describe the part gxO^I\Q 2 of oio^, whence, by the arbitrariness of the point 
x° € oio 2 , it follows that Oio 2 is a /^-dimensional manifold. We have also 
shown that for any point x° € 01 O 2 (*? = 9>i(«°) = y/(o°); 1=1, ...» n) 
there are open sets U+ 3 0 0 and F* 3 u° between whose points xr and 0 there 
is a one-to-one correspondence continuously differentiable in both direc¬ 
tions. Therefore it becomes evident that all the values of the parameters 0 
and 0 to which the points of a^a 2 correspond and between which there is 
therefore a trivial one-to-one correspondence are in fact in a correspondence 
continuously differentiable in both directions and, besides, the sets over 
which these parameters 0 and 0 range are open. 

Lemma 5. ljo\ 9 o 2 andS are arbitrary k-dimensional manifolds and 01 , 0*2 c 
c S then the intersection o\o 29 provided it is nonempty , is also a k-dimensional 
manifold. 

Proof. Let x° € 0 * 102 . Arguing as in the proof of the foregoing lemma we 
can construct two manifolds of the type of oifli and o 2 Q 2 belonging to SA 
(see (11), (12) and (13)) and then, as is explained hi that proof, it turns out 
that o 1 o 2 QiQ 2 is a /t-dimensional manifold, and, together with it, so is oio 2 . 
If a /t-dimensional manifold 0 is described by equations 

xt =/i(«) =/(«i, .. u k ) 9 n € <0 (1 = 1, ..., n) (15) 

we say that it is represented parametrically (with the aid of the parameter u). 
By definition, we say in this case that the manifold o is oriented. 

The replacement of 0 by 0 ' with the aid of a mapping 

uj = ipj(tA 9 ... 9 u k ) (« , £< i /=l,...,i) 
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continuously differentiable in both directions on the domain co r leads to 
another parametric representation 

xt = Fi(u') i, ..., y>k ),«' € <*>' 

of a. 

By definition, we say that the latter parametric representation specifies 
the same orientation of a as that specified by (IS) or the reverse (opposite) 
orientation depending on whether the Jacobian of the transformation from 
if to if' is positive or negative. 

A k-dimensional manifold S is said to be orientable if ail the possible de¬ 
scriptions of S (the parametric representations of its submanifolds) can be 
divided into two classes 2R + and 9Jl__ so that if two representations with parar 
meters u and if' belong to one class and the manifolds 0 \ and o 2 which are 
described by them intersect , the Jacobian of the transformation from u to «' is 
positive on o , 1 a 2 . 

The parametric representations belonging to 3R+ specify one orientation of S 
and those belonging to 2Ji__ specify another orientation reverse with respect to 
the former. However, it should be taken into account that there exist non- 
orientable k-dimensional (differentiable) manifolds, that is such that their 
descriptions (parametric representations) cannot be split into two classes 
2R + and 2JL with the indicated properties (for the case n = 3, k = 2 an ex- 
ampleof such a nonorientable manifold is the Mobius strip). 

A given representation (with the aid of a vector parameter u = («i, ... 

• •. ,w*)) belonging to one of the classes 3R + and 2JL can be transformed to the 
other class, that is to the reverse orientation, by changing the sign of «i, that 
is by the substitution u[ = —u u u 2 = ti 2 , .. ., u k = u k . 

It should be noted that an oriented k-dimensional differentiable manifold 
L k is obviously a smooth oriented curve (see § 6.5)* in the case k = 1 and 
that in the case k = 2, n = 3 the definition of L k is completely coherent with 
the definition of an oriented smooth surface. Indeed, in the latter case all the 
parametric representations r(«, t>) = <pi+tpj+%k of a smooth surface S 
(which is a two-dimensional differentiable manifold) belonging to one and the 
same class 2R + are such that if the unit normal vector 



r u xr 9 
\r m xr 9 1 


at a point x = r(u 9 v) is computed in terms of a parametric representation) 
with the aid of parameters (u 9 v) 9 belonging to 2Jl + the result is independent of 
whether we compute n in terms of (u 9 v) or in terms of another parametric 
representation, with the aid of some other parameters (u\ t?'), belonging to 
the same class 2R+ connected with the parameters (u 9 v) by a transformation 
continuously differentiable in both directions. This follows from the fact 

that the Jacobian ^ is positive and, consequently, the unit normal 


* On the contrary, a smooth curve is not necessarily a differentiable manifold of the 
type of L x (see the considerations concerning Fig. 6.1). 
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ji(jc) depends continuously on x, and the surface S is oriented in the sense of 
the definition stated in § 7.20. On applying the same argument to the repre¬ 
sentations forming the class 2ft- we arrive at the opposite orientation of S' in 
the sense of § 7.20. 

Let G be a domain in the space R n of the points x = (xi, ..x„). The 
equations 

Xi = U h 1=1,...,/!, If = (ill, ...,!/»)€ G 

in which x/s simultaneously play the role of the coordinates x = (xi,..., x„) 
and that of the parameters u = («i, ..., u„), describe a definitely oriented 
n-dimensional manifold S. If equations of the form 

=/i(wi, ..., w„) 9 w = (w u ..w„) € co 5* G 

specify a one-to-one correspondence x ** w continuously differentiable in 
both directions, then they determine the same manifold S with the same or 
reverse orientation depending on whether the Jacobian of the transformation 
from x to w is positive or negative. 

The following lemma is sometimes of use. 

Lemma 6. Let a k-dimensional manifold S possess a class 2ft of its represen¬ 
tations 

xt =/<(#), u € w 9 1 = 1 ,...,/! (16) 

satisfying the following conditions . 

(i) The manifolds a <zS determined by the representations belonging to the 
class 2R cover S. 

(ii) Any two representations belonging to 2R and specifying some submani¬ 
folds (Tjff'cS whose intersection oo' is nonempty are such that the corres¬ 
ponding parameters u and u' are connected by a transformation with positive 
Jacobian on oo' (see Lemma 4). 

Then the manifold S isorientable and the classes 2ft+ and 2ft- into which split 
all the representations of S can be chosen so that 2ft c 2ft+. In this way 2ft 
specifies a definite orientation of S. 

Proof Let us consider a representation of type (16) (with a parameter u) 
of a manifold a c S 9 and let x° be a point belonging to a. By property (i) of 
the class 2ft, there is a representation of a manifold o' c S 9 with the aid of 
some parameter v 9 belonging to 2R, which covers the point x°. Let us attri¬ 
bute the orientation of a to the class 2R+ or 2ft- depending on whether the 
Jacobian of the transformation from u to v is positive or negative on oo' in 
a small neighbourhood of x°. This rule requires a justification, that is we have 
to show that it is consistent in the sense that it does not in fact depend on the 
point x° € or and on the representation of the submanifold o' € 2ft covering 
x°. 

For definiteness, let the Jacobian of the transformation from u to v be 
positive in a sufficiently small neighbourhood of the point x°, that is let, in 
accordance with the rule stated, the representation of o belong to 2ft+. The 
point x° can also be covered by another submanifold <r." with a representa- 
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don belonging to SR described with the aid of some other parameter, say w. 
Since the transformation from v to w has a positive Jacobiap on the 
Jacobian of the transformation from ir to w (which is equal to the product of 
the Jacobians corresponding to the transformations from u to v and from 
v to 10 ) is positive, and hence the rule stated above leads to the same result, 
that is the representation of a belongs to HR+. 

We shall denote aser x a manifold covering a point x whose representation 
belongs to SR, the symbol v x designating the corresponding vector parameter. 
Let y° £ o and y° ^ x°. Suppose that our rule is inconsistent, i.e. the Jaco¬ 
bian of the transformation from u to vy> is negative in a small neighbourhood 
of y°. Let us join x° and y° with a continuous curve J 1 c a (x = x(t) 9 0 < 
< t < 1, x(0) = x°, x(l) = y°). There must exist a value to (0 < to < 1) of 
the parameter t such that in its any neighbourhood, however small, there are 
some values t' and t” such that the Jacobians of the transformations from 
u to and from ir to v X { t ") are of opposite signs in sufficiently small 
neighbourhoods of the points x(f) and *(/")• This conclusion contradicts the 
fact that there is a neighbourhood of the points x(/ 0 ) within which the Jaco¬ 
bian retains sign. The correctness of the ride has thus been proved. 

Now we see that the transformation ir' -► «" also has a positive Jacobian. 
The same argument applies to HR— It is also evident that HR c HR+ and that 
every local representation of S belongs to only one of the classes HR+ and 
HR— 

We note that an orientable manifold can obviously be also defined as a 
manifold S for which there exists a class HR of its representations satisfying 
conditions (i) and (ii) of Lemma 6 . 

Remark. Any bounded and closed differentiable manifold S (e.g. the cir¬ 
cumference of a circle, the spherical surface bounding a ball or the boundary 
of an ellipsoid and the like) cannot be represented as a whole with the aid of 
equations (2), that is in such a way that the correspondence S ** co is one-to- 
one. Indeed, suppose that S is described by equations of form (2). Consider 
a sequence of points {«*} c to convergent to a point »° belonging to the 
boundary y of o> or, if the set 7 is empty (i.e. co = R*), receding to infinity 
(i.e. | U *| -*■<»). Since S is bounded and closed, this sequence contains a 
subsequence (let it be again denoted as {»*}) such that for the points x* £ S 
corresponding to u p under the mapping specified by (2) there holds the rela¬ 
tion x p x° where x? is a point belonging to S and thus corresponding to a 
definite point «'?© under (2). Let V £ co be a closed ball with centre at 
Under (2) this ball is mapped continuously onto a closed set c c S and, 
consequently, the mapping is also continuous in the other direction (see 
§ 12.20, Theorem 1), and x p -► x° implies u p that is it = «°. But this is 
impossible because «° is a boundary point of co or a point at infinity while u' 
is a (finite) interior point of o>. 
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§ 17.2. Boundary oT a Differentiable Manifold 

and Its Orientation 

Let us denote by E fK) the projection of a set E belonging to the space R„ 
into the coordinate subspace (xi, • • •> **)• 

Theorem 1. Let J 1 c S where r and S are k-dimensional and (k+ \)-dimen- 
sional differentiable manifolds respectively and let x° € T. Then it is possible 
to renumber the coordinates and to find a rectangle 

A —- (|X/ X/ | ■< i — 1> . . . 9 k 9 |^ffc-f*l X/c+ 1 | ^ ^2 5 

{Xj—xJl < cr, j = k+2 , ...,«} (1> 

so that SA is described by continuously differentiable functions 

xj =fj(x i, . -x*+i), j = k+ 2 , ..., w, (x u .. x k+1 ) e ^ ( * +1) ( 2 ) 

and TA by continuously differentiable functions 

Xy — fj(x i, • • • , y(^i> • • *5 x k )) 9 j k~\r2 9 ... n 

Proof All the functions we shall deal with will be continuously differenti¬ 
able and we shall simply call them functions. 

Let us choose a point x° £ T <z S. We shall assume that in a neighbour¬ 
hood of the point x° the manifold S can be projected (in a one-to-one man¬ 
ner) into the subspace R k + 1 of the points (xi, ..., x* + 3 , 0 ,..., 0), which can 
always be achieved by an appropriate renumbering of the coordinates. As 
will be shown below, since T c: S 9 the manifold T must necessarily be pro- 
jectable into a fc-dimensional coordinate subspace R k of the subspace R k +u 
The first k+\ coordinates can be renumbered once again so that R k be¬ 
comes the subspace of the points (x 3 , ..., x*, 0 , .. 0 ). 

Thus, there is a rectangle = {|Xy —xj | < 5i,y'= 1,.. |Xfc + i—Xfc + i|< 
< p; | Xj—xj | < v 9 j = k+ 1, ...,«} such that the part SA± of S is repre¬ 
sentable by the equations 

Xj = fj(x 1 , •.Xfc+i), j — k~ f”2, (xi, ..., Xfc + i) ^ A j "** ^ (4) 

We shall make use of the remark made immediately after the definition of 
a jfc-dimensional manifold in § 17.1 according to which, given some numbers 
5i and p entering in the above relations and satisfying the necessary require¬ 
ments, they can be arbitrarily diminished* while equations (4) will continue 
to describe SAi. 

By virtue of the definition of J 1 , there also exists a rectangle 

A 2 . = (|Xy Xj | ■< $ 1 , j — 1, • • •) k 9 \Xj Xj | < J k- 1-1, . •., w} 

belonging to At (i.e. o p 9 v 9 and it may be necessary to diminish 61 in At 


♦ Diminishing, when necessary, the numbers d t and p we shall often retain the same 
letters <5 X and p for their notation. 
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appropriately) such that TA 2 is representable by equations 

Xfc+1 = ^(^ 1 » • • • 9 Xk)y Xj = Fj(pCi 9 • • •, Xfc) 

J = • • » 9 fl 9 (X l9 . • * 9 Xft) ^ 

Since jT!< 4 2 C £di, we have 

ISC** • • • 9 “■ fj^x 19 • • • 9 x*, *p)> (xi, • • • 9 ^ \ f = 9 (^ 1 * • • • 9 ^Jk) 

and the equations describing JT!d 2 can be written in the form 

• • • 9 Xfc), (Xi, • • • 9 Xfc) 6 ^ 

,//(xI9 • • *9 ^9 / = 2 , • • *9 /I 

Now, using the remark mentioned above, we find a rectangle A cz A 2 
(see (lY) such that&d is described by equations (2) in which fj are the func¬ 
tions already found (for Ai). This may be connected with a necessary de¬ 
crease of the values of 8± in A ± and A 2 ; besides, let us choose di so that 

\<P(Xl, • • »9 Xfc)““ Xjfc.fi| 52, (Xi, • • •, Xfc) 6 A^ (5) 

Thus, SA can be described by equations of form (2). Now let x = (x l9 ... 
• «.,*„) be a point belonging to FA\ then (xi, x*) € c A£> 9 
x 6 TA 2 and, consequently, x can be written in the form 

X/c+i = <p(x i, ..., x k ) 

“*,/}(Xi, • • •, Xfo (Xi, • • •, Xfc) ^ J = ^"1“2, • • •, Tl 



Conversely, if a point x is representable in form (6), then, by virtue of (5), 
we have (xi, .. .,**+i) € A^ k+1 \ and therefore x g SA. On the other hand, 
(jci, ...,x*)€ AS® <= A£\ and consequently x £ rA 2 c jT. Hence, x € JH&d = 

Now we proceed to the proof of the fact that ifTczS then, in a neigh¬ 
bourhood of any point x° € T 1 , the manifold r is sure to be projectable into a 
^-dimensional subspace of the (£+ l)-dimensional space on which S is pro¬ 
jectable. Let the manifold S be representable in a neighbourhood of x° by 
functions 

Xi — ,/}(xi, • •i — 2, ..., /i (7) 


and the manifold 7 1 by functions 

Xy = fpjij&ly • • •, ^A:), 


the rank of the matrix 
= <?*(«)> 


being equal to k. Since/ 1 c 5, we have 


( 8 ) 


di/i 

^=1, ..., 


Xj = <pj(u ) = fj(<pi(u), ..., 9>/fc+i(«)), y = fc+2. 


• ••»« J 
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in a small neighbourhood of the point«°. Therefore 

dpi 9/*+ 2 9p, ^ % 0?. 

01 /x ’ * * 0i/i aL dx, du x L Qx t 0i/i 

0% = 1=1 1-1 
0 |/| 

9^1 9/*+ 2 9y>, ^04 0?I 

01/* ’ ’ ’ 01/* ^ 0*, 01/* * # 0X, 0//* 

The rank of this matrix being equal to k 9 we can readily prove by contra¬ 
diction that the rank of the matrix 

9?! 0P*+i 

0//! * * * 0//* 


9 y>i 9 q > k+1 

0//*--- 01/* 

is also equal to fc, that is there is a minor of order k of this matrix different 

from zero. Let it be the determinant ; j 9 / = 1, .. k. It follows that 

in a small neighbourhood of u° the first k equations (8) can be resolved with 
respect to u u ..., u k9 which shows that in a neighbourhood of the point x 0, 
the manifold T can be projected in a one-to-one manner into the subspace R k 
of the points (xi, ..., x k9 0, ..., 0). 

By a boundary of a fc-dimensional manifold L k is meant the set dL k = 
= Lk—L k . If L k is closed, it obviously has no boundary. 

% 

Theorem 2. Let L k+ 1 and L k+x be (fc+l)- dimensional differentiable mani¬ 
folds and L k + 1 a L k+ i; let the manifold L k +ibe connected and letL k +\have a 
nonempty connected boundary dL k +i = L k which is a k-dimensional manifold . 

Then for any point x° € L k there is a permutation j \ 9 h* ...9 jn of the natural 
numbers 1, ..., n and a rectangle 

A Xj t | ■< s - 1, . •., k 9 

I */*+.-*/*+.! -= \ x J,-rf.\ < s = *+ 2 » •••»«} 

such that the part L k+X A of L k + x can be described by functions 

Xj t — fj $ (xji9 • • •> (^/i> • • •» ^ ^ ^4*2, •..,/! (9) 

continuously differentiable on A^ k+r) and the part L k A of L k is described by the 
same functions in which a substitution 

(pfajv • • •» <^j*)> (^fi> • • •> ^ (^) 

is made where (pis a continuously differentiable function on A^. 

Under the transformation of the coordinates specified by equations (9) the 
points of id ( * +1 > belonging to the domain 

^ ( + +1) = {xj tr , > <p(x h , x h ), (x Jo ...,x Jt ) € ^ k) } 

are mapped entirely onto one of the parts L k +\A or (L k +i—L k+x )A and 
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the points of A^ +1 > belonging to the domain 

j<*+i)_ Xjk ),(x Jt , . x h ) e 4 (W } 

onto fAe o/Aer parr. 

Proof Since L k is a ^-dimensional manifold belonging to the (k+ l)-di- 
mensional manifold I* + i, the first part of the theorem is simply a modified 
restatement of Theorem 1. It remains to prove the second part. To this end 
we make use of the fact that L k is the boundary of L k +i and that I* and L k+ i 
are connected manifolds. 

Surface (10) cuts the rectangle into two domains not containing 
those points which are mapped into L k under transformation (10). Conse¬ 
quently, each of these domains is mapped entirely on one and only one of the 
parts L k +iA and (L k +i—L k+ i)A . Further, it cannot happen that both domains 
are mapped entirely onto (U k +i—L k +x)A because in such a case L* +1 J would 
be an empty set and A would not contain points of L k . It is also impossible 
that both domains are mapped onto L k +\A. Indeed, let us say that a point 
jc° g L k is regular if, for this point, the different domains +1) and A^ +1 > are 
mapped onto different parts L k +iA and(L k +i—L k +i)A. We have to prove that 
the set of all irregular points is empty. Let us begin with the remark that 
there cannot exist two points x° and y° belonging to L k one of which is regu¬ 
lar while the other is not. Indeed, if such points existed then, by the connec¬ 
tedness of L k , there would exist a curve J 1 belonging to L k and joining the 
points jc° and y°, and therefore the application of the method of Dedekind’s 
cuts would imply the existence of a point z° on T in whose arbitrarily small 
neighbourhood there would be both a regular point and an irregular point. 
But this is obviously impossible. Now let us suppose that all the points of 
L k are irregular. On choosing two points x? € I*+i—Z* + iandy° £ L k +i and 
using the connectedness of U k +i we can join them by a continuous curve 

x = x(f), 0 < 1, x(0) = x°, x(l) = y° 

belonging to L k + v Further, using the method of Dedekind’s cuts we can find 
the greatest value to of the parameter t for which *(/) € L k +i—L k +u t < to. 
The point z° = x(t 0 ) obviously belongs to L ky is irregular and, by what was 
said above, for this point both domains A^+Q and must be mapped 
onto L k +\A 9 which means that there cannot be points of (L k +i—L k +i)A in 
a neighbourhood of z°. Since such points do in fact exist for t < to lying suffi¬ 
ciently close to to, we have arrived at a contradiction. 

Hence, every point of x° 6 L k is regular, that is under transformation (9) 
the domains A { ^ +1) and are mapped onto different parts L k+ iA and 
( Li+r-L k +i)A . 

Remark. Taking into account that q> is continuous and satisfies the equal¬ 
ity j$ m = <p(xj l9 ..., x/ 4 ) and that the diameter of A^ can be arbitrarily 
decreased we conclude that there is A > 0 such that the domain 

A = {Otyp • • •» ^jf*) € A^ y ^ < fyk+i < 

*< (p(xji9 • •^n)4*A, n’, s — ^4*2, ..., w} 00 
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cuts from Z* + i a portion L'k+iA described by the functions 

Xj 9 = f s (xj l9 • • •> ^4+i)> (xji9 •••» f yjCfc+i) (iS = 2, .w) 

Besides, surface (10) cuts A*** 1 * into the two parts 

^ ( + +1) = {(*a> • • •> x Jj) € 4 (A:) , q>(x Jl9 ..., < 

^ x h+i < Pfe •••» •*&) ^ 

^ ( * +1) = {(x Jl9 ..., x h ) € 4<*>, ?>(*a> • • •> x Jk )-X < 

Xj M < <K*a, • • •> */*)} 

one of which is mapped under transformation (9) ontoZ* + iyl and the other 
onto (Ljfe+i— L/c+x)A. ' 

If is mapped onto (L'k+i—Lk+i)A we introduce the variables 

Ux — • • •» WAr == ^/j> Mk+l ~ Xj k+l *p(Xji 9 * • •> (13) 

(Correspondence (13) between wi,..i/*+i and xj l9 ..., x / t+1 is continuously 
differentible in both directions.) Then the functions 

Xj 9 = • • •> UA;+i) = U$ 9 S = 1, • • » 9 k 

Xjt+i = ^)* + i(^ 1 j • • •> Uk+l) = Uk+l “f”9^(^1» • • •» ^A:) 

*A = W*+l) = A( W 1* • • •> U k 9 WA+l+?>(Wl, . . U k )) (14) 

$ = k+ 2 , ..., n 

12A W 5 1 ^ ^i) = 1 > • • » 9 k 9 | Ufc+i | < A 

represent and the points (u l9 ..., w* + i) with coordinates Uk+i > 0 , 

w*+i < 0 and Wfc+i = 0 go into (Z* + i—Z*+iVi, Lyt+iyl and Z*yl respectively. 

If id ( + +1) is mapped onto Z* + 1 /l, the same result follows if we replace w * +1 
by —w * +1 in equations (13) and (14). 

Finally, note that the replacement of the parameter u± by —u\ obviously 
does not alter these results, that is after the replacement the points (wi, ... 
..., Uk+ 1 ) with Uk+x > 0 will again go into (Z*+i—Z* + i)A Our considera¬ 
tions thus result in the proof of the following theorem. 

Theorem 3. Under the conditions of Theorem 2 9 for my point x° d Z* there 
is its (n-dimensional) neighbourhood A such that L'k+xAcm be described by 
continuously differentiable functions 

Xi = F/(*r) = Fi(u l9 ..., u k + 1 ), if e G) (1 = 1, ..., n) (15) 

where co is a domain belonging to the space Rk+i of the points u and LkA is 
described by the equations 

xt = F/(f/i, ..., u k9 0 ), (iii, ..., u k ) d A (16) 

where the set A is the section of w by the plane Uk+i = 0 in Rk+i cutting (o into 
two nonempty domains . Equations (15) specify a mapping of the points u d co 
with coordinates Uk+i > 0 or Uk+i < 0 onto (Lk+i—Lk+i)A or Lk+iA respec¬ 
tively . 
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Finally, if Z*+i is an oriented manifold, the functions Ft possessing the 
indicated properties can be defined so that they determine the orientation of 

The last assertion should be understood in the sense that if the functions 
Ft with the indicated properties appearing in the above process determine the 
orientation reverse to that of Z * + 1 then in order to obtain the desired orien¬ 
tation it suffices to replace ui by —ux in Ft. 

Theorem 4. If the conditions of Theorem 2 (or, which is the same, of Theo¬ 
rem 3) hold, then if Z*+i is orientable, so is I* , and there is a rule for making 
their orientations coherent. 

Proof. Let us assign to each point *° 6 I* its neighbourhood A and func¬ 
tions Ft describingLfc+iyl (and specifying its orientation) so that the conditions 
of Theorem 3 are fulfilled. Equations (16) provide a representation of the 
manifold L* which is by now nonoriented. 

Let SR denote the totality of all representations of form (16). Since to each 
point x° € I* is assigned at least one representation of Z* of form (16) cover¬ 
ing x° and specifying the manifold LkA the totality SR satisfies condition (i) 
of Lemma 6 proved in the foregoing section. To show that SR satisfies condi¬ 
tion (ii) of that lemma as well, let us consider, besides (16), some other repre¬ 
sentation of Lk belonging to SR. Thus, we assume that for a pointy 0 € I* 
there is its n-dimensional neighbourhood £2 such that functions 

xt ~~ ^ 1 (^ 1 , * * *, ®t+i), (°i, • •., °i+i) 6 ^ 0 1) • * ■ * s) 

determine the oriented manifold Lk+jQ while functions 

Xt = 0^vx, ..., v k , 0) (vx, -,»*)€/* 

determine where p is the section of x by theplane Vk+i = 0, and to 
positive Vk+i there correspond the points x € (I*+i— Lk+i)A. Let us suppose 
that the intersection LkAQ of the manifolds LkA and Ltfi is nonempty. By 
virtue of Lemma 4 of the foregoing section, on that intersection we have a 
correspondence 

Vk 3 ( u l, • • •» u k) 5 * (» 1 ,-> Vk) € Vk 

continuously differentiable in both directions where Uk and V% are open sets. 
Then die intersection L'k+xAQ of the manifolds L'k+\A and Lk+iP is also 
nonempty, and on L'k+iAQ we also have a correspondence 

Uk+i 3(«i, ...»«*+i) (»i* ...» Vk+i) € Vi+i 


continuously differentiable in both directions. 

Note that in the case under consideration we have = 0(J= 1, ...,k) 

for Vk+i — 0 or, which is the same, for Uk+i = 0, and therefore 


D(y i, .■. Vm-i) _ JXvi, 

Dty„ ..., u*+i) 0U*+1 D(u to ..., «*) 



for Uk +1 = 0. 
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The Jacobian on the left-hand side is positive since the functions F,{ui ,... 
.. Uk+ 1 ) and u*+i) determine the oriented parts of L'k+i and the 

Jacobian of the transformation from («i,.. to (»i,..»*+i) has a 

a.. 

positive Jacobian on the intersection of these parts. The factor v** 1 is also 


0tf 


*+i 


positive (for Uk+i = 0) because the parameters u and v are chosen so that 
x € (Lk+i—Lk+^AQ for Uk+i > 0 and therefore we also have v k+1 > 0. Hence, 
the Jacobian on the right-hand side of (17) is positive, and we have thus 
shown that the representations of form (16) satisfy condition (ii) of Lemma 
6 , § 17.1 (the parameters of these representations are connected by transfor¬ 
mations with positive Jacobians on the intersections of the manifolds de¬ 
scribed by them). 

Thus, according to the terminology of the foregoing section, the represen¬ 
tations of form (16) form a class of the type of 2R. Consequently, Z* is an 
orientable manifold, and as a class specifying its orientation we can choose 
2R+. The construction method for 9Jl + was indicated in the lemma we referred 
to(2R c 2Jl + ). 

Theorem 4 asserts the possibility of setting a coherence rule for the orienta¬ 
tions of£* + i and L k , and its proof does in fact provide such a rule. But for 
practical purposes it will be more convenient to use another rule stated 
below. 

Coherence rule for the orientations ofLk+i and L*: if, under the conditions of 
Theorem 2, there is a neighbourhood Q of any point x9 £ I* c L* + i such 
that the part QLk+x of Lk+i can be described by equations 


Xi ■— fi(u± 9 . • •» Uk+x ) 9 i — 1 , . • n (18) 

which go, for u\ = 0, into the equations 

X( — yi*(0, U2, ...» U/q+ l), I — 1, ...,7Z (19) 

describing the part QLk , and the points u = (u l9 ..., w&+i) with u\ > 0 are 
mapped under transformation (18) into the exterior of 1 , then, by definition, 
equations (19) determine an orientation of I* coherent with the orientation of 

To show that the new rule is correct it is sufficient to make the substitution 
ui = Uk+ 1 , uz = «!,.. Uk+ 1 = (— l)* +1 w* in the above-stated rule (Theorem 
4) and then remove the primes. 

The latter rule which we shall refer to as a formal rule has an advantage 
over the former since it is in a natural concordance with the visual rules for 
the orientation of geometric figures given in the elementary presentation of 
the Green, Gauss-Ostrogradsky and Stokes formulas. 

Besides let us also consider L* which is the same manifold but with the 
reverse orientation. It is evident that the manifold Z* is the boundary of the 
manifold Z*+i—Z*+i or, possibly, its part, the orientations of these two 
manifolds being coherent in accordance with the formal rule. 


Remark. Let Z*+i, Z *+1 and L k have the same sense as before and, besides, 
letZ,i f * + i,... ,L Jf jt+i be (fc-f l)-dimensional manifolds whose closures belong 



306 


A COURSE OF MATHEMATICAL ANALYSIS 


to Lk+i and are pairwise disjoint. Let 
these manifolds have connected bo¬ 
undaries L\,k, ..., L,, k oriented 
coherently with them. Then, obvi¬ 
ously, the (^connected) manifold 

Lk+i— Lj, jt+i (20) 
7-1 

has the boundary 

L k + £ l£ k ( 21 ) 

7-1 

oriented coherently with it. 

Fig. 17.1 Example 1. Consider, in the Tty- 

plane, the convex domain G with 
smooth boundary P shown in Fig. 17.1. Let Z7 denote the strip a -= x < b, 
— »< y -c eo which we shall regard as a (positively) oriented two-di¬ 
mensional manifold represented by the equations _ 

x = x, y = y, (x, y) € H (22) 

G can be regarded as a manifold with the corresponding orientation. Further, 
II can also be represented by the equations 

x — x, y = — v+f(x), d<r<i,-oo<ii< «, (23) 

setting up a (continuously differentiable in both directions) correspondence 
(x, y) se (v, x) with the Jacobian 

D(x,y) _ 0 1 _ j 

_i f '(x) 

or by the equations 

x = —x', y = v+ip(—x!\ —b -= x' -< —a, — °° -= « < <» (24) 

specifying a correspondence (x, y) ~ ( v , x*) with the Jacobian 

■PC*, y) _ 0 -1 _ j 

j —y'(— x') 

Besides, in the vicinity of y\ and y 2 the corresponding points (e, x) and 
(v, x') (with v =► 0) are mapped into the exterior of G, and therefore, accord¬ 
ing to the coherence rule for the orientations, the equations 

x = x, y = (p{x), a^x^b 

and 

x = xf , y = iK-x0. ~b -= x! «= -a 
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of the parts yi and yz obtained from (23) and (24) for » = 0 specify the 
orientation of 7 1 coherent with that of <7. 

We see that as the parameters x and x' increase continuously the point 
(x, y) describes, respectively, the parts y\ and y 2 of 7 1 so that the domain G 
remains on the left, that is I 1 is traversed counterclockwise. 

Since it appears natural to call the orientation of G specified by equations 
(22) positive, we see that the formal coherence rule for orientations when 
applied to G and 7 1 gives the result concordant with the well-known geometri¬ 
cal rule for coherence of the orientations of G and JP. 

However, for a rigorous justification of this conclusion it is also required 
to apply the above argument to arcs Ai and A 2 of 7 1 containing, respectively, 
the points A and B (see Fig. 17.1). 



Fig. 17.2 


Example 2. Let us consider the convex d omain G in the xyz-space with 
smooth boundary surface r shown in Fig. 17.2. Let m be the projection of 
G on the xy-plane and let us embed G in the cylindrical solid 77 = {(x, y, z): 
(x, y) £ a)} which (together with G) will be regarded as an oriented mani¬ 
fold: 

x = x, y = y, z = z, (x, y, z) 6 77 


The manifold 77 can also be represented in terms of the parameters 
(e, x’, y) ((«, x', y) at (x, y, z)) by means of the equations 

x =-x’,y^y,z= -v+<p(-x’,y),(x',y) € to', -«> 


where a>' is the corresponding domain with the Jacobian 


■Of*, y, z) 
D(v, x', y ) 


0 

0 

-1 


-1 0 

0 1 

7>i(-x',y) 7#-x',y) 



20 * 
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or by means of the parameters (v, x, y ) (x, y, z) and the equations 

x = x,y - y,z = v+ip(x, y), (x,y) € a>, -~-= 
with the Jacobian 


Djx, y, z) 
D(v, x, y) 


0 1 
0 0 



1 v'x y>y 


Besides, in the vicinity of yi and y 2 the corresponding points (v, x', y) and 
{v, x, y) with & > 0 are mapped into the exterior of G, and therefore the 
equations 

x = -x\ y = y, z = vi-x 1 , y), (x', y) € (o' 


and 

x = x, y = y, z = rp(x, y), (x, y) € <» 

determine, respectively, the parts yi and y 2 of the boundary P together with 
their orientations coherent with die orientation of G chosen in accordance 
with the stated rule. 

Let us agree to define the normal n (not necessarily of unit length) to a 
surface r = r(«, v) by means of the formula n = r„Xr v . Then we have n z = 
= — 1 for the part yi and n z = 1 for the part y 2 , that is the normal is directed 
to the exterior of G in both cases. We see that the application of the formal 
coherence rule for orientations to the concrete case of G and JT in question 
leads to the situation in which to the positively oriented three-dimensional 
domain G there corresponds its boundary surface r oriented with the aid of 
the outer normal. 

A rigorous justification of this result also requires a thorough considera¬ 
tion of the parts of r covering the boundary of y 2 (in this case the boundary 
of y x is simultaneously the boundary of y 2 ; see Fig. 17.2). 

Example 3. Let us consider a smooth surface S' represented by an equa¬ 
tion 

z = f(x, y), (x, y) € 0 (25) 

where Q is a domain in the xy-plane; let S be a surface belonging to S’ and 
specified by the equation 

z -fix, y), (x, y) € <o c © c Q 

where co is a domain (possibly multiply-connected) with a smooth boundary 
y. The boundary of S 9 that is r = dS = S—S 9 is obviously a smooth curve. 
Let us assume that the surface S' (and therefore the surface S as well) is 
oriented with the aid of equation (25). Then the projection of its normal n = 
= r x Xr y (ir = xi+yj+bk) on the z-axis is equal to 1, that is S is oriented 
with the aid of the normal forming an acute angle with the positive z-axis. 
If we apply the screw rule, then in a right-handed coordinate system (x, y, z) 
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the orientation of S induces the orientation of JT and of its projection F z on 
the plane z = 0 such that in the motion of the variable point traversing 
the contour F z in the direction indicated by its orientation the domain co re¬ 
mains on the left. The same result is obtained if we make the orientations of 
S and r coherent by use of the formal rule* 

Indeed, in a neighbourhood of a point of the curve jT we can describe JT 
by an equation y = q>(x) or x = ip(y) considered simultaneously with the 
equation z = /(x, y). For definiteness, let us take the case of the equations 
y = q>( x), z = /(x, y). The surface in question can also be represented with 
the preservation of its orientation by means of the parameters (#, x) ^ 
** (jc, y) connected with (x, y) by the equations 


x = x, y = — fl+<p(x), 


P{x 9 y) 
D(v t x) 


0 1 
-1 fix) 



Let to the points (v 9 x) with small v > 0 there correspond the points of 
S'—S. Then the equations x = x and y = <p{x) determine the orientation of 
r Z9 and, as the parameter x increases, the variable point moves along the 
contour j V 2 in the direction of its orientation. It is clear that the points 

(x, y) € co which correspond to v < 0 will then remain on the left. 

/ 

Remark. Let a fc-dimensional manifold S' lie in a domain Q belonging to 
the space R„ of the points x = (xi, ..x n ) and let Q go into a domain O’ 
belonging to the space R’ n of the points 1; = (£ 1 ,..£„) under the mapping 
specified by a one-to-one transformation 

£/ = v»f(xi, ..x„) = y>i(x), x i = 1, .... n (26) 

continuously differentiable in both directions. 

Then, if equations 

x, = (pi(u u ..u k ) = <Pi(u), u £ co, i= 1, ...,n (27) 

provide a representation of a part a c S in the space R„, the equations 

!< = ?>„(«)) = F((«), u £ co, (28) 


describe a in R'„. Indeed, equations (28) set up a one-to-one correspon¬ 
dence 4T h, the functions F,{u) are continuously differentiable together 


with q>, and ipi and the rank of the matrix 
r8F, 0F. 

rows { 


0F, 

du, 


is equal to k because its k 


dF \ 11 J 11 , . . „ 

j = 1, .. k 9 can be regarded as k (n-dimensional) 

OUj J g f\m f)(D 1 

vectors obtained from the k linearly independent vectors j 

by means of a nondegenerate linear transformation (with the determinant 

ItH)- 

It can easily be seen that if S is oriented in R„ and if the local descriptions 
of S of form (27) are transformed to the descriptions of type (28), the latter 
determine the (corresponding) orientation of S in R' n . Further, if L k is the 
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boundary of an oriented manifold L* + i, the above rule for the induction of 
the orientation of L* by the orientation of Z*+i which is applicable both in R n 
and in jR^ is such that the above correspondence is not violated. 

§ 17.3. Differential Forms 

A differential form of degree k or, simply, a k-form (k = 1, 2, ...,) 
defined on an open set Q c R n isa finite sum of the type 

9L = Y t a(x)dx§ l ... dx ik9 x$£2 (1) 

where a(x) are some functions (the coefficients of the form) and dx^ .. . 9 dx$ k 
are symbols (the differentials) corresponding to the indices i u ..., i k which 
satisfy the inequalities 1 < i, < n, provided that sum (1) is subjected to some 
special conditions considered below. 

By a form of degree 0 (a 0-form) on Q is meant an arbitrary function a(x) 
defined on Q. 

In what follows we assume that the coefficients a(x) are continuous and 
are continuously differentiable as many times as required. Generally speak¬ 
ing, the coefficients a(x) in different terms a(x) dxt l9 ..., dxt k may be different, 
and, in the general case, so are the systems of indices i'i,..., i*. 

1. By definition, the following operations on a form SI do not alter it and 
are called admissible: 

(a) Rearranging the summands in sum (1). 

(b) Replacing a summand 


a(x) dx ix ... dxi k (2) 

by a sum 

a\(x) dx ix ... dxi k +a 2 (x) dxi x ... dx§ t where Ui(x)+u 2 (x) = a(x) (3) 
or, conversely, replacing (3) by (2). 

(c) Deleting from (1) a summand involving two equal differentials dx^ 
and dxi t (i r = /„ r ^ s) or a coefficient a(x) = 0 (see below). 

# (d) Interchanging two differentials involved in a term of sum (1) with 
simultaneous change of the sign of the coefficient a(x) in that term. 

(e) If in the ultimate result of the application of operations (a)-(d) to SI 
all the terms of SI vanish, then SI is called the zero form (not to be confused 
with a form of degree 0, i.e. with a 0-form which is an arbitrary function 
u(x)!) and is denoted as 0. In particular, this is the case when each of the 
summands of SI contains two equal differentials (which is always the case 
when k > «) or when all the coefficients a(x) of the form are identically equal 
to zero on Q. 

It is obvious that on performing appropriate admissible operations on a 
k-form 81 we can always reduce it to its standard form 

^ .. •» f*C^) dxt x ... dx ik 


00 
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where the sum is extended over all the ordered permutations h < • -. -< i* 
of the numbers 1, ...,n taken k at a time. 

The standard expression of a given form 51 is obviously determined uni¬ 
quely to within the order of the summands. 

2. If 51 and S3 are two fc-forms, their sum 81+35 is a form obtained by collect¬ 
ing together all the terms of 51 and S3 and regarding them as the terms of 
51+93; the difference 51—93 is defined as the sum 51+(—93) where —93 is the 
form obtained from 93 by changing the signs of all the coefficients of the latter. 
In particular, if 51 has standard form (1') and 93 has the standard form 

S3 = £ b k . t k (x) dx tl ... dx, k (4) 

then the standard form of 5l±83 is 


8l±93 = £ (a h . ik ±b tl . /t ) dx h ... dx, k 


We shall not dwell on the formal proof of the fact that these definitions of 
the sum and difference of fc-forms do not depend on the (admissible) repre¬ 
sentations of 51 and 93. 

3. The product* 5193 of a fc-form 

51 = Y d °dxi l ... dxi k (5) 

and an s-form 

93 = £ b dx h ... dxj, (6) 


(generally, k and s may be different) is defined as the result of the term-by- 
term multiplication of the expressions on the right-hand sides of (5) and (6) 
with the retention of the order in which the differentials are arranged. In this 
operation the coefficients a and b are considered as commuting with the dif¬ 
ferentials. In particular, in the case of the standard representations (see (!')) 


and 


81 = £ a h . tk (x) dx tl ... dx tk 

/r<.. .■</* 

8- £ K.....J.dx h ...dxj. 


of the forms 51 and 93 we have 

2193 = £ £ a*,. i t b ju ...,j, dx k ... dx tk dx h ... dx Jk (6') 

In the case when k+s > n we obviously obtain 8185 = B. 

We shall not dwell on the formal proof of the fact that standard repre¬ 
sentation (6') to which the product of two forms 81 and 93 can be reduced by 
means of a finite number of admissible operations is independent of the ori¬ 
ginal representation of the factors 81 and SB (for each factor here are meant its 
representations reducible to one another by admissible operations). 


* The product of forms is also called their exterior product . 
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4. By the differential* of k-form (1) is meant the (k+ l)-form 


dSI 


= Zi^dxjdx, 1 ...dx tk 


It can readily be checked that this definition is in fact independent of the way 
in which St is represented. 

It is evident that 


d<m=d t % = 


E £ eS* ** dxj 4x11 • • • dXtk = 0 

StJ 


because the summands entering into this sum can be divided into pairs of 
terms of the form 

of^rdXs dxj dx it ... dx ik +~^dxj dx, dx k ... dx ik 
which mutually cancel out. 

It is convenient to introduce the symbolic 1-form (operator) 


d=t-£- 

h s * 


dxt 


Then, obviously, <M can be regarded as the (symbolic) product of the forms 
d and 21. It is natural to put 

<P = dd = Y^-dx, dxj — Q 

Then the relation <^91 = d<ffl. = 0 can be regarded as the result of the mul¬ 
tiplication of the form cP by SI. 

5. The transformation of a k-form SI of type (1) to new variables tr = 
= (wi, with the aid of continuously differentiable functions 

Xg — ...» W/i) 0 = •. ■» n) 

s carried out according to the following rule (see the explanations below): 


SI = £«(*) ... dx ik = Za(u) £ 

A®* 1 


y ?2±duj = 

jk du » * 


A* •• »A 


-E*-) E = 


=e<<“) e 


< • • • 


Here in the coefficients a the substitution x { = y/(«) (* = 1, .. n) has 
been made, the result being denoted as a{u). 


* The differential of a form is also called its exterior differential. 
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The transformation rule from the (vector) variable x to ir is expressed by 
the second equality in ( 8 ) which defines the expression obtained as a fc-form 
in the variables u = (i/i, •.., u„). The subsequent equalities automatically 

follow from that definition. In the fourth member of ( 8 ) the functions 

(the factors by which the original coefficients of the form are multiplied) 
are written in front of the differentials under the sign of the sum containing 
the products of the differentials. The terms entering into the sum £ in the 

Jl» • • ••Jh 

fourth member which correspond to the systems j l9 .. 7 * of indices con¬ 
taining equal indices j a = j r (s 9 * r) can be deleted because the fourth 
member is a fc-form obeying the operation rules stated above. Finally, the 
passage to the rightmost member of ( 8 ) is carried out as follows. On choosing 
an arbitrary system of k indices 1 s± < s 2 < ... < s* n we select 
those summands entering into the sum £ which correspond to all the pos- 


. . • • **/fc # 

sible permutations of the indices s l9 ..., su and arrange the differentials in 
these summands in the increasing order du Sx ... du Sk . By the properties of 
the forms, this leads to the appearance of the corresponding signs ± in 
front of these summands. It can readily be seen that these signs ± are such 
that after the factors du Sl9 ..., du Sjt are taken outside the brackets the expres¬ 
sion in the brackets turns out to be the determinant (Jacobian) 


• • •> Xfj) 

• • •» M|j) 



On performing such transformations for all the systems of k indices 1 s± < 

■< S 2 < ... we arrive at the last equality ( 8 ). 

It should be noted that if 


a(x) dx ix ... dx ik = ai(x) dx it ... dxi k +a 2 (x) dx ix ... dx ik {a = Ui+a 2 ) (10) 

then the results of the transformations from x to u in the left-hand side of ( 10 ) 
and in the summands entering into the right-hand side of ( 10 ) performed 
according to rule ( 8 ) are in the same relation: 


«(«) 1 

7ic... <«/i 

oi(«) I 


D(xi x9 • • •) Xfjfc) 
• • •» 


du h 

du h 



... duj k + 


Further, if the left-hand side of (10) contains two equal differentials then 
all the determinants entering into the left-hand side of ( 11 ) are equal to zero. 
If two differentials in the left-hand side of ( 10 ) are interchanged there appears 
the minus sign in this expression and the same occurs in the transformed 
expression. Indeed, such a permutation leads to the permutation of two 
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different rows in each of the determinants. The last property indicates that 
transformation rule (8) for replacing x by «leads to one and the same diffe¬ 
rential form (in «) irrespective of the (admissible) representations of the 
original form 91 (in x). 

It should also be noted that the consecutive transformations from x to « 
and then from «to u' («' = (u [,...,«')) performed according to rule (8) and 
the direct transformation from x to «' lead to one and the same result. 
Indeed, using the transformation law expressed by the fourth member of (8) 
we can write 


Jl» • • ••Jk 


21 — E^*) £ QUfl * ' * 0 Uj! ^ u h • • • ^ U h — 


= E4«') E 






9“>i 

9«*>» 9«1, 


du^ ... du' St 




•••>4 


9b;, • •' 0H.J ** 


because 


8*» _ A 9x<, duh, 

9«m. .A 9b>„ 9ui, 

Rule (8) is invariant with respect to the operations 21 ±93, 2(93 and d2C. 
For instance, in the case of 2193, this assertion means that the product of 
the results of the transformations of 21 and 93 performed in accordance with 
rule (8) is equal to the result of the transformation of the product 2193 by 
that rule. To justify this assertion we again use the transformation law ex¬ 
pressed by the fourth member of (8), and it is sufficient to confine ourselves to 
the standard representations of die original forms. We thus obtain (see the 
explanations below): 


X • • •> W®) £ q u ■ 1 • • • q u ■* dupi • • • 


x £ £ fg...fg<fr,. 


duw t * * * 


= E j) «/,.<*(«) h . Jt (u) y. E 

•••» t*k ’“f *** 


du Ml 


l£r & • • • 12: *** ••• ••• 


0 ^ 


= Z E .4<*) b Ji . J.(x) dx tl ... dx ik dx h ... dx Jt = W& 

In the first member of the last equalities we have written the product of the 
forms 2( and 93 expressed in terms of xr. The second member is the result of 
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the term-by-term multiplication of SI and S3 performed in accordance with 
the multiplication rule for forms (in «). Recording to (8) (see the second 
member in (8)), this result is a (fc+s)-form in the variables u = («i, 
which can be obtained by means of die transformation from x to ^accord¬ 
ing to rule(8)) of the form written as the third member of the last equalities, 
that is of S193. 

Let 

, iff = i, ... dxt t 

be a fc-form and 

93 = £ b dxj t ... dxj t 


an arbitrary form. Then 

d(S193) = dSl-93+(-l)*SC cm 

Indeed, 

i 

dm) = dxj dx k ... dx lt dx h ... dx Jf = 


( 12 ) 


-III 

j 


da 

dj% 


dxj dx k 


... dx tk b dxj k 


dx Jt + 


+(- 1)*I£I« W, dxj ***••• <**7, “ 

= rf9i-93+(-l)*Sl-d93 


Now we can proceed to the proof of an important fact, namely of the 
invariance of the above definition (see (7)) of die differential of a form SC 
with respect to any variables u (xt = y>i(uu ...,««); i = 1, .. n). In other 
words, die transformation of the form dSC expressed in terms of x to the new 
variable u results in the expression 

h h * 

For k = 0 the invariance is trivial: if 

SC = f(x) = f(x u ...,x„) 

then 



j-i 


8/ 

dxj 


dxj=£ 

7=1 




8/ 

dxj 


05 

0Wj 


dus= I 

5=1 


a/ 

du t 



Now let ns suppose that the invariance of has been proved for some 
k s* 0 and show that then it holds for k+l. To this end it is sufficient to 




316 


A COURSE OF MATHEMATICAL ANALYSIS 


consider the simplest (fc+ l)-form (see the explanations below) 

21 = a(x) dx ix ... dx ik+1 = a(x) dx% x ... dxi k -dx ik+l 

By formula (12), taking into account that d 2 = 0, we obtain 
d2l = d(a(x) dx tl ... dxQ dx ik+l + 

+(— 1 ) k a(x) dx tl ... dx ik d(dx ik+l ) = d(a(x) dx ix ... dx {] ) dx ik+l 

We have thus represented d2t as the product of the differential of a fc-form 
by the differential of the 0-form x ik+l . Since both factors are invariant and, 
as we know, the product of any forms is invariant, this completes the proof. 

Now let us consider an oriented ^-dimensional differentiable manifold 
Lie described by some functions 

X% = yi(Wi) • • *9 Hjk) (l I 9 • • »9 n), (l/i, • • .9 22 fc) C ^ ^ (13) 


possessing uniformly continuous partial derivatives on a bounded open set <7. 
We shall suppose that L k a Q cz R n where Q is a domain on which a (diffe¬ 
rential) fc-form 21 is defined (see (1); the coefficients a(x) are supposed to be 
continuous on D). 

The integral of the form 21 over L k is defined as the ordinary multiple integ¬ 
ral 

•••■*■« < l4 > 

£* O 

(o(«) = a(/i(«), .. - ,/»(«))) 


which is understood in Lebesgue’s sense in the general case and in Riemann’s 
sense when G is Jordan measurable. 

This definiton is independent of the choice of the admissible parameters 
u' = (u' l9 ..., u k ) preserving the orientation of L k9 that is connected with u 
with die aid of a transformation G’ 9 ir' = (wi,..., u k ) ** u = (fii,..., u k ) € 
£ G continuously differentiable in both directions and having a positive 

Jacobian ^the derivatives are supposed to be uniformly continuous on G^. 

Indeed, we have 



..*4) 





■ < 

•9 Ui) 


D{u l9 ...,«*) 



• • • du k = 



P(xt l9 ..., Xtj 
Diui, ...,«*) 


di/i ... du k 



(see Theorem 1 in § 12.16 and, for the case of Lebesgue’s integrals, property 
22 in § 19.3). 



DIFFERENTIABLE MANIFOLDS. DIFFERENTIAL FORMS 


317 


If the Jacobian is negative, then in the second member of (IS) and also in 
the third member there appears the minus sign, and therefore when the 
orientation of L k is reversed the integral of 91 over L k changes sign. 

It is also important that if 81 is transformed from x to x' by means of a 
transformation x ** x' continuously differentiable in both directions, the 


integral J 91 expressed in terms ofx' remains invariant, that is it remains equal 


to the right-hand side of (14). Indeed, the form 91 is written in terms of the 
variables x' as 


a = !«(*') £ 


0(*k. 

•0(4.. 


»» Xtj t) 

-.4*) 




and the integral of 91 over I* (with respect to the variables x' = (jc{, ...» x'J) 
is equal to 


£/«■» X 


'Jk 


Xtt) 

• • •» 


P(Xf i9 . . .9 Xft) 



.. du 


k = 





that is it is equal to the integral of 91 with respect to the variables x = 

(xi, . •X/|). 

We can also consider a part a of L k described by functions (13) when the 
parameter ir ranges over a measurable subset e cz G and define the integral 
of the fc-form 91 over a by means of the formula 




analogous to (14). 

This definition is obviously also invariant with respect to any change of 
variables x ^ x' by means of a transformation continuously differentiable 
in both directions and is independent of the choice of the admissible para¬ 
meters (see property 22 in § 19.3). In this case it is natural to call a a measur¬ 
able part of L k oriented coherently with L k . 

Now let us suppose that an oriented manifold L k can be covered by a finite 
number of submanifolds o s oriented coherently with L k : 

N 

L k =Z as 

Let each of the manifolds o s be described by some functions 

=•/?(«*)> € G s ; i=s 1, ..., n, s = 1, ..., N 

possessing uniformly continuous partial derivatives on a bounded domain 
G s ; s == 1, ..., IV. Then the integral of a fc-form 91 overly can be defined as 
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follows. We choose pairwise disjoint measurable parts A, c a, (oriented 
coherently with a,\ s — 1,... N, or, which is the same, with L*) whose union 

is Lk U k — £ A, J and put 



The parts X, can be defined by the relations 

Ai — Ott A 2 = O2—02P1, ..., A n — On—OnO 1—... —onOn-i 


For instance, it is clear that A 2 € <*2 and that 01 O 2 is a manifold described by 
the parameter a 2 £ to whereto c G 2 is an open set (see Lemma 4 in § 17.1). 
Then A 2 is described by the parameter u 2 £ G 2 —to where G 2 —to is a meas¬ 
urable set belonging to G 2 and A 2 is a measurable part of Lk oriented coherently 
with!*. 

For any other representation 

Lk = Yj AjAJ = 0, j r* i 

J-i 

of the indicated type we have 



Here one should take into account that if some parts X s and X) intersect 
then they belong, respectively, to some intersecting manifolds a, and a) 
described by the corresponding parameters «* £ G* and 1 / £ and the 
parts A, and X) themselves are described by «* £ e* c G* and iP' £_^ c G*', 
respectively, where e* and eF are measurable. By the le mma we have men¬ 
tioned, the manifold a/s) can be described by the parameter «* £ a>* or by 
the parameter o'' £ <of. Both parameters are in a one-to-one correspondence 
(uniformly) continuously differentiable in both directions, the Jacobian of 
the transformation «* = u 1 ' being positive (a* and a*' are oriented cohe¬ 
rently!). 

The intersection e*co* is a measurable set of points «* which goes, under 
this transformation, into the set (e*a>*)' of points which is also measurable 
(see property 22 in § 19.3). The intersection of (e%t>*)' with e 1 ' is in its turn a 
measurable set of points u 1 ' to which there obviously corresponds the set 
■XJf c Lk. Consequently, XJf is a part of L*. 

In conclusion we write the useful equality 


j («2l+0®) = « j 21+0 J 8 

L k It It 

where a and ft are numbers and 21 and 23 are &-forms. 
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Remark. It should be noted that the integral J 21 of a fc-form 21 over an 

oriented ^-dimensional manifold L* defined above is invariant with respect 
to any transformation of coordinates x ** x' continuously differentiable in 

both directions. This follows from the invariance of the terms J SI of which 

• ^ 
the integral in question consists. 

The indicated invariance property of the integral J 91 is one of the funda- 

mental properties of differential forms. 

Example 1. The integral of a 1-form 

SI = P(x, y, z) dx+Q{x, y, z) dy+R(x, y, z) dz 

in the (three-dimensional) xyz-space over an oriented one-dimensional 
differentiable manifold L% described by equations 

x = 9 ( 0 . y = v(0» * = *(0 (0 < t -= o 

where <p, ip and % possess the derivatives <p,‘ ip' and x' continuous on [0, /] is 
equal to 

J = j (p(<p,v,x)<p’+Q(<p> x)v'+R(<p> V. X) X') dt = 

i, o 

- \{Pdx+Qdy+Rdz) 

Li 

that is it is the line integral of the vector a = Pi+Qj+Rk over the oriented 
curve la. 

Example 2. The integral of a 2-form 

jSB — P(x, y, z) dy dz+Q(x, y, z) dz dx+R(x, y,z)dxdy 

in the (three-dimensional) xyz-space over an oriented two-dimensional 
manifold I* described by equations 

x = <p(u, v), y = ip(u, v), z = x(u> ») («, v) € to 

where <p, ip and % possess continuous partial derivatives on to is equal to 

L% a 

= j j {P dy dz+Q dz dx+R dx dy) 

Lt 

that is it is the surface integral over the surface r = <pi+ipj+xk oriented with 
the aid of the normal n = r u +r v . 
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Example 3. The triple integral 

J /(*, y, z) dx dy dz = J £ 

G Lz 

over a domain G in the xyz-space can be interpreted as the integral of the 
3-form 

£ = /(*, y , z) dx dy dz 

over the three-dimensional manifold I* = G equipped with positive ori¬ 
entation (x = x 9 y = y 9 z = z). 

§ 17.4. Stokes’ Theorem 

Stokes’ Theorem. Let U + 1 tea connected oriented (k+iydimensional 
manifold and L*+i c Z* + i c Z*+i be its part which is also a (k+ lydimen- 
sional manifold . Let Lk+ihave a boundary d£*+i = L* which is a connected 
k-dimensional manifold oriented coherently with Lu+i (see the coherence rule 
for the orientation of a boundary in § 17.2 (18) and (19)*). 

Then for an arbitrary differential k-form 91 defined in a domain Q c R„ 
(L k +1 c Q) there holds Stokes* formula 

j j 91 (1) 

-£*+1 0^*+l 

Proof. 

1. We shall begin with the simplest case when the oriented part L k +i of 
Lfc+i is the (k+ l)-dimensional cube specified by the following functions of 
the variables X\, ..x k +x written in die indicated order: 

Xj — Xj, 0 j — 1, ... t k +1 

Xj = 0 , j — k+2, ...,n 

In the case of a rectangle the proof is quite analogous. 

The boundary 0L* + i consists of the 2(&+l) oriented parts: 

A: 4 *1 

L k = Y (U+W 

5** 1 

These parts coincide, to within the orientation, with the parts determined by 
the equations 

Lo s = {xj = x j9 0 < xj < 5,y = 1 , .. s— 1 , j+ 1 , ... 

..., k+ 1 ; xj = 0 , 7 * = $,k+ 2 , .».,/*} 
jto* = {*/= JCy, 0 Xj 5,7 = 1, . . .,$“1, $+1, k+ 1, 
jc, = d 9 Xj = 0 , 7 * = k+ 2 , ..., 71 } 

* Here £ t+1 must not necessarily be 1-connected; see § 17.2 (20) and (21). 
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To find the relationship between the orientations of these parts let us re¬ 
number the variables x s , xi,.. ., x,_i, x,+i,... x„by denoting them respec¬ 
tively as Xi,.. The Jacobian of this transformation is equal to (— 

On die other hand, equations (2) in which xj with j = 1, ..fc+1 are ar¬ 
bitrary determine the points of Lk+i for x, «= 5 and the points of the exte¬ 
rior of Lk+i for x, > d, and therefore the parts L$ and LJ* have the same or 
reverse orientations defending on whether the number s— 1 is even or odd. 
Arguing in the same manner we conclude that the parts Lg andlg' have the 
same orientations for odd s— 1 and reverse orientations for even s— 1. 

It suffices to cany out the proof for the simplest form 

91 = a(x)dx tl , ..., dx tt (1«; i,«s n) 

By what has been said, equality (1) which we have to prove reduces to the 
following equality connecting ordinary multiple integrals*: 


f v (—1 -Pfo’ •**»» •••>*»*) 

J /o D(x i, 

d J al 



'^ 1 » • • •> dXk+l “ 

P(Xj l9 .. Xjj^ _ 

• • •» ^#+i» • • •» 


X 



dXg+i • • • dx/c+i 

• • •» 

• • •> • • •» ^Ib+l) 


X 


Xdxx ... dx s ~i dx s +i .. 




where a 0 ci(x i, •.., Xk+i *• • •>Q)> |q —- 0^ (^i> • • • •» • • • > 

and A = {0 < xj < 5; j = 1 , ..1} is a cube in the space (xu .. . 
...» x k+1 ). It is quite obvious that formula (4) is sure to hold in the follow¬ 
ing cases: 

(i) when for some pair (m, 1), m I we have i m = U because in that case 
all die Jacobians in (4) are equal to zero; 

(ii) when i m > fc-f 1 for at least one m because in this case = 0 (see 
(2) and (3)). 

Therefore we have to prove (4) for different indices i m satisfying the in¬ 
equalities 1 < i m < fc+1. Equality (4) is not violated when these indices are 
rearranged in it in an increasing order because under such an operation all 
the three Jacobians in (4) either simultaneously retain their values or simul- 


* The integrals J and J are reducible (see § 17.3 (14)) to multiple integrals over the 

projection of Lg‘ on the plane x l9 .. x k+1 by putting, respectively, x. = 0 

and x t ■» 0 in Oq. 


21—3737 
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taneously change sign. Therefore it suffices to prove (4), for instance, under 
the assumption that the indices i, are arranged as 1,2, ..., /— 1, /+1, ... 
..., k+ 1. In the latter case all the summands entering into the sum on the 
left-hand side of (4) corresponding to the indices j s* / are equal to zero (be¬ 
cause the corresponding Jacobians on the left-hand side of (4) are equal to 
zero), and therefore the left-hand side of (4) is still more simplified: 

j <«=(-i)-* j {£), 

Ift+i A 

= 0*1 
0 0 

d d 

“ ( 1)^ ^ f ■ • • J(n(xi,...,X/—x, i,X/+. 1 , •.., X&-+ 1 ,...»fi)* 

o o 


—-<i(xi, ...,X/—i,0,Xf+x* ...»Xjt-j-i,0, .•.,0)] dx i 

... dxt-idxi+i ... dxk+i = J 31 + J 21 = J" 21 


where the last equality holds since for y ^ / we have 

f 91 =s J a dx i... dxi-i dxi+i ... dxk+i — 

t » 

_ f ^ — ^(Xjf . . ., X|>»1, Xh- 1, ...» Xi+l) 


(5) 


X 


DiXt, • • 19 ^f-l» •••» **+i) 

0 0 

Xdxi ... dxj-i dxj+i ... dxk+i = 0 

and, similarly, J 31 = 0 for the Jacobian on the right-hand side contains a 
column whose elements are the derivatives -|^-»..., a-—■■ , I 1 * 1 ,..., a 8j ^ ■ 

0*1 OXj-l OXj +1 0**+i 

which are equal to zero. 

2. Let us agree that continuously differentiable functions and continuously 
differentiable in both directions mappings will be simply called functions 
and mappings, respectively. 

(a) Let a point x® belong to Z* + 1 . Then after the coordinates are appropri¬ 
ately renumbered we can find a rectangle 

A = •< J- 1» ...,*+1; j = k+2, ...,n} 

and functions xj = s ./K** +1 )> J = k+2, ..., n, x k+1 = (xi, ... x*+i) € 
€ A<*+H = {\ Xj —rf\ < d, j = 1, . ..,&+(} describingthepartl*+id. Hence, 
I x;—y}(x* +x )| -< <r, and if b is decreased, then moreover 

|x,-/X**«)| < o, x*« € j = fe+2, ..., n 
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By the closedness and boundedness of d (fc+ b, the left members of the last 
inequalities do not in fact exceed a positive number a k < a, and therefore if 
A — then the points x of the form 

xj = xj, y=l,..., k+l; xj = Zj+f j (x k+1 ) (i 6) 

x k+1 € \zj\ < X, j = k+ 2 , ...,n (60 

constitute a set /I c A. Under (6), open rectangle (60 which we denote A', is 
mapped onto A and A' onto A. Under this mapping the (fc+ l)-dimensional 
rectan gle A (k+V > ( zj = 0) belonging to A' goes into L k+J A = Lk+iA and 

j(*+« into Lk+iA. The change of variables xj—rf = bu)\ j = 1,. .., k+ 1; 
zj = Xuji j = k+\, ...,n, produces a mapping of ri' onto unit cube of 
points «. It should also be noted that the renumbering of the coordinates 
reduces to the mapping xj = x^ij— 1» ..n; 1 <s> < n). 

(b) Now let x° 6 L k . Then there holds TTieorem 1, § 17.2, in which we 
should put r — La and S = L k+ 1 . Arguing as above, we see that if the num¬ 
ber S 2 in§ 17.2 (1) is diminished and 5i is chosen accordingly (less than before), 
we arrive at a rectangle, which we again denote A, possessing the following 
property. There are numbers A, >• Osuch that the set A consisting of the 
points x of the form 


Xj = xj, j » 1, ..., k; x* € AM 
x*+i = e+?<x*), fo| -= X 

xj = Zj+fj(xi, ..., x fo o+9(x*)), \zj\ 


ft, j = k+2. 



belongs to A. 

Equations (7) specify a mapping under which the rectangle A' (x* € AM, 
| v\ < A, |zy| -= /*) lying in the space (xj, ...,x k , v, z k+k , ..., z„) goes into 
the domain A and A' into A. Under the mapping one of the rectangles 
(x* € AM, 0 < » < 1) and (x k € AM, —X -c v -c 0) goes into L k +\A — 
= L k +iA (see § 17.2 (11), (12)). It can be mapped onto a cube by means 
of a simple transformation. _ 

It follows from (a) and (b) that an arbitrary point x° € L k+ i can be covered 
by a domain (?*> = A which is mapped onto a domain .d' belonging to anoth¬ 
er n-dimensional space Rj, and its closure A onto A' so that L k +iA is snapped 
onto a (k+ l)-dimensional cube m g R’„. Therefore (see the remark at the 
end of § 17.3) for the part L k+1 A there holds Stokes* formula 


/*= f * 

Lk+iA biLjt+xA) 


because it holds for a cube. 

Note that in the cases under consideration the boundary L k of the mani¬ 
fold L k+ i is not a manifold but the closure of the sum of a finite number of 
pairwise nonintersecting and coherently oriented manifolds, and the integral 


21 * 
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J* SC is defined in a natural way as the sum of the integrals of SI over these 
i* 

manifolds. This fact should be taken into account in what follows. 

Since Z* + lisa bounded closed set, there exists its finite covering Gi,.. -,Gn 
by the sets of the type of G x o. By virtue of the lemma on the partition of 
unity (see § 18.4), there is a system of infinitely differentiable'finite functions 
..., <pn(x) possessing the following properties: 

(j) 0 ?>X*) 05 1. 

(ii) the support of fj(j= 1, ..., N) is a (closed) set belonging to the 
(open) set Gj, 

(iii) £ <PA X ) = 1 on L k+1 . 
i 

Consequently (see the explanations below) 

f J <*(£*#)=£ f =£ / d^m= 

L k +1 £*+i ' 1 1 £*+i 1 Lk+ify 

=i I 

1 ed-i+.GjJ 1 L k G } 1 L k Z* 1 I* 

In the first of these equalities we have used property (iii); the second 
equality is apparent; the third one holds because the form <pj3l (j — 1, ... 

..., N) and, together with it, the form d(q>fS) are equal to zero outside Gj. 
The fourth equality holds by virtue of Stokes’ theorem whose proof for 
elementary parts Lk+iGj has been already carried out and the fifth equality 
holds because at the points not belonging to the intersection of the set 
d(Lk+iGj) with Lk the form q>j^L is equal to zero. Finally, the sixth equality 
holds since the form <p/$l is equal to zero outside Gj, the seventh is obvious 
and the last one holds by virtue of (iii). 

Examples. Stokes’ general theorem (formula (1)) implies as special cases 
the formulas (see the explanations below) 

L» 61* 

//J (i* + ly + lz) dx dy dz = // ( p dy dz+Q dz dx+R dxdy) (9) 

Z* 8Z.3 


and 




= J (Pdx+Qdy+Rdz) 
sl. 



(10) 
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In formula (8) L 2 isa bounded two-dimensional manifold in the xy-plane 
and in (10) it is a bounded two-dimensional manifold in the three-dimension¬ 
al space (x, y 9 z). Lz is a bounded three-dimensional manifold in the three- 
dimensional space (x, y 9 z). Further, it, is assumed that L 2 and dL 2 and also 
Lz and dLz satisfy the conditions of Theorem 2 in § 17.2 or the more general 
conditions (see (20) and (21) in § 17.2) allowing L 2 and Lz to be multiply- 
connected. The validity of equalities (8), (9) and (10) follows from Stokes* 
general theorem and from the fact that the form under the integral sign 
on the left-hand side of each of these equalities is the differential of the form 
under the integral sign on the corresponding right-hand side. For instance, 
we have 

d(P dx+Q dy) = dy) dx +$j L x dx+% dy) dy = 

= % dydx +T x dxdy = ^ x -i^ dxdy 

It should also be noted that the integral on the left-hand side of (8) is an 
ordinary integral over the oriented domain L 2 while the integral on the 
right-hand side of (8) is an ordinary line integral taken over the contour dL 2 
oriented coherently with L 2 (see examples in § 17.3), and hence (8) is nothing 
but Green’s formula. Similar considerations show that (9) is the Gauss- 
Ostrogradsky formula for the domain Lz with the smooth coherently ori¬ 
ented boundary dLz while (10) coincides with Stokes* ordinary formula for 
the smooth oriented surface L 2 in the three-dimensional space pulled over 
the contour dL 2 . 

In the elementary derivation of the Green, Gauss-Ostrogradsky and 
Stokes formulas (§§ 13.5, 13.10 and 13.11) it was assumed that the corres¬ 
ponding domains and surfaces can be cut into parts of some special form. 
In the derivation of these formulas given here such requirements are not 
imposed on the geometrical figures in question, and in tins sense the results 
obtained are more general. 

Stokes’ theorem can be extended to a manifold L*+i c £*+i ^ L'u+i 
whose closure can be cut with the aid of smooth surfaces into a finite num¬ 
ber of parts each of which can be regarded as the result of a continuous 
deformation of a cube by means of a transformation continuously differen¬ 
tiable in both directions. Their orientations should be coherent in the sense 
of the explanation given in § 13.7 for the special case of a piecewise smooth 
surface. 

The functions P, Q and R in formulas (8), (9) and (10) are supposed to be 
continuously differentiable in the corresponding domains containing L 2 or 
Lz. 



CHAPTER 18 


4 -* V» 


Supplementary Topics 


§ 18 . 1 . 


ized Minkowski’s Inequality 


For any finite number N of dements x 1 , x\ ..., x N of a normed linear 
space E we have the inequality 


it 

Z** 

k -1 


Z ll**ll 

*=1 


obtained by induction from the basicinequality||x+,y||«||x|| + ||y|| (x,y € 

oo 

€ jB). Further, if x is the sum of a series £x* (x, x* € J5), i'e. 

i 

x = x x +x*+ ... = £ x* 

i 

w 

convergent in norm in the space E, which means that x—Z** 0 (N 

■* <») then (see § 6.3) 

llxll = lim £x* -slim ZH**II = fll^ll 

i ~ i 

This can be written in the form 

11 * 11 «« 11 * 11 + 11 * 11 + ... ( 2 ) 

where the series on the right-hand side may be divergent to infinity. 

Now, applying (1) and (2) to elements of the spaces l p and Up (or L p ) we 
obtain (Minkowski’s) inequalities 


and 


(tiwr-ia'-r 


( 4 ) 


326 




SUPPLEMENTARY TOPICS 


327 


(1 <«>) where it is allowable to put m = «© on condition that in this 


case the sums of the series £ au = u* are understood as numbers a k such 

/«i 


that £ 
1 


m 


a k~Ys a kl 
/=! 


m 


-► 0 (m oo) and the sum £//(x) is understood as a 

/ti 

m 

function F(x) £(Lp) to which the finite sum V//(x) tends, asm-**, 

/-i 


F(x)- £ /*x) 

i-i 


dx -» 0 (m -*■ °°). 


with respect to the metric of i.e. J 

a 

Inequality (4) involves the summation with respect to the discrete index 
/= 1,2,3,... on which /J(x) depends. As an analogue of (4) we can write 
generalized Minkowski’s inequality 

(I (1 d yy d *y p * s S (J \ p ix,y)\ p dxj ,P dy (5) 


(Q cz R m G c. R„) 

If F(x, y) = 0 outside &X(7 inequality (5) can be rewritten as 




In generalized Minkowski’s inequalities (5) and (6) the role of the summa¬ 
tion index / entering into (4) is played by the parameter y with respect to 
which the integration (instead of die summation) is carried out 

The most general form of inequality (6) involves integrals understood in 
Lebesgue’s sense; in this case the condition that the right-hand member of 
(6) makes sense guarantees the existence of the left-hand member and the 
validity of the inequality. 

For the sake of simplicity, we shall confine ourselves to the case of a func¬ 
tion Fix, y) of two (scalar) variables x and y. Without violating generality 
we can assume that F{x, y) > 0. Let us begin with the special case when 
F(x, y) is a bounded function defined on a square An = {|x|, \y\ « N} and 
integrable on it in Riemann’s or Lebesgue’s sense. 

We can write (see the explanations below) 

/ (J Fix, y) dyfdx = J (J Fix, y) dy )' -1 J F(x, y)dydx = 

= JJ (J F(x,y)dyf~ 1 F{x,y) dydx = 

= / [/ (f Fix, y) dy}*' 1 F(x, y) dx] dy «= 

«=/(/(/ Fix,y)dy) P dxj P ~ 1) ' P (J Fix, y)p dxf P dy = 

= (J (J F{x,y)dy) P dxY ~ iVp J (J Fix,ypdxf P dy 


(7) 
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, whence follows the desired inequality 


(/ (J F ( x ’ y ) dy ) P dx ) llP ^ / (/ F ( x > y? dx ? P ** 



In the second equality (7) we have written the integral ff F dyf 1 which 

is independent of y as a factor under the integral sign in j F(x, y ) dy. In the 

third equality we have changed the order of integration, which is legitimate 
for Lebesgue integrable nonnegative (measurable) functions (see § 19.3, 
property 19, Fubini’s theorem). When Fis Riemann integrable on An this is 


also legitimate. For, in the latter case the integral j F(x, y) dy * is an integrable 


function of x on [—2V, N] and therefore the (p—l)th power of its modulus 
is also integrable on [—JV, IV] and, consequently, on An as well. The (p— l)tb 
power of the modulus of that integral is multiplied by the function F(x, y) 


integrable on An, and hence under the sign J f in the third member of (7) 


there is a Riemann integrable function and therefore it is legitimate to change 
the order of integration. In the fourth relation (inequality) in (7) we have 
used Holder’s inequality with respect to x. 

In our further discussion we shall deal with the integration in Lebesgue’s 
sense. Suppose that we are given an arbitrary nonnegative measurable 
function F(x, y) (generally speaking, unbounded) for which the integral on 
the right-hand side of (8) is finite. Let us put 


P , * fF(x, y) for (x, y) € A N and F-*N 

N ’ 0 for the other (x, y) 


The function Fn is nonnegative, bounded, measurable and equal to zero 
outside An. As was already proved, a function of this kind satisfies the 
inequality 


(/ (/ Fn ( x ’ y ) dy ) P dx f P ■*/(/ y)Y dx ) VP 

for any N, whence follows the validity of (8) because, as is proved in the 
theory of Lebesgue’s integral (see § 19.3,property 14), it is legitimate to pass 
to the limit as N -* <» in the last inequality since Fn is monotone in N and 

Fn(x, y) — F(x, y) (iV — , Fv F) 


* Or the corresponding lower integral (see Theorem 1, § 12.12). 
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§ 18.2. Sobolev’s* Regularization of Function 

Let us denote by a 9 the ball of radius e with centre at the origin in the 
space Rn = R» 

<*' = {1*1 < e} 9 o 1 = a 

Let y(0 be an even nonnegative infinitely difierentiable^function of one 
variable t (— ©o < t < «>) equal to zero for 1 1\ ^ 1 and such that the /i-fold 

multiple integral jy>(\x\)dx is equal to unity: 

Jy(|x|)<&= J v(|x|) dx = l (1) 

I*|«6l 

where 

it 

x = (xi) • • *9 ^ij)> \x\ 2 = and 

i 

For instance, as ip we can take the function 

(0 for |/| > 1 

(see § 16.6, Example 2) where the constant X„ is chosen, so that condition 
(1) holds. 

The function 

<pj(x) =-^r9 >(t) where <p(x) = y(|x|), e>0 (2) 

is infinitely differentiable on R and its support belongs to o,. For this function 
there holds the condition 

j<pjx) dx = dx = j <p(u) du — j rp(\u\) du = 1 (3) 

a 

Let Q c R be an open set and let/be a function belonging to the class 
L P {Q), 1 p <oo **. On extending/to the whole space R by putting/ = 0 
on R—Q we construct the function 

//*) =/o.« = J <p,(x-u)f(u) du = J <p£u)f(x-u) du (4) 

which is called (Sobolev's) regularization of /. 

* Academician S. L. Sobolev (bom 1908), a distinguished Soviet mathematician. 

** The class Loo(Q) is the set of the functions measurable on& and equipped with the 
norm ||/ilo» = sup |/(x)| or ||/||oo = ess sup |/(x)| (for the meaning of “css sup** see 

x£Q x£Q 

the footnote on page 333, § 18.3). 
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Since <p is a finite function the computation of the integrals in (3) and (4) 
reduces to the integration over some n-dimensional balls. For instance, it 
suffices to extend the integration in the first integral in (4) over the ball 
|x—«| «g e and in the second integral over the ball |«| < s. 

Let us dwell on some properties of f t . We shall use the notation 

IMIf — IMU^o* \ p 

(i) Iffc L^R), 1 -= then 

\\f*-f\\p - 0, e - 0 (5) 


For, by (3), we have 

/.(x)-/(x) = ±f q>(^L) [f(«)-f(x)] <& = J <p(v) [f(x — eV)—f(x)] do 

whence, applying generalized Minkowski’s inequality and taking into-acco¬ 
unt that q> 0 and that (3) holds, we derive the relation 

II/.-/II, J <p(p) ||/(*-«>)-/(x)||, do -S 

sup ||/(x-r)-/(x)|| 1 , — 0, e - 0 (6) 

|o|«se 

In the case p = » property (i) does not hold. However, if we suppose 
that Q = R and that f(x) is uniformly continuous on R then (6) can be 
written in the form 

II/.-/IU ■« sup |/(x-»)-/(x)| - 0, e - 0 

(ii) Iffe L^R), 1 then 

\\Mp^\vAx-u)Wf\\ p du= ll/ll, (7) 

(iii) Iff is a locally integrable function on R, that isif f € liy)for any ball 
V aR, then fiisan infinitely djjferentiable function on R, and for any non- 
negative integral vector s = (s± 9 .. s„) (i.e., sj** 0 are integers) we have 

fpix) = j <pp(x-u)f(u) du 

Proof. If / is a continuous finite function On the hist assertion is a 
direct consequence of the classical theorems on the continuity of an integral 
with respect to the parameter and on the differentiability under the integral 
sign. It should be taken into account that q>fx—u) as function of s is finite 
and infinitely differentiable. 

Now let us assume that / is locally integrable. hi this case, denoting 
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by e\ the unit vector of the xi-axis, we can write (see the explanations 
below) 

f/x+h eg -Ux) _ J jK | = 

= |J {^[q>Ax+he 1 -u)-q>Jx-u)]--^<pJx -«)}/(«) dm\ = 

= / [-^7 - «) - <P& - «)] /(«) ^«| 

A 

*a>(\h\)j\m\ da-* 0 (A - 0) (8) 

yl 

where 0 < 6 < 1, which proves that 

4r /<(x) ■ J 

In the second equality (8) we have used the mean value theorem (for the 
variable x{). Here it is allowable to assume that | h | does not exceed a given 
number 8 and that A is a closed ball in the space R of the points u with 
a sufficiently large radius so that the function <p£x+hex—u) vanishes outside 
A for all h with \h\ < 8. The existence of such a ball follows from the fact 
that the function <p 6 («)has a compact support. This accounts for the fact that 
the integral in the third member of (8) is extended over the set A. 

Now let V be a closed ball in R with centre at x (the points of the ball will 
be denoted x'). Then the function <p«(x'—if) is continuously differentiable 
on the bounded and closed set VxA of points (x', ir). The modulus of 
continuity co(t) of the partial derivative of the function q>fx'—u) with 
respect to xi on the set VxA satisfies the condition co(t) 0 (t 0), 
whence follows the last relation (8). 

(iv) If f £ Lffi) (1 < p < oo) then there is a sequence of finite functions 
y>k infinitely differentiable in Q for which 

ll/-V*llp - 0 (k -*oo) and |y*(x)| <sup|/(x)| 

x£Q 

Proof. Let us choose an arbitrary tj > 0 and choose a bounded open set 
g c g c Q such that 

Let d be the distance from g to the boundary of Q(d 0;ifQ = R n then 
d = oo). We shall need the function 

/#> - T x l s 

[ 0 for x $ g 

and its regularization f gtt = y). For e < d the regularization ip is an infinitely 
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differentiable function finite in £2 and satisfying the condition 


— ll/lli^o-*)+IIA — AtIUrfO) -= ■f'+y = »? 

provided that e is suffidently small. 

Further (see (7) in which we put p = <» and fix) = 0 for x $ Q), we 
have 

!/*,.(*) I "ssup 1/^)1 «ssup |/(x)| 

x£R x£R 


Now, taking i] = t]k — 0 and putting e = e* and g = gk we see that the 
functions y>k = f SKn satisfy the required conditions. 

The assertions of property (iv) we have proved here strengthen Theorems 
3 and 4 proved in § 14.4. The first of these assertions means that the set of 
infinitely differentiable finite functions on Q is dense in L/Q) (!*;/?< «>). 

(v) A function f(x)defined and nondecreasing on a closed interval [a, b\ can 
be approximated with an arbitrary accuracy relative to the metric of L/a, b) 
by a nondecreasing infinitely differentiable function (generally speaking, not 
finite). 

Indeed, let us extend fix) to the entire real axis by putting 


/(*) = 


0 

m 

fib) 


for x < a— e, b+e «= x 
fora-e<r< a 
forh-= x^b+e 


Then the regularization ffx) of the extended function /(x)is a nondecreasing 
function on the interval [a, &]. For, taking into account that <p«(u) is even 
and nonnegative and considering the values of x satisfying the inequalities 
fl«r<Xi«siwe can write 


*+• 8 

Mx) = J <p«(u-x)/(u) du = J <pft)fix+t) dt « 

*-« -I 


•* / <P&)fixi+t) dt =/,(xi) 

—8 

because for t € (—e,e) there holds the inequality fix+t) ■« fixi+t). The 
infinite differentiability of /«(x) was proved in (iii). Further, taking into 
account (1), we obtain for n — 1 the relations 


« 

mx)-ffx)\\i^. b =« j <pmm-fix+t)\\ l s*.»dt^ 

—a 


« ll/(*)-/(*+OII e -° 

which shows that/ ( is an approximating function for / possessing property 

(v). 
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§ 18.3. Convolution 

In this section the integration will be understood in the Lebesgue sense 
and we shall be interested in functions belonging to the space Lp = Lp(R «) 
(1 < p < oo). For a finite p 9 a function f belongs to L? if it is Lebesgue 
measurable and possesses the finite norm 



The space L 0 0 is defined as the class of the functions f bounded and meas¬ 
urable on Rn equipped with the norm* 

||/||Lco = sup|/(x)| 

x£R 

For any function K(x) = K(x i,.. x n ) € L = L\ makes sense the convo¬ 
lution (or faltung) defined with the aid of the Lebesgue integral (see § 16.8 
(16)): 

K *f = 72 ^/*(«)/(*-«) du = -Q^ji f K(x-u)f(u) du (1) 

Integral (1) exists for almost all x £ R„ and is a function of x belonging to 
L p \ this function satisfies generalized Minkowski’s inequality (see §18.1 

W): 

pviJ i*(«>iii/(»-*)iK*=^imu.ii/iii, (2) 

where the norm ||/(x—«)||z, = ll/(*)||i, is taken with respect to x. For 
p = co inequality (2) is quite obvious. 

The function K*f g Lp, in its turn, can be subjected to the operation of 
forming its convolution with a function K\ € Lp, and there holds the com¬ 
mutativity property 

K 1 *K*f= K*Ki*f (K, K\ 6 L, f£L p ) (3) 

(which follows from Fubini’s theorem proved in the theory of Lebesgue’s 
integral). 

We have defined the convolution of two ordinary measurable functions 
K € L and / € L p as an ordinary function ^T*/belonging to Lp and computed 
by formula (1) involving Lebesgue’s integral. 

* We note that L, „ more often denotes the totality of the so-called essentially 
bounded functions/measurable on R„ and possessing the (finite) norm 

II/JU = ess sup |/(x) | 

•€« 

where ess sup |/(x) | (also denoted as vrai sup l/(x) | or vrai max |/(x)|) is the so-called 

*££ s£B 

essential supremum off defined as the smallest number M for which the set {x: M -< /(x)} 
is of Lebesgue measure zero. 
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However, K> f and K*f can also be regarded as generalized functions 

(belonging to the space S'). Therefore the generalized functions K*f and 

&*/belonging to S' (they must not necessarily be ordinary functions) make 
sense. This allows us to put, by definition, 

Z?=K*f and £f= K*f (4) 

It should be stressed that it and it are continuous functions (since K € L). 

The first equality (4) defines the product of it by the generalized function 
/ on condition that f G L p . 

Definitions (4) automatically imply the equalities 

K*f=$ = Tf (KZLJZL,) 

(which generalize relations (16) in § 16.8 where it was assumed that / = 
— <p € S 6 L P9 1 p <oo). 

It should be noted that if = it € L and at the same time /i is an infinitely 
differentiable function of polynomial growth, then the product pf(f € Lp) 
can be defined in two different ways, namely, on the one hand, it is the func¬ 
tional 

<p) = (/> WP) (<P € 5) 

and, on the other hand, as was defined in (4), it is the functional /z/ = /2*/. 
Let us show that these functionals are in fact equal. If / g S, the relation 

(f, M>) = (fi*f f) (9 € S) (5) 

expresses the equality of ordinary integrals of ordinary functions which can 
be proved by analogy with § 16.8(16). In case / € Lp is an arbitrary function 
there is a sequence of finite functions ft € S convergent to / in the sense 
of L p and moreover in the sense (S') (see § 18.2, property (iv). For each 

1=1,2, ... we have (//, tup) — (/**//, 9) (<p € <S), whence, on passing to 
the limit as / — °=>, we obtain (5). For, ft — f (Lp) implies /e*/, — ji*f (Lp) 

and morepver fi*fi — fi*f(S'), and therefore £t*fi — jt*f (S'). 

Let us consider the convolution of the generalized function P.-^- € S' and 

a function f £ L p (\ <p<«>; see Example 2 in § 16.7). It is defined as the 
limit 


F(x) = P.i-*/= lim-^i 


fix-1) , _ 1 f fix-1) 


J 

0 .-=|i|-a/. 




in the sense of the space Lp = L p (— «>, oo). Thus, 
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where 

p4=|t 

(O for the other values of t 

It can be proved that this limit exists for any function / € whence 
it follows that F € Lp. Moreover, there exists a constant C p dependent on p 
(1 < p < oo) and independent of / such that there holds the inequality 

irniv ^CpW/Wl, 

It is important to note the commutativity property 

K*P 4*/ = p \*K*f (*€L,/€I„ 1 (6) 

Relation (6) follows from the equality 

.K*P.. y*/ = P„ -i- *K*f (e > 0) 

^P e .y € l) if we pass in it to the limit in the sense of 1^. Indeed, we have 

|(j i :.p4./)-(jr.p4./)|| I> = ||k»(p.-p,)-!-.4 > « 

= C,||(P.-P..)|./j|, -o 


and 


|| (p .■}<*:•/) - (p.-t »*»/) 11^ = ||(P.-P„>f.(i:./)||^ - o 


(s-0) 


§ 18.4. Partition of Unity 


Lemma 1. For any two bounded open sets g andg' such that g c| c g' 
there is a function <p(x) infinitely differentiable on g', equal to long and satis¬ 
fying the inequalities 0 <« q>(x) « 1. 

Proof. Let us denote bv fr the set of all points x whose distances from g do 
not exceed d (r(x, g) < d). This is obviously a closed set, and g c g* cj®c 
c gf provided that d is sufficiently small. Let us put 


V>(x) 


= 

0 

» 


for x € g* 
for x $ g? 


and 


<p(x) = iptfx) = j (pdy-x) y>(y) dy 


The function <p = ip* is the regularization of the function rp. 

As we know, the function tp(x) is infinitely differentiable. Besides, by 
virtue of (1) and since integral (2) is in fact taken over the ball of radius d 
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with centre at x, we have 


<pi x ) = 


_ 1 

0 

V 


ong 

outside g 24 


It should be noted that integral (2) always exists in Lebesgue’s sense while 
in Riemann’s sense it may not exist since the set g 4 and its intersection with 
the ball are not necessarily Jordan measurable. 

Taking into account that 0 < y>(x) < 1 and that q>» is nonnegative we 
finally arrive at the inequalities 


0 «s <p(x) msftpifo-x) dy = 1 


To prove the l emma in terms of Riemann’s integral we make use of a net¬ 
work cutting Rn into equal cubes of diameter 8. Let A be the set of those 
cubes each of which contains at least one point x€g. For a sufficiently 
small 8 we have g c. A c g'. The further course of the proof is analogous to 
the above (g should be everywhere replaced by A). The set A* is obviously 
Jordan measurable. 

Lemma 2 (on die partition of nnity). Let a bounded closed set F <z R„ be 
covered by open sets gt, ..., gw. 

Then there is a system of infinitely differentiable functions <pi(x), . .., <pn(x) 
possessing the following properties: 

(i) 0 <pfx) «s 1, 

(ii) % is finite in gj, 

(iii) £>./(*) = 1 on F. 

l 

Proof. Let us construct open sets gj, ..., gw such that 

^caca, Y,gj — g* f 

and, using the foregoing lemma, determine nonnegative infinitely differen¬ 
tiable functions Xfx) finite in gj and equal to 1 on gj. Next we put 

mx) A,(x)+ ... +A,(*) 

The functions ipj are obviously infinitely differentiable on G' and satisfy 

N 

on G' the conditions 0 y>j(x) < 1 and £ wA x ) = 1- However, they are not 

i 

defined at the points x where all A/s turn into zero. Since F is a bounded 
closed set and G' 3 F is an open set, we can construct (see the remark 
below) a second open set G" such that G' G" z> G" 3 Fand an infinitely 
differentiable function x(x) finite in G', equal to 1 on G" and satisfying the 
inequalities 0 < x{x) < 1. Now it can readily be shown that the functions 

<PA*) = < x ) V>A*) (j = 1* .. N) 
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satisfy all the assertions of the lemma if we agree that q>j(x) — 0 at the points 
where x(x) — 0 even when y>j(x) is not defined. Properties (i), (ii) and (iii) can 
easily be checked. If * € G' then x € gj t for some jo and Xj'(x) = 1, and 
therefore in some neighbourhood of x the function y>j and, together with it, 
the function q>j are infinitely differentiable. In case x $ G', there is a neigh¬ 
bourhood of x where x is identically equal to zero, and consequently q>j is 
infinit ely differentiable in that neighbourhood. 


Remark. The existence of the set G" mentioned above can be established 
as follows. 

Let us put 


Iff 


j - i 


(/i 1) 2) • • •) 


where gj t „ denotes the totality of all those points of the set g} whose distances 
from the boundary of that set are greater than 1 jn. It is evident that gj ’ „ and 
G' rt are open sets and that 

Gi a (Jj c (?2 c G2 d . •. 


and 


X 

Consequently, by Lemma 2, § 12.22, we have G^z> F for some n = n 0 . 
Therefore, on putting G'^ = G", we obtain FcG"c G"CG'. 
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CHAPTER 19 


Lebesgue Integral 


§ 19.1. Lebesgue Measure 

In this section we shall introduce the notion of the Lebesgue (n-dimensional) 
measure for bounded sets forming the class of Lebesgue measurable sets. 
It generalizes the notion of the Jordan measure since it turns out that every 
Jordan measurable set is also Lebesgue measurable, the corresponding 
measures being equal. 

In §§ 12.2 and 12.5 we defined the (Jordan) exterior (outer) measure 
(content) m e E, interior (inner) measure ntiE and the Jordan measure mE = 
= |F| of a setF. In particular, it was proved that the Jordan inner and outer 
measures of an arbitrary bounded set exist and are invariant (with respect to 
any choice of the system of rectangular coordinates).* For the Lebesgue 
exterior (outer) measure, interior (inner) measure and the Lebesgue measure 
of a set E we shall use the symbols pJE, p t E, and pE = |F|. 

Thesymboll F| for the notation of the measure will be used in those cases 
when it is already known that the set £ in question is such that its Lebesgue 
and Jordan measures, provided both of them exist, are equal. 

In this section we shall only deal with bounded sets belonging to the n- 
dimensional space R,, and therefore when speaking of a set we shall mean a 
set of the space R* which is bounded. In some cases when the set in question 
is unbounded or can a priori be unbounded we shall always make the ne¬ 
cessary stipulations. 

As in the case of the Jordan measure, to any (bounded) set E (belonging to 
Rf) are attributed two numbers pJE and pJE which are the Lebesgue inner and 
outer measures of E respectively. In the case when these numbers coincide 
their common value pE = piE = pj£ is called the Lebesgue measure of E, 
and the set E is said to be Lebesgue measurable. We shall begin with the 
definition of the Lebesgue measure for the special classes of open and closed 
sets without resorting to the definition of their outer and inner measures. 

By the symbols G, Gi, G', G& ... we shall only denote open sets while the 
symbols F, Fi, F', Fa, ... will be used for closed sets exclusively. This con¬ 
vention allows us to avoid sometimes the stipulations that the sets under 


* In the present section we only need these very properties of Jordan measure. 


r~\ 
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consideration denoted by these symbols are open or closed. We shall also 
agree that the symbols A and a will be used, respectively, for cubes and for 
figures formed of cubes (or, generally, rectangles) with edges parallel to the 
coordinate axes (see § 12.2). 

The Lebesgue measure of a (bounded) open set G is defined by the relation 

pG = mjG = sup | cl 

o<ZG 

where the supremum is extended over the volumes of the figures o belonging 
to G . 

An open set G can be represented as a countable union of closed cubes 
with no interior points in common (i.e. any two of them can only intersect 
along some parts of their boundaries; see § 12.S. Theorem 2): 

G = £ = £4* (1) 

i 


It follows that 


liG = m l G = 'E \A k \ ( 2 ) 

where \Ak\ is the volume of <d fc . Lemma 2 proved below implies that the 
measure of G in (2) is independent of the way in which G is represented as 
sum (1) (where A, and A p with q je p have no interior points in common; 
P> 9 ~ i* 2» . • 

The Lebesgue measure of a (bounded) closed set F is defined by the relation 

pF = m e F = inf | <r| 

aOF 

where the infimum is extended over the volumes of the figures a containing F 
Both numbers pG and pF are invariant with respect to any choice of the 
rectangular coordinates because the numbers mjb and m e F possess this 
property (see what was said in § 12.2 after formula (6)), whence, as will be 
shown, follows the invariance of piE and fi e E for an arbitrary set E, which 
implies the invariance of pE provided that E is Lebesgue measurable. 

Let us prove a number of lemmas establishing some properties of measures 
of closed and open sets. 

Lemma 1. Let (Jk(k = 1,2, ...)be closedfigures with no interior points in 
common (any two of them can only intersect along some parts of their bounda- 
ries) and let Ok(k = 1,2, ...) be closed figures such that 

c (3) 

Then 

(4) 

where the inequality becomes an equality if and only if the figures Ok have no 
interior points in common . 


22 * 
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Proof \ Let us assume that the right-hand member of inequality (4) is 
finite because, if otherwise, the inequality becomes trivial. Let us choose an 
arbitrary e > 0 and consider open figures o k 3 o k such that 

EK' I -= Ekil+e 

N 

The bounded closed set ]T<r* is covered, for any N, by open figures o k9 and 

i 

therefore it is possible to select a finite number of these figures, say a*', ... 
• • *9 o’*', which also cover this set; it follows that 


N 


I 




s 


I 


Kl<Ek*l+e 



where in the first relation (equality) we have taken into account that any 
two figures a k have no interior points in common. The right-hand side of (5) 
being independent of N> we obtain 


1 1 

whence, by the arbitrariness of e > 0 , follows (4). 

If any two of the figures o k have no interior points in common and = 

= £ o'* we can interchange the roles of o k and o k in this argument to conclude 
that in this case (4) is in fact an exact equality. In case the intersection of 
some figures o k and o/ is a nondegenerate rectangle we can replace o\(k^t) 
by die figure o\ — o' k o\ in this argument to conclude that in this case relation 
(4) is in fact a strict inequality. 

When saying that there is a (bounded) open set 

G - £er* with pG = £ \o k \ 

k k 

where o k are closed figures (most often, o k = A k are cubes), we shall automa¬ 
tically mean (see Lemma 1) that the figures o k can only intersect along some 
parts of their boundaries. The possibility of such a representation of G was 
proved in § 12.5 (Theorem 2). All the other representations G = where 
the figures o k also have no interior points in common lead, in accordance 
with Lemma 1, to the equality fiG = V \o k \. 

k 

Lemma 2. Let G j \ j = 1,2,..., be a finite or countable system of open sets 
belonging to a cube A . Then the sum G = ]£ G-* is cut open set whose measure 

J 

satisfies the inequality 

J 

which becomes an equality if and only if the sets G J are pairwise disjoint . 


(6) 
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Proof. The fact that the set G is open is quite obvious. Let us consider two 
representations of G of the form 

= At<7 = £M*| and <?' = £4U 

k k k 

/*<?' = I Mil 

k 

where A k and A{ are closed cubes. We have = and, by Lemma 1, 

J k 

= = (7) 

J k J 

If G } are pairwise disjoint, any two of the sets A{ can only intersect along 
some parts of their boundaries, and, by virtue of Lemma 1, there holds the 
equality 

£M*l = ££l4l 

J k 

whence it follows that in this case ( 6 ) is in factan equality. If the intersection 
G*G J is nonempty for some s 9 j (s 5 * J) then there are cubes A S M and A{ with 
common interior points, and, by Lemma 1, (7) is a strict inequality (with the 
sign “< ” instead of “<”) and therefore so is ( 6 ). 

Lemma 3. If Fi and F2 are two nonintersecting closed sets then 

M*i+*2) = ^Fi+^F 2 (8) 

Proof. Since the sets Fi and F 2 are bounded, closed and disjoint the distance 
between them (see §17.10, Exercise S) is positive: 

Q = q(F u F 2 ) > 0 

Let us cover each point x € Fi by a (closed or open) cube A x with centre at x 
and diameter less than e /2 and then select a finite system of these cubes also 
covering Fi. The union of the cubes of this system is a figure a' x covering F v 
In a similar way we construct a figure covering F 2 . The figures o[ and o£ 
are obviously disjoint. Next we choose an arbitrary e > 0 and construct two 
figures o x and o 2 such that 

Fi c o % 9 F 2 c C2 9 \a'i\ < |/iFi|+e and |oi'| < |/xF 2 | + s 

For the figures o x = 0W1 and o 2 — 0W2 there obviously hold the same 
relations 


Fi c 0*1, F 2 c or 2 , | oil < fiFi+e and |o 2 | ^ /jF 2 +s 

and, besides, they are nonintersecting. 

Since oi-fo 2 is a figure containing the closed set Fi+F 2 , we have 

KF 1 +F 2 ) < |oi+ff 2 | = |c^i| + |o 2 | < fiFi+fj,F 2 +2e (9) 
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Now let us choose a figure a 3 Ft+Fz such that p(Fi+Ft)+e =»■ |o|. It 
follows that 

p(Fi+Fs)+e =» |oj > |ff(«Ti+<7j)| = Icoil+lcczl S" pFi+pFz (10) 

Here we have used the fact that the figures ooi and aa% are disjoint and con¬ 
tain the sets F\ and Fa respectively. Finally, taking into account that e > 0 is 
arbitrary, we conclude that (9) and (10) imply (8). 

Lemma 4. IfFis a bounded and closed nonempty set, G is an open set (not 
necessarily bounded) and F a G, then there is a figure a (closed or open) 
such that 

F c a c <?, pF ^ |<r| -c pG (11) 

Proof. Let us cover every point * € F by cubes A$P c c Ap c G 
with parallel faces and centres at x, the lengths and of whose 

edges satisfy the relation -= -= Let the cubes be open and 

A£> be closed. By Heine-Borel lemma, there is a finite number of cubes AQ\ 
say Aj^, ..., Aty N , covering F. Then the (closed figure 

<r = £ A*> k (12) 

k-1 

obviously satisfies conditions (11) and, together withit,sois the open figure ob¬ 
tained from a by deleting its boundary. It should be taken into account that the 

figure y 3 Fis strictly inside a and the latter is in its turn strictly inside 
1 it 

the figure c G. 

1 

Lemma 5. For a closed set F belonging to a bounded open set G there holds 
the relation 


p(G—F) = pG—pF (13) 

Proof. Let us represent the open sets G and G' = G—Fas sums of the form 
G = and <7 = £4* (pG = £M*|, pG' - £|/U|) 

k 


consisting of closed cubes. Let o c G be an arbitrary figure covering F. 
Then G = £4* c <r-f and, by virtue of Lemma 1, 

pG = EM*I W+ZMfcl = \°\+pG’ 


Whence, taking the infimum of the right-hand member over all 0 3 F we 
obtain 


pG pF+pG' 

JV 

On the other hand, the sets F and£2f* are closed and disjoint, and there- 
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fore, by Lemmas 1 and 4, 

Mil = pF+p^A‘ k = a»(f+£ 4i) •* 

whence 

pF+pG' = a»F+£|4I -s jiG 
, x 

which proves (13). 

Now let us consider an arbitrary (bounded) set E. 

The Lebesgue inner (interior) measure of E is defined by the equality 
IhE = sup pF where the supremum of the Lebesgue measures pF is taken 

F £B 

over all the closed sets F belonging to E. The existence of the supremum 
follows from the possibility of embedding £ in a closed cube A, that is 
F <zE cz A, whence 

pF = m e F \A\ 

The Lebesgue outer (exterior) measure of E is defined by the equality 
PtE = inf uG where the infimum of the Lebesgue measures pG is taken over 

GC.E 

all the open sets G containing E. The existence of 0 is obvious since 
pG >0. ) 

Finally, a set £ is said to be Lebesgue measurable if its inner and outer 
(Lebesgue) measures coincide; in this case the common value pE = pfE = 
= peE of the Lebesgue outer and inner measures of E is called the Lebesgue 
measure of E. 

Let us prove the important inequalities 

mJE « piE « PeE « (14) 

To this end we make use of the fact that the Jordan exterior measure m e E 
can be regarded as the infimum of the volumes of the open figures o z> E. 
The result is the same irrespective of whether the Jordan exterior measure 
m e E is evaluated with the aid of open or closed figures a z> E. Since the open 
figures o 3 E are a special case of the open sets G r> E we see that p e E 
« m e E. As to the Jordan interior measure miE, we can regard it as the su¬ 
premum of the volumes of the closed figures a C.E; since such figures or are a 
special case of the closed sets F c E, we see that m t E*z piE. 

It follows from (14) that ifEis Jordan measurable it is sure to be Lebesgue 
measurable , and mE = pE. 

Now it can easily be seen that the sets Fand G are Lebesgue measurable.* 
This follows from (14) and from the equalities** 

mfJ = pG = p e G, p t F = pF = m e F 

* Note that a bounded dosed set F and a bounded open set G are not necessarily 
Jordan measurable. 

** Because we have, for instance p (7# = mfi„ and P,G 0 = inf pG. 

ODff, 
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In § 12,3 we considered some important examples of sets of Jordan measure 
zero which, consequently, are also of Lebesgue measure zero. 

Theorem 1. A set E is (Lebesgue) measurable if and only if, given any e > 0, 
there are sets F and G such that 

F <z E a G and /iG—fiF < e (15) 

Proof The assumption that such sets F and G exist implies that 

jiF < fi t E fi e E (lG 

whence e > ^ e F—/W/F, and, since e > 0 is arbitrary, fiJS = [i e E. Conver¬ 
sely, if E is measurable then for any a > 0 there are sets F and G such that 

F c E c G and pE—j < fiF < /jlE < /iG < /iF-f-y 
whence follows (15). 

Theorem 2. life anm, difference and intersection of measurable sets E\ 
and E 2 are also Lebesgue measurable . 

Proof Let us take an arbitrary e > 0 and choose some sets Fi, F 2 , <?i 
and G 2 so that the relations (see Theorem 1 and Lemma 5) 

i 7 1 c £1 c Gi, [iGi—(iFi = n(Gi— Fi) < a 


and 


F 2 c F 2 c G 2 , /xG 2 —/ 4 F 2 = [t(G 2 —F 2 ) *< 6 


hold. 

It follows that 

F1+F2 c Fi+F 2 c G1+G2 | 

F\—G 2 c Fi —F2 cz Gi—F2, F\F 2 c E\E 2 c G1G2 J 

The assertions of the theorem now follow from the calculations (see the ex¬ 
planations below) 

ti(Gi+G 2 )-^F x +F 2 ) = K(Gi+G 2 )-(Fi+F 2 ))< 

^ K(Gi-F!)+(G 2-F2)) ^ /x(Gi-Fi)+ fi(G 2 -F 2 ) < 2e 
i^(Gi—F 2 )—/i(Fi—G 2 ) = //((Gi—F 2 )—(Fi—G 2 )) ^ 

^ K(G 1 -Fi)+(G 2 -F 2 )) < n(G 1 -F 1 )+ix(G 2 -F 2 ) < 2a 
and 

[iGiG 2 —fj,F x F 2 = ^(GiG 2 —FiF 2 ) ^(Gi(G 2 —F 2 ))+jw(F 2 (Gi—Fi)) < 

^ /^(G 2 —F 2 )+//(Gi—Fi) < 2a 

The first relations (equalities) in these calculations hold by virtue of 
Lemma 5 because the right-hand members of (16) are open sets while the 
left-hand members are closed sets. The second relations (inequalities) are 



LEBESGUB INTEGRAL 


345 


implied by Lemma 2 and by the following set-theoretic inclusion relations: 


(a) Gi+(72-(F 1 +F 2 ) 

(b) (Gi—F 2 )-(Fi-<7*) 

(c) GiG 2 —FiF 2 


c (Gi-Fi)+(G 2 -F 2 ) 

I 

) 


In order to prove these inclusion relations let ns denote by A and F their 
left-hand and right-hand sides respectively. 

(a) Let x d A y then x £ Gi+G 2 and, simultaneously, x <f Fi and x £ F 2 . 
Therefore if x £ G± then x £ Gi—Fi c 2? and if x £ G 2 then x € G 2 — 
-F 2 c F. 

(b) Let x £ Ay then x € Gi, x $ F 2 and x £ Fi—G 2 . Consequently, for 
x £ G 2 we have x € G 2 —F 2 c F and for x 6 G 2 , by virtue of the condition 
x £ Fi—G 2 , we conclude that x £ Fi, whence it follows that x 6 G 1 —F 1 c F. 

(c) Let x £ Ay then x € G 1 G 2 and x £ FxF 2 , that is at least one of the 
relations x £ Fi and x £ F 2 holds. If the former holds then x £ Gi—Fi c F 
and if the latter holds then x £ G 2 —F 2 c F. 

It should also be noted that the measurability of FiF 2 follows from the 
measurability of Fi+F 2 and Fi—F 2 . For, if A is a cube containing F 1 +F 2 , 
then 

F]F 2 = A — [(A —Fi)-f — £ 2 )] 

Theorem 3. If Ex andE 2 are Lebesgue measurable sets and their intersection 
is empty * (FiF 2 = 0) then 

p(Ex+E 2 ) = (iEi+(iE 2 (17) 

Proof. Let us take an arbitrary e > 0 and choose some sets Fi, F 2 , Gi 
and G 2 such that 

Fi c Fi c Gi, F 2 c F 2 c G 2 

pEi—e < juFi, jjGi < /tFi+s 

pE 2 —e < / 1 F 2 , /xG 2 •< ^F 2 +e 


Since Fi+F 2 c Fi+F 2 c Gi+G 2 , we have (see Lemma*2) 

p{Ei+E 2 ) < ^(Gi+G 2 ) < juGi+ [xG 2 < /iFi4-/iF 2 +2e (18) 

Further, 

jwFi+juF 2 < f^Fi+ p,F 2 + 2b = /x(F 1 +F 2 )+2e /x(Fi+F 2 )+2e (19) 

(since the sets Fi and F 2 are closed and FiF 2 = 0; see Lemma 3). 

By the arbitrariness of e >- 0, relations (18) and (19) imply (17). 

With the aid of Theorems 2 and 3 we can readily prove by induction that 
if e l9 ..., e# are Lebesgue measurable pairwise disjoint sets, then their sum 


* Equality (17) also holds in the case when is nonempty but — 0- For in 

that case +^) = tiEi+(Et~E l E t )) = fiE 1 +p(E t -E l E^ = pE^ pE *-= 
= fiEx+fiE^ (see Theorem 3 and Theorem 4 below). 
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is also Lebesgue measurable and 

p(fii + • • • + a s ) == p&i +... + i*£n 

Ibeorem 4. If Ex and j? 2 are Lebesgue measurable sets and Ex 3 E% then 

piJSx’—Ez) = pEx—pEz ( 20 ) 

Proof. The measurability of Ex—Ez was already established in Theorem 
2. Equality (20) itself follows from Theorem 3. 

Theorem 5. A bounded set 


E = M Ok =[ei+tf2+a&+ • • •> (21) 

jm 

where e k are Lebesgue measurable pairwise disjoint sets is Lebesgue measurable 
and 


(iE= £ /j£ k 
Aral 



Proof The set E being bounded, its inner and outer measures ptE and 
IUgE make sense. 

Therefore, for any natural number N, we have 

N / N \ l N \ 

= M = m *= fi t E 



e k czE 


) 


It follows that series (22) is convergent and inequality 

£ pe k < p t E (23) 

i 


holds. 

On the other hand, since the set E is bounded, it can be embedded in an 
open cube A 9 and for any e > 0 and any natural number k there is a set 
Gk c A such that 

e k c G k y pG k •< pe/c+e* 2”"* (k = 1, 2, ...) 


oo 


From the last relation and from the fact that £ G k c A is an open set we 

i 

conclude (see Lemma 2) that 

( oo \ oo oo oo oo 

£<? a :) pG k ^^?pe k +s £ 2 ~* = 

l/i i l i 

Now, since e > 0 is arbitrary, we obtain (see (23)) the inequalities 


p e E «s £ pe k «s ^ 
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Finally, taking into account that p t E « y^E, we see that the set £ is measu¬ 
rable and equality (22) holds. 

Theorem 5 can be restated in an equivalent form as follows. 

Theorem 6. Let Ei, £ 2 , £ 3 , ...be measurable sets forming a nondecreasing 
sequence 

£1 c £2 c £ # c ... 

00 

whose union E = M Eh is bounded. Then E is a measurable set and 

k £1 

lim [iEjc — [iE 

Proof. Let us put e\ = Ex> and es = En—En-x (JV = 2,3, ...), then the 
sets e k are measurable and pairwise disjoint and 

\Je k = E 

jfe-i 

Therefore, by virtue of Theorem 5, the set E is measurable and 

N 

[iEn = idfix +... + Off) = [ie k -► (iE 9 N -► oo 

We shall also state one more theorem reducible to Theorems 4 (or (6)). 

Theorem 7. Let E± 9 2? 2 , E* 9 ... be measurable sets forming a noninereasing 
sequence 

E\ 3 j ? 2 3 ... 

oo 

Then their intersection £ = Q £* is a measurable set and yE = lim y,E„. 

oo oo 

Proof. We can write E = [°| 1?* = M (2?i— E k ) and therefore (see 

Ll k~l 

the explanations below) 

OO 

[mE = fiEx-p M (Ex—Ek) = lim n(Ei—E k ) = lim \iE k 

fgmtX k~+-°o &-*-oo 

Indeed, the sets Ex—E k c Ex (k = 1, 2, ...) are measurable and form 
a nondecreasing sequence, and hence, by Theorem 6, their union is meas¬ 
urable and its Lebesgue measure is 

lim n(Ei—E k ) = (iEx— lim \iE k 

k-+oo k-+-oo 

Here the existence of die limit on the right-hand side follows from that of the 
limit on the left-hand side. 
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Theorem 8. If the union of a (finite or countable) system of measurable sets 
Et,Ez> • . • Is bounded, thin it is measurable and 

^ E rV E k (24) 

Proof. The measurability of the union M-E* follows from the equality 

Y 

M 25* — Ei+(Ez—E{) + (Es — Ei—Ei) +... (25) 

T 

where the summands on the right-hand side are measurable pairwise disjoint 
sets. Further, as we know, the measure of the set on the left-hand side of 
(25) exactly coincides with the sum of the measures of the sets forming the 
series on the right-hand side; the measure of the fcth set in this series obvi¬ 
ously does not exceed /*£*, whence follows (24). 

Theorem 9. The intersection of a finite or countable number of measurable 
sets Ei, Ez ,... is measurable. 

Proof. The assertion of the theorem follows from Theorems 2 and 8 if we 
take into account that 

P)^«£i-(J(£k-£*) 

* * 

It should be noted that a single-point set (in the space RJ is both Jordan 
and Lebesgue measurable and has measure zero. By Theorem 5, a bounded 
countable set of points (belonging to R„) is a Lebesgue measurable set of 
measure zero although it must not necessarily be Jordan measurable. For 
example, the set A' of rational points (i.e.with rational coordinates) belong¬ 
ing to a cube A is of Lebesgue measure zero but is nonmeasurable in Jor- 
dan’s sense. The set of points x = (*i, ..., x„) € A whose not all coordi¬ 
nates are rational has obviously the Lebesgue measure equal to \A\. 

We also note that if a set E is Jordan measurable, the addition of its 
boundary to it does not alter its measure (i.e. mE = mE) while in the case 
of the Lebesgue measure this is no longer so; for instance, for the sets A' 
and A considered above we have ftA' = 0, A = 3' and \A\ >0. 

§ 19.2. Measurable Functions 

Lebesgue measurable sets E (E c R„) will be simply called measurable. 
They are always bounded. 

A function f = f(x) =f(xi,..., x„) is said to be measurable on a given set 
E (Ec. R„) if the set £ is measurable, the function f is finite* on E and the set 

{*:*€£, /(x) < A) = {/•< A} (1) 


* Here and henceforth we often use the expression “a finite function on E" in the sense 
that/assumes on E finite values (not equal to ± or to °°) and not in the sense of a 
function with compact support (see footnote on page 156). which we hope will not lead to a 
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(consisting of the points x^Eat which f(x) -c A) is measurable for any (real) 
number A. 

The rightmost expression in (1) does not indicate explicitly that the points 
x in question belong to E (x € E) but this is tacitly implied. Similar expres¬ 
sions encountered below should be understood in the same Sense. 

Let A ■< B be arbitrary numbers. There hold the following set-theoretic 
equalities: 


{/-4 = n{r-=^+i} 

(2) 

II 

n 

A 

1 

A 

(3) 

{A */}=£-{/< A) 

(4) 

{A^f} = {A*f}-{A=f} 

(5) 

{A^f^B} = {f^B}-{f*A} 

(6) 

{A «=/< B) = {/< B}-{f^ A } 

(7) 

A 

'-s 

A 

II 

A 

X 

A 

+ 

II 

(8) 

{A -=/■« B} = {A </-= B}+{f= B } 

(9) 


The measurability of / on E implies the measurability of every set on the 
left-hand sides of these relations. Indeed, the measurability of each of the 
sets 

{/■ < = {*:*€ E,f{x) < A +-ij (k = 1,2, ....) 

i 

implies, by virtue of (2), .the measurability of their intersection which exactly 
coincides with the set {/< A}. This implies the measurability of die minu¬ 
end and subtrahend in (3), whence it follows that their difference is pleas¬ 
urable as welL In this way we consecutively prove all the formulas (4)-(9). 

It is also important that, for arbitrary A and B, the measurability of any 
set entering into the left-hand sides of relations (2) and (4)-(9) implies the 
measurability of / on E provided that the set E is measurable (this property 
does not concern (3)). For instance, let it be known that E is measurable and 
that the set {/« A) is measurable for any number A. Then obviously the set 

confusion. Hence, in this definition it is assumed that fix) is a (finite) number for any 
x € E. The case-when fix) is allowed to take on the values ± «> (or oo) is of interest when 
/is the limit superior or the limit inferior of a sequence of functions finite on E. This case 
will be dealt with in Theorem 2 below. Generally, if in a problem in question it is conve¬ 
nient to assign to fix), x€E, not only finite but also infinite values ± «*>, — <» and oo 
it is natura! to consider/as being measurable on E if each of the sets {/’ = + <»} and 
{/=s — 00} (or {/=00}) is measurable and if on the remaining part of is the function/ 
assumes finite values and is measurable in the sense indicated above. 
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is also measurable. Also, let, for instance, the set i? and all the sets {A •</*< 
< B} (for any A and B such that A ■<= B) be measurable. Then the set 


{/< A = U V~ k A 

is measurable as a sum of a countable number of measurable sets. 

A Junction f continuous on a bounded closed set F or on a bounded open set 
G is measurable on it. 

Indeed, both F and G are measurable. Besides, for any A, the set {x: x € 
€ F,/(x) < A) is bounded and closed, and, consequently, measurable, and 
the set {x: x € G,/(x) «< A] is bounded and open and, consequently, also 
measurable. 

There hold the following propositions: 

Ife zEisa measurable set andfisa measurable function onE then f is also 
measurable on e. 

Indeed, theset{x:x € e,/(x) <^4}is the intersection of the two measurable 
sets e and {x: x 6 is, /(x) < A). 

If a function f is measurable on each of the sets e k (fc = 1,2,...) and if the 
union E = e* & a bounded set then f is also measurable on E. 

k 

Indeed, E as a bounded union of measurable sets e k is measurable. Further, 
the set {x: x € is, f(x) •< A} is bounded and is the sum of the measurable 
sets {x: x € e*,/(x) *< A} (k = 1, 2, ...), which completes the proof of the 
proposition. 

Theorem 1. Iff and q> are measurable functions on E then the functions 

(i)/+9>> (ii) -?>. and (iv) 1 f<p 

are also measurable on condition that in Case (iv) the function (p(x) is different 
from zero (y(x) ^ 0) for all x £E. 

Proof, (i) Let us choose an arbitrary number A. There holds the equality 

{f+v < A = U {/^ el (io) 

r+e^A 

where the union is extended over all the pairs (r, g) of rational numbers 
whose sum is less than A. Indeed, if x £ E, f(x) < r, y(x) < g and r+ g < A 
then f(x)+q>(x) A, and the right-hand member of (10) belongs to the 
left-hand one. If x € is,/(x)+<p(x) < A and d = A—f{x)—cp{x) then there 
are rational numbers r and g exceeding, respectively,/(x) and <p(x) by less 
than 5/2, and therefore /(x)+g>(x) < r+g < A, that is the left-hand 
member of (10) is contained in the right-hand member. Since these pairs 
(r, g) of rational numbers (for which r+g < A) form a countable set, the 
measurability of / and q> on E implies that the right-hand member of (10) 
is a measurable set, and hence so is the left-hand member. 

(ii) In this case the assertion of the theorem follows from the equality 
{-<p < A} = {<p =~-A}. 
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(iii) Let /(*), q>(x) s* 0 for all x € E. If A < 0, the set {ftp *< A] is empty 
and, consequently, measurable. Let us suppose that A > 0. If f(x) < r, 
<p(x) < g and rq < A then f(x)q>(x) < ^t. Conversely, if f(x)q>(x) < J then 
there are rational numbers r,<p > 0 such that rg < A 9 f(x) -< r and g>(x) < g. 
Therefore 

{/?> < 4 = U if -= {?> -e c} (11) 

r,c>-0 

where the right-hand member and, together with it, the left-hand member 
are measurable. ^ 

Now it readily fellows that the set {fip < A) is measurable when each of 
the functions f and q> retains sign on E. 

The general case can be reduced to the above cases with the aid of the 
representation 

{fip < A) = {fip ~zA;f,<ps* 0}+{fip -= A;fs» 0, <p*s 0}+ 

+{fy> < A; /■« 0, <p s* 0}+{#> < A;fi y<0} 

(iv) If <p(x) > 0 for all x C £ then the set {1/gp -*= A} is empty for A «s0 
and thus measurable while for A =» 0 its measurability follows from the 
equality {l/<p ■<= A} = {1/A < <p). The case when <p(x) < 0 on E is treated 
similarly. The general case can be reduced to the above two cases with die 
aid of the representation 

{7 -= A = {7 A * * *■ 0}+{£ -= A ; 9 - 0} 

Theorem 2. The limit superior of a sequence of functions fAx) measurable 
and finite (i.e. assuming finite values) on E, that is die function 

y*x) = Em /,(*), * € E (12) 

W—►00 

is measurable on E in the sense of the definition stated in the footnote in die 
foregoing section. 

Proof. The set E can be split into the three pairwise disjoint sets Eo, E + 
and E_ defined by conditions (14) below: 

E ** £o+£++£_ (13) 

where 

%p(x) is finite on£o, is equal to + » on E+ and 
is equal to — on E_ 

Let y>(x) be finite on E (i.e. E + = E_ ■= 0). Then for any real number A 
and any natural number k we have the inclusion relations 

{»-^-t} c 0 £},{?•'-*} <I5) 
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For, if * € -= A--^ then, by virtue of (12), there is N such that the 

inequality 

f n {x) < A-±, nx-N (16) 

holds, and consequently 

* € n {/■ -= a ~t\ ot) 

h«AT 

Then, moreover, x belongs to the set entering as the middle term in (IS). 
Further, if x belongs to that set then there is N such that (17) holds for this 
x and thus (16) holds as well. Now, since (12) is fulfilled, we have y>(x) < A— 

—which means that x belongs to the set on the right-hand side of (IS). 

It is easily seen that (see (IS)) 

{v<4 = U{’ ,< ^-l} = UH^-r} = 

k k 

= U U os) 

fcil JV-1 n-N 

whence it follows that, since the functions/, are measurable on E, the right* 
hand member of (18) is a measurable set and hence so is the left-hand mem¬ 
ber. 

Let us pass to the general case when E + and E_ are not necessarily empty. 
For jc € £_ we have 


lim f„(x) - lim/ B (x) = -~ 

If—*-oo It—*-oo 

(19) 

whence follows the equality 


CO oo oo 

*--n u nw-i 

JV=1 n=N 

(20) 

showing that£_ is measurable. Indeed, if * € i?_ then for any natural number 
k there is a natural number N such that 

/„(*)<-£, ns-N 

that is 

(21) 

* € f| 

nmH 

and, moreover, 

(22) 

0 n(/.<-*} 

(23) 


Since (23) holds for any k, the point x belongs to the right-hand member of 
(20). Conversely, if x belongs to the right-hand member of (20), it follows 
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that (23) holds for any k and, for some N> the relation (22) also holds; this im¬ 
plies the validity of (21), whence follows (19), which means that the right- 
hand side of (20) belongs to the left-hand side. 

Finally, we have the equality 

£ + =n n 0{/«-*> (24) 

fc=l s=l n***s 

showing that E + is measurable. Indeed, if x G E + then for any k there is N 
such that 

/»(*) k (25) 

for an infinite number of values of n =* JV, and then 

*€f) 0») 

5=1 R=5 

for any k, that is x belongs to the right-hand member of (24). Conversely, if 
the last property holds then (26) is valid for any k , and therefore inequality 
(25) is fulfilled for any k and for an infinite number of values of », that is 
x € E + . 

Thus, the sets E + andi?_ are measurable, and consequently the set E 0 = 
= E—E + —E_ is measurable as well; since the function y> is finite on Eo, it is 
measurable in the sense of die definition stated above, which completes the 
proof of the theorem. 

Remark, hi Theorem 2 it is allowable to replace the limit superior by the 
limit inferior because 

<p(x) = Urn f„(x) = - lim (-/„(*)) 

7|-».eo n->oo 

and the functions h(x) and —h(x) are measurable simultaneously. 

Let the set Eo be the same as above and let Eo be die set on which q> is 
finite. The function y>(x)—<p(x) is measurable on the set£«£o containing the 
important measurable subset 

E. = {tp(x)-<p(x) = 0} 

of die set E consisting of those points x € E for which the finite limit 

lim f n (x) = <p(x) - ip(x) 

n-+-oo 

exists. 

Definition. A sequence of finite functions fk measurable on E is said to be 
convergent in measure to a function f measurable on E if, given any b > 0, 
the measure of the set 

e k = {* € E: |/(x)-/*(x)| =- 6} 
tends to zero as k —► oo (jte k -0,k —► OO ). 


( 27 ) 
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Theorem 3. If a sequence offunctionsfk finite and measurable on E converges 
on E to a finite function f it also converges to f in measure . 

Proof Indeed, assume the contrary. Then for some b > 0 there must be a 
number A > 0 and a sequence of indices k u k 2 , ... such that iie kj > A. Let 
us put 


e = P| ( e *,+£*, +1 + • • •) 

j=i 


then 


p* = lim pie k ,+e k , +r + •••)»■ V*k, > A 

S-4-eo 

and hence e is a nonempty set. But any point x € e obviously belongs to an 
infinite sequence of sets e 9l9 e 9t9 e PV ... (vi -< v 2 < ...) and therefore 

i/*(*)-/(*) i >« 

which contradicts the relation 

lim Mx) =f(x) 

Theorem 4. ^ Riemarm integrable functionf on a set E is Lebesgue measur¬ 
able on E. 

Proof. The condition of the theorem automatically implies the Jordan 
measurability and hence the Lebesgue measurability of E. Let E" be the set 
of the points of continuity of f. By Lebesgue’s theorem (see §§ 12.8 and 12.10), 
pE" = pE. Let us take an arbitrary s > 0 and determine, for any natural k, 
closed sets F k c E" such that pF k > pE-s-2~ k andF* c F*+i.The func¬ 
tion / is continuous on the set F* and, consequently, is measurable on it. 
Let us consider the functions 

f f/ forx € F* 

Jk [ 0 for x € E-F k 

which are obviously measurable on E. We have 

lim Mx) = /(x) on E' = (J F k and pE' = pE" 

and consequently /is measurable on E'. Since E' <zE" a E and p(E—E') = 
= 0, the function/is also measurable on E. 

Theorem 5. If a function f is measurable and positive on a set E of positive 
measure , then there are a positive number 7. and a subset ec E of positive 
measure such thatf{x) 7. on e. 

Proof. Indeed, let us consider the sets 

e 0 = {x: x € F, 1 -as/} and e k = |x: x€F, 


/<i.},*~l,2,... 


LEBESGUE INTEGRAL 


355 


which are obviously pairwise disjoint and such that 

oo oo 

E = Y t e k and pi? = £ (je k 
o o 

Since pE > 0, there is k for which pek >■ 0. For that value of k we can put 
e = e* and A = l/(fc*f 1) to satisfy the theorem. 

§ 19.3. Lebesgne Integral 

A two-way sequence of real numbers 

- . . < P- 2 < P-l< Po<Pl < P2 < • • *9 Pk~* °°9 p-k fc -►+ oo (1) 

satisfying the condition 

sup(p* + i-p*) = 5* < oo ( 2 ) 

k 

will be said to specify a partition R of the (entire) real axis. 

Let a finite measurable function /be defined on a (measurable) set is (in the 
space R„). Let us consider the (measurable) sets 

e k = {x :x£E,p k =s/(x) < />*+i} = {/>* «s/(x) -= 

(fc = 0, ±1, ±2, ...) 


and the two-way series 

oo 

S R (f) - £ PkP£k = £ PkV*k 

-oo k 

oo 

■?*(/) = £ Pk+ll&k = Pk+lftek 

—oo Jb 



which we shall call, respectively, the (Lebesgue) lower and upper integral 
sums of f (corresponding to the given partition R). 

We shall agree that the symbols Sr(/) and S R (f) serve for the notation of 
these series and, in case the series are convergent*, let them also denote the 
sums of the series themselves (which are definite numbers). 

If/is a bounded function on E then, for sufficiently large N, all the sets e* 
with \k\ >-Ware empty and series (3) become finite sums. But if/is unboun¬ 
ded on E series (3) may be convergent or divergent. 

H. Lebesgue proved that if at least one of the series (3) is convergent for 
some partition R then the other is also convergent; moreover , these series 


* A two-way series Y u k is said to be convergent (absolutely convergent) if each of 
-1 oo -T£> 

the series £ it* and u k is convergent (absolutely convergent). The sum of the sums of 
these two series is called the sum of the original series £ u*. By (1) and by the fact 
that pe k > 0, series (3), provided it is convergent, is necessarily absolutely convergent. 


23 * 
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then automatically converge for any other partition R 9 and the finite limits 


lim £*(/)= lim S R (f) = f f(x) dx 
o o J 


(4) 


exist and are equal to one and the same number which we shall call theLebesgue 
integral of the function f on the set E. 

Hence, in particular, for any bounded measurable function on E there exists 
its Lebesgue integral . 

The first and the second terms in (4) are definitions* of the Lebesgue integ¬ 
ral of f on E 9 the third term being a symbol for its notation. This notation does 
not differ from that of the Riemann integral. Generally speaking, here there 
is no danger of confusion because if a function/is Riemann integrable on E 
or even absolutely integrable in the (Riemann) improper sense it is also 
Lebesgue integrable, the values of the two integrals coinciding. By the way, 
if the Riemann improper integral of/on E is convergent but not absolutely, 
then / is not Lebesgue integrable on E 9 and this is the only case when the 
corresponding stipulation may be needed to avoid confusion. 

The assertions stated will be justified later, and we shall also give two 
other definitions of the Lebesgue integral equivalent to the former. One of 
these new definitions is formulated below. 

A function q> will be called a simple function (or a step function with a finite 
or countable number of “steps”) on a measurable set E if it is defined by 
equalities 

<p(x) = c j9 x 6 a y , 7 = 1,2,... (5) 


where cj are (real) constant numbers and ay are measurable pairwise disjoint 
sets whose sum coincides with E. (Cf. § 14.4 where we considered finitely- 
valued functions and the footnote on page 156.) 

A simple function <p is said to be Lebesgue integrable if the series 


E CjM = / <p(x)dx 
J E 



is absolutely convergent. The sum of that series is called the Lebesgue integral 
of <p and is denoted as written on the right-hand side of (6). 

The second definition reads: a function /is said to be Lebesgue integrable 
on E if there exists a sequence of simple functions fk(x) integrable (in the 
sense of (6)) on E which is uniformly convergent to/(x) on E. It is readily 
proved that for such a function there automatically exists the limit 


lim 


) 

j fk{x)dx = J f(x) dx 

E E 



independent of the choice of the sequence {/*} of the indicated type. This 


* Later on some other (equivalent) definitions will be stated. When comparing the 
definitions of the Lebesgue integral, we shall refer to the definition expressed by (4) as the 
first one. 
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limit is called the Lebesgue integral off on E. The integral J fk dx on the 

b 

left-hand side of (7) is understood in the sense of (6). 

The equivalence of the first and second definitions of the Lebesgue integral 
will be proved below. The equivalence of the definitions is understood in the 
sense that a function f satisfying the conditions of one of the definitions 
satisfies the conditions of the other definition as well, the corresponding 
limits in (4) and (7) being equal to each other. 

Lebesgue integrable functions are also termed summable .* 

H. Lebesgue himself used the following terminology. 

By an integrable function on E he meant only a bounded measurable 
function defined on E. For such a function /there exist finite sums Sr(J) and 
S*(/) (which are finite numbers) for any partition JR, and finite limit (4) which 
is the (Lebesgue) integral of f on E. Therefore the evaluation of the Lebesgue 
integral of a bounded measurable function reduces to finding the (one-fold) 
limit as d R -+■ 0. 

As to the unbounded functions for which limits (4) exist, H. Lebesgue 
called them summable in order to stress that the computation of the integral 
of such a function involves a twofold passage to the limits namely, in the 
first place, the sums of the infinite series Sn(f) and 5*(/) should be evaluated 
and, in the second place, limits (4) should be found. 

In this connection we can say that the Lebesgue integral of an unbounded 
function is an improper integral ; moreover, it is natural to consider it an 
absolutely convergent improper integral. 

Before proceeding to the proofs of the assertions stated we shall dwell on 
some properties of simple functions. 

An arbitrary simple function q> on E specified by relations 

<p(x) = c h x 6 a/, = E , a,a/ = 0 (i (8) 

is measurable on E because for any real number A the set 

{<P < A) = £ a, 

is a finite or countable sum of measurable sets and therefore is itself 
measurable. 

The definition of an integrable (in the sense of relation (6)) simple function 
<p and the value of its integral are in fact independent of the way in which the 
function is represented. For instance, if the function q> in question specified 
by (8) is also representable by equalities <p(x) = c} 9 x £ aj, =E 9 aj'aj = 0 

j 

(i j) then the conditions 

Cipfafrj) = cjpfajccj) (9) 


* Later on the notion of the integrability (summability) will be extended to functions 
finite (i.e. assuming finite values) almost everywhere on E. At present we deal with func¬ 
tions finite everywhere on E. 
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jf§ 


hold automatically because, for a given pair (i, j), either ju(ajaj) = 0 or, 
if otherwise, there is a point x € «/aj, for which we have <p(x) = c< = 
= c'j. Therefore if the series £ o/ra/ is absolutely convergent, so are the 

i 

following series having one and the same sum (see the explanations below): 

£c,/mc, = £ Ec/tCa/aj) = £ Z c ;M a <«/) = £ cy'/wtj 
« i i i 

(see § 11.9). The absolute convergence of the double series standing as the 
second member in these equalities and the first equality follow from the 
absolute convergence of the first series and from the fact that |c//joc/| = 
= £ | Cifi((x,iOLj)\. The second equality holds because in the absolutely conver¬ 
gent double series £ £ cj^onaj) it is allowable to interchange the summa- 

* J 

tions with respect to the indices i and j, and there holds (9). The third equality 
is explained like the first one. 

When dealing with more than one simple function simultaneously, for 
instance with the function q> determined by equalities (8) and with another 
simple function rp(x) determined by equalities 

V<*) = d J> Z& = E, PjP, = 0 OVj) 

J 

it is convenient to unify their representations by putting 

<p(x) =.c/, x £ a tpj and y(x) = dj, x € <*</?/ 

\ 

The measurable sets a«/9) entering into this representation are pairwise 
disjoint and their sum is equal to E (an empty set is of course regarded as 
nonintersecting with any other set). 

It is evident that if the functions q> and ip are integrable then, for any real 
numbers A and B, the simple function 

A<p(x)+Pip(x) = Aci+Bdj, x € («<, Pj) 
is also integrable and there hold the equalities 

f (A<p+Py>)dx = XEC-fc'+MMaA) = 

E ' J 

= ^ Z Ci Z K a A)+^ Z ^ Z = 

i j j i 


= A£cifi«i+P Z djMPj = A J q>dx+B Jipdx 


( 10 ) 


E 


Further, if the simple functions tp and ip satisfy the inequality <p(x) < tp(x) 
then CipKjxfij) < dj/tfafij), and therefore, if q> and tp are integrable, then 

j<pdx*s fydx (<p(x) *sip(x)) ( 11 ) 

E E 
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Besides, in this case, if (p(x) => 0 and y is integrable, the function q> is auto¬ 
matically integrable. 

We also note that the definition of the integrability of a simple function 
(p implies that q> and \<p\ are simultaneously integrable or nonintegrable, and, 
in the case of integrability, there holds the inequality (see (6)) 


J <pdx 


k 


^\c k \ije k = j\<p\dx 


It is also important that if a simple function <p specified by relations (8) is 
bounded (that is |c,*| ^ Af; i = 1, 2, ...), it is integrable and its integral 
satisfies the inequality 


jtpdx J \cp\ dx ^Y,\Ck\ [te k MfiE (12) 

EE k 

Let us also discuss another property important for our further aims. Let 
a measurable function/be defined on a measurable set E 9 and let us consider 
a partition R of type (1) of the real axis and the corresponding sets 

e k = {Pk </(x) < Pk+i}> k = 0, ± 1, ±2, ... 

Using these sets we can construct the two simple functions /r(x) and Tr(x) 
determined by the relations 


/*(*) = Pk> x 6 e k and f R (x) = p k + 1 , x £e k 


which will be referred to as the lower and the upper simple functions of the 
function /, respectively , corresponding to the given partition R. It is obvious 
that/*(x) </(x) < /*(x) and (see (2)) 

\fR(x)-f R (x)\^8 R 

for all x £ E, and therefore we also have 


!/(*)-/*(*)! < and |/(x)-/*(x)| < d R 

It follows that both the lower and the upper simple functions (corresponding 
to the partition R) uniformly tend to /(x) on E as b R -► 0, that is for any 
function f measurable on E we have 


lim f R (x) = lim f R (x) =/(x) 

j ^“*“0 

where the passage to the limit is uniform . 

Note that the functions /r(x) and /k(x) are integrable (in the sense of 
(6)) if the corresponding series, that is the lower and upper integral sums 


Sr(D = £ Pkf* e k = J/*(*) 


dx 


Sr(/)= Y.Pk+lf&k = J f R (x) dx 


E 


are absolutely convergent. 
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What has been said allows us to Testate Lebesgue’s proposition stated 
above (its proof is given in Theorem 1 below) as follows: if for at least one 
partition R one of the functions /*(x) and Jr(x) is integrable on E (in the sense 
of (6)) then the other is also integrable and 9 moreover , all such functions 
constructed for any other partition R are also integrable on E and there exist the 
limits 


lim |*/r(x) dx — lim 

4s-*-0 J 


J f R (x) dx = J f(x ) dx 

E E 


equal to one and the same number which is called the Lebesgue integral of f 
onE . 


Theorem 1. Let a function f be measurable on a set E and let one of the sums 
(3) (lower or upper) be convergent for some partition R of the real line . 

Then the other sum 9 and also the upper and lower sums corresponding to an 
arbitrary partition R\ are convergent as well . Besides 9 all the limits of type (4) 
are equal to one another . 

Proof Let us consider the lower and upper simple functions correspond¬ 
ing to the partition R: 

/*(*) =Pk, X € e k = { p k -s/(x) < p k + 1 } 
and 

/*(*) ==/>*+i x£e k 


where pk are the points of division forming the partition R. Let us also consi¬ 
der the lower simple function fjr(x) corresponding to some other partition R'. 

For definiteness, let us suppose that the series S R (f) is convergent. This 
automatically implies that it is absolutely convergent, and therefore the 
integral of/*(*) on E (understood in the sense of (6)) exists and is expressed 
by the relation 

&(0 = j/x(*)d* 

fc £ 

The inequalities 


I/*(*)-/*(*) I «= 3* 


and 


l/jri*)-/jtf*)l ^ l/*<*)-/(*)I +1/(*)-/*(*)I < 

show that the simple functions /«(x)— fR(x) and fR'(x)—f R (x) are bound¬ 
ed and therefore integrable, whence it follows that the function 

/*(*) = fR(x) + \Jr(x) ~/r W J 

and also the function 

/ir(x) = /*(x) + [fx(x)-f R (x)] 

are integrable since each of them is a sum of two integrable simple functions. 
This means that the numbers (the sums of the corresponding series) S R (f) 
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and Sit'if) make sense. This completes the proof of the first part of the 
theorem. 

Further, by virtue of (12), we have the relation 


|&C/)-fiK/)l- J dx -s («,+«*)#* - o (3„ 6*' - 0) 

E 

which is nothing but the condition of Cauchy’s criterion, whence it follows 
that the first limit (4) exists. 

Finally, 

I $*(/■)-&(/■) I = / I Sg(x) -Sr(x) | dx «s 8 R pE - 0 (3* - 0) 

E 

and therefore the second limit (4) also exists and is equal to the first one, 
which completes the proof of the theorem. 

Earlier we stated the second definition of the Lebesgue integral based on 
the approximation of the given function with arbitrary integrable simple 
functions, not necessarily with the upper or the lower simple function. 
Its validity follows from the theorem below. 

Theorem 2. For a function f to be Lebesgue integrable on E it is necessary and 
sufficient that there should exist a sequence of integrable simple functions 
klx) (k = 1,2, ...) uniformly convergent to f on E. When such a sequence 
exists it turns out automatically that 


lim 

*-►00 


J Xi£x)dx — jfdx 

B E 


and hence this limit is independent of the particular choice of the sequence 

W 1 

Proof. Let a function/be Lebesgue integrable on E and let fitjx) be its 
lower simple function corresponding to a partition R m of the real lme with 
-= 1/m (m = 1,2, ...). Then 

!/*„(*) -/(*) I 


m 


m 


which means that the sequence of the functions /^(x) is uniformly conver¬ 
gent to f(x) on E and, besides, as is known from Theorem 1, 


//*»(*) ■* jfdx (m - ~) 

E E 

We have thus proved that for any Lebesgue integrable function f on E 
there is a sequence possessing the properties indicated in Theorem 2, namely, 
we can put X m (x) = /r w (x). 

Conversely, let us suppose that there is a sequence of integrable (in the 
sense of (6)) simple functions X m (x) on E which is uniformly convergent to 
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a function /(x) on E, that is 

I ^m(^) /W | < &m 0, HI -► oo 

(where s m are independent of x£ E). Then the function /is measurable and 
finite on E (see § 19.2, Theorem 2), and the sequence of its lower simple 
functions /rJx) (defined as above) is also uniformly convergent to /: 

I /(*)-/*„(*) I ■< -^r - °» rn-* co 

It follows that 

I *«(*)-/*.(*) I -= I *«(*) -/(*) | + \f(x)~fxj.x) | -S 

e m +4r — 0, m r+oo (13) 


The function /rJ^x) is integrable (in the sense of (6)) for any m since it is 
representable as the sum 

f*Jx) = IJx)+(/kJx)-XJx)) 

of two integrable simple functions. Indeed, the function X m is integrable by 
the hypothesis, and the function is bounded. The integrability of 

fit,, (in the sense of (6)) means that there exists the lower integral sum of the 
function/corresponding to the partition R m , and therefore Theorem 1 im¬ 
plies that the given function f is Lebesgue integrable on E and 

/ f*m( x ) dx = - ffdx 

E E 


where the left-hand member is the integral of the simple function /rJx) 
in the sense of definition (6) and the right-hand member is its integral in the 
sense of the first definition (4). 

Finally, taking into account that (see (13)) 


J [^m(*)-/x»(x)] dx 

E 

we obtain (see (10)) 



j X m dx = jfg m dx+ j (X m -/*J dx - jfdx 

E E E E 


The integral of an integrable simple function <p(x) understood in the sense 
of (6) coincides with its integral in the sense of the first definition because we 
can assume in Theorem 2 that the function <p is approximated with the func¬ 
tions X m = <p (m = 1,2, ...). 

Now we proceed to the basic properties of the Lebesgue integral. 

1. If a function f is Lebesgue integrable on E then it can be redefined in an 
arbitrary manner on a set of Lebesgue measure zero without violating its 
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integrability and altering the value of its integral , that is 

jfdx = jfidx 

E E 

wherefi is the new (redefined) function. A function of die type off\ coinciding 
with f almost everywhere is said to be equivalent to f. Hence, we can also 
say that the replacement of the integrand function f in the Lebesgue integral 
by an equivalent function fi does not alter the integral. 

This property is an obvious consequence of the equality SjAf) — Sx C/k) 
holding for any partition R of the real axis. 

When we say that a function/is (Lebesgue) integrable on is we mean that 
it is finite (assumes finite values) on E, that is the functional relationship 
y = f(x) assigns to each point * 6 E a definite (finite) number y. However, 
in the theory of the Lebesgue integral it proves useful to introduce the notion 
of a Lebesgue integrable function f defined (and finite) almost everywhere 
onE, that is at all the points of die set £ except possibly on a subset (of£) of 
Lebesgue measure zero. This means that such a function is not defined at 
those points x of the set£ which belong to that subset; in particular, it may 
happen that it is natural to put f(x) = » at some (or all) of these points. 

More precisely, a function f defined (andfinite) almost everywhere on a set 
E is said to be Lebesgue integrable on £ if it is Lebesgue integrable on the subset 
E' <zE consisting of the points at which it assumes finite values. For such 
a function we put, by definition, 

jfdx = jfdx 

E E' 

This definition implies that IT' is a measurable set, and therefore the set E 
also turns out to be measurable because p(E—E) = 0. 

The class of all functions / which are finite almost everywhere on a set 
E and Lebesgue integrable on is is usually denoted as 1(E). In particular, the 
class 1(E) contains as its part the totality of all finite Lebesgue integrable 
functions on E whieh, in its turn, contains as its part the collection of all 
bounded measurable functions on E. 

For example, if £ is the (one-dimensional) closed interval [0,1], we can 

say the function llfx is finite almost everywhere on [0,1] since it assumes 
finite values on the half-open interval (0,1] differing from [0,1] by a single¬ 
point set (consisting of the point x - 0) whose measure is equal to zero. 
As will be seen later (property IS), the Lebesgue integral of this function 
exists and coincides with its (improper) Riemann integral: 



Thus, the function under consideration belongs both to JL([0, 1]) and to 

im i]). 
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The expedience of the definition of a measurable function finite almost 
everywhere on a given set can also be demonstrated by the following situ¬ 
ation. It may turn out that a given sequence of measurable finite functions 
fk(x) on a set E is convergent to a finite function not at all the points of E but 
only almost everywhere on E. At those points of the set E where the conver¬ 
gence does not take place and which form a set of measure zero there exists 
either an (improper) limit equal to or no limit (finite or infinite) at all. 

If F andO are two functions finite almost everywhere and measurable on E 
and A and B are real numbers, the function AF+B0 is defined as follows. 
Let E and E" be the subsets of E on which F and 0 are finite, respectively; 
then both functions are finite on the (measurable) intersection E+ = EE' 
of E and E". If we now define the function AF+B0 on E m in the ordinary 
way it will be automatically defined almost everywhere on E because ii(E— 
-E.) = 0. 

2. If F, 0 € HE) and F(x) *z0(x) almost everywhere on E then 

(Fdx*sj0dx (14) 

B E 

Proof. Let us begin with the case when both functions F and 0 are finite on 
E. For any partition R of the real line we have 

Fr(x) « F(x) «s 0(x) ms 0 R (x), x£E 

Since F, 0 € HE) it follows that the simple functions F R and 0r are integ¬ 
rate on E and, since F R (x) ms 0g(x), we obtain (see (11)) 

J Fg(x) dx *=s j 0 R (x) dx R 

B B 

On passing to the limit in this inequality as 8r ■* 0 we arrive at (14). 

In the general case we consider the greatest subset E c E on which both 
F and 0 are finite and the inequality F -« 0 is fulfilled. For this set E' we can 
readily prove (14) with E replaced by E, and, since yE = yE, inequality (14) 
holds for E as well because, according to our formal convention, in such 
cases we put 

j F dx = j F dx and J0dx=j0dx 

B S' E B' 

3. If F, 0 6 E(E) and A and B are real numbers then AF+B0 € HE) and 

| (AF+B0)dx = A j Fdx+B j0dx (15) 

B BE 

Proof. Let E (ftE = yE) be the greatest subset of E on which both func- 
tions F and# are finite. By Theorem 2, there exist two sequences of simple 
functions F k and 0 k (k = 1, 2, ...) integrable on E which are uniformly 
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convergent to F and 0 respectively. By (10), we have 

J ( AF k +B0 k ) dx = A \ F k dx+B [$ k dx (16) 

E' E' B* 

•for these functions, and since F k9 0k and AF k +B0 k are integrable simple 
functions whose sequences are uniformly convergent to finite functions F, 
0 and AF+B0 respectively, we see that not only F and 0 but also AF+B0 
belong to L{E r ), and it is legitimate to pass to the limit under the integral 
sign in equality (16) as k «>. Finally, since (jlE = pE\ we obtain (15). 
In particular, on putting A = 1 and B= ±1 in (15), we obtain 

J(F±<P)d* = fFdx±f&dx 

E EE 

(where the existence of the integrals on the right-hand side implies the 
existence of the integral on the left-hand side). 

It can readily be proved by induction that 

!ifkdx = i(f k dx (/= 1 , 2 , ...) 

E 1 1 E 

4. If Ei c E 9 the set E\ is measurable and a function f belongs to IXJE) 9 
then f € L(Fi), that is the function f is finite almost everywhere on the set E% 
and is Lebesgue integrable on it. 

Proof. Let E* be the greatest subset of E on which / is finite and let E^ = 
= E'Ex. Then 

e k = (x: x 6 E' l9 p k </(x) < p k+1 } c (x: x 6 E\ p h </(x) < p k+x } = e k 

for any partition R (see (1)). Therefore, since the function f is finite on E r 
and belongs to L{E r ) 9 we have 

^ \pk | P&k ^ \pk | P&k 00 

k k 

It follows, by Theorem 1, that / € L(2S[). Consequently / € L(Ei) because 

fiE± = pEi* 

5 . Iff 6 L(Ei), f € IfEz) and p(EiEz) = 0 thenfZ IfEx+Ej) and 

\.fdx= \fdx+[fdx (17) 

Bi+Et E t Bt 

Proof. Let us begin with the case when f is finite on Ex+E%. Taking an 
arbitrary partition R of the real line we introduce the sets 

e k = {x: x € Eu Px -s/(x) < Pk+i} 

e’k ={x: x € E 2 , p k *«/(x) -= p k + 1 } 

and 

e k = {x: x^Ex+E-t, p «=/(x) < p k +i} 
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Taking into account that fi(ExE 2 ) = 0, we see that \ie k = tie k +fxe k . It fol¬ 
lows that for the lower integral sums of / corresponding to the sets 2?i+ 
+£ 2 , E\ and E 2 the equality 

Y^Pkl^k = Y,P k P £ ' k +Y,P k P €k 

k k k 

is fulfilled. By the conditions of the theorem, the series on the right-hand 
side are convergent, which implies the convergence of the series on the left- 
hand side, whence / d L(Ex+E 2 ). On passing to the limit in the last equality 
as 5* 0 we arrive at (17). 

In the general case we consider the greatest subsets Ex c Ex and E 2 c E 2 
ijiEx = fiEx and fiE^ = fj,E 2 ) on which/is finite. For these subsets there holds 
equality (17), and consequently it holds for Ex and E 2 as well. 

It can readily be proved by induction that 


jr 

U£* 


J fdx = £ jfdx (KEkE,) = 0; k * /) 
k-l Ei 


6. If a boundedfunction f is Riemann integrdble on a set E it is also Lebesgue 
integrable on that set and the values of the integrals of f on E (taken in both 
senses) coincide . 

Indeed, the function/is bounded and Riemann integrable on E; therefore 
it is measurable (see Theorem 4, § 19.2) and hence Lebesgue integrable on E. 
Now we can represent the set E in the form of the union E — u* of a fi- 

k 

nite number of Jordan measurable (and, consequently, Lebesgue measurable) 
sets E k with no interior points in common (i.e. any two of them can only 
intersect along some parts of their boundaries), which means that their 
intersection is of Jordan measure zero (and therefore of Lebesgue measure 
zero). Therefore, for the Lebesgue integral of/on E we obtain (see property 
2) the relations 

^m k \E k \ jfdx = X jfdx 

* E k E k k 

where m k and M k are, respectively, the infimum and the supremum of/ on 
E k . Since the leftmost and rightmost members of these relations tend to 
the Riemann integral of / on E for max d (E k )-+ 0, this integral is equal to 

k 

the corresponding Lebesgue integral. 

7. Let f be a nonnegative measurable function on E (not necessarily finite , 
that is /( x) <+00 for x d E) and let 

m =l /(x) for 

KJ 1 N for N < f(x) 


( 18 ) 
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Then, if f € UJE), there holds the limiting relation 


lim 

N-+<* 


j(f) N dx= jfdx 

E E 



Conversely , if the limit on the left-hand side of (19) exists, then f € HE). 

Proof Let/€ IfE)* then the set {x: /(x) = + «>} is of Lebesgue measure 
zero and the function (f) N is measurable and bounded on E because for 
A N the set {(/at) ■< -4} coincides with (/< A} and for A ^ Nit coincides 
with E. Thus, (f) N € UE), and, besides, (/v)(x) < (J)n+i(x) </(*)• Con¬ 
sequently, 

£ Pkt^k < j(f) N dx*s jfdx (20) 

E E 


for any partition R (see (1)), whence, on passing to the limit for N 
we obtain 



( 21 ) 


Since the leftmost member in (21) can be made arbitrarily close to the right¬ 
most member, there holds equality (19). 

If we suppose now that the limit on the left-hand side of (19) exists and is 
finite, it will follow automatically that the set e = (x: x € E 9 /(x) = + «>} 
is of measure zero. For we have the inequality 

J (f) N dx j (J) N dx = Nfte 

E e 

where the leftmost member has a finite limit as N — «> which is only possible 
when pe = 0. Therefore the first inequality in (21) implies (we put po = 0) 
that 

S R (f) = £ Pkt*k*z lim f (DnJx 

N-+ OO J 

Consequently the function / is integrable on the set E' at whose points it 
assumes finite values, that is/ 6 HE), or, which is the same, f € HE)- 

It should be noted that the integrability of / on E automatically implies 
that E f is measurable and therefore so is E. 

It follows from what has been said that the Lebesgue integral of a nonneg¬ 
ative function f measurable on E (but not necessarily finite) can be defined*as 
limit (19). 

In some courses the theory of the Lebesgue integral is initiated by the 
introduction of the notion of the integral of a bounded measurable function 
which is then generalized to a summable nonnegative function (which is un¬ 
bounded but belongs to HE)), the latter being defined as a measurable func¬ 
tion f on E for which finite limit (19) exists. This limit is called, by definition, 
the Lebesgue integral of / on E. 
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Property 7 shows that the totality of all the functions thus defined exactly 
coincides with the collection of all unbounded nonnegative functions belong¬ 
ing to W2). 

A measurable unbounded finite function f taking values of arbitrary 
sign is said to be summable on £ if it is representable as a difference of two 
finite nonnegative summable functions or of bounded measurable functions. 
Each such difference obviously belongs to £(£). It will be shown below that, 
conversely, every finite function f on E belonging to L(E) can be represented 
in the form of a difference of two finite nonnegative functions belonging to 
L(E), that is in the terminology mentioned above* each such function is 
either measurable and bounded or summable on E. 

We shall say that an arbitrary function f defined almost everywhere on a 
measurable set £ is summable on £ if it is summable on the subset £' c £ at 
whose points it assumes finite values and if pE' = pE. 

Let a function/be finite and measurable on £. Proceeding from/, let us 
construct the two nonnegative functions 


/+(*) = 


/-(*) = 


{ 

{ 


/(*) 

for 

/(*) > o 

0 

for 

/(*) 0 

0 

for 

fix) * 0 

-/(*) 

for 

fix) < 0 



which obviously are also finite and measurable on E. It is evident that 


/(*) =/+(*)-/-(*) and |/(*)| =/+(*)+/-(*) (23) 

If/+,/_ € £(£) then also/ € £(£) (see (3)), and the equality 

jf(x)dx = J/ + (*) dx- J /_(*)dx (24) 

x? j? j? 

is fulfilled. 

The converse is also true: if/6 L(E) then/+ and/_ also belong to L(E). 
For (see the explanations below), 


J /+(*)dx = J f(x)dx+ J Odx = J f(x)dx 

E /(*)^0 /()*60 /(*)>• o 

The third member in these relations makes sense since the set {f > 0} c E is 
measurable and the integrability of f on the set E implies the integrability of 
/ on the former set (see property 4). The passage from the third member to 
the second one is trivial because the set {/< 0} is measurable and the integral 
of the function identically equal to zero on that set is obviously equal to zero. 
Finally, the passage from the second member to the first one and the asser- 


* By the way, when this terminology is used it is usually agreed that all the functions 
/ € HE), both bounded and unbounded, are termed summable. 
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tion that/ + € £(£) follow from property 5. It is similarly proved that /_ € 
<iUE). 

8. If F and 0 are two measurable functions on E (they may assume finite 
values and also the values equal to + **), 0 < F(x) « 0(x) and 0 € ME) 
then F € ME). 

Indeed, as follows from the hypothesis, (F) N « {0)n on E for any N and, 
since (F)n, (0)n and 0 belong to ME), we have (see property 2) 

J (F) N dx «= J (0)n dx «s j 0dx 

BEE 

Besides, the first member in these relations does not decrease as N increases 
indefinitely and hence it tends to a finite limit, whence, by virtue of (7), it 
follows that F € ME)- 

9. Iff<L ME) then \f\ € ME) and 



The converse only holds if we state it as follows: if a function f defined 
almost everywhere on E is measurable on E and \f\ € ME) then alsof € ME). 

Proof. Let E' c E (jiE' = pE) be die greatest subset of E on which/is 
finite. As is known, on that setitis possible to construct the nonnegative func¬ 
tions /+ and /_ belonging to ME') for which 

|f(*)l =/+(*)+/-(*) and f(x) =/+(*)-/_(*) 

It follows that |/| € ME), and consequently we also have |/| € ME)- 
Besides, there hold the equalities 

I\f\dx = jf+dx+jf-dx and jfdx - jf+dx- J/_ dx 

& E’ S' E' B' E‘ 

which directly imply inequality (25) with E replaced by £' since the integrals 
of f+ and /_ are nonnegative numbers, whence it follows that this inequality 
holds for E as well. 

Let a function/defined almost everywhere of £ be measurable on £ and 
let |/| € ME). Then on the greatest subset £' of £ where/is finite the non¬ 
negative measurable functions f+ and /_ make sense and the inequalities 
|/(x)| s* /+(x) and |/(x)J s»/_(x) are fulfilled, whence, by property (8), 
it follows that/+,/_ € ME) and therefore/ = /+—/_ € ME). 

It should be noted that there exist sets nonmeasurable in Lebesgue’s sense. 
Here we shall not dwell on such sets and shall limit ourselves to the following 
remark. Suppose that e is a nonmeasurable set belonging to a cube A, and let 
a function y>( x ) be equal to 1 on e and to — 1 on A — e. It is evident that this 
function is not Lebesgue measurable and therefore it cannot belong to MA)- 
At the same time, |y>(x)| s 1 on A and lv>l € ME)- 


24—3737 
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10. Iff 6 HE) and if (pis a bounded measurablefunction on E (| tp(x) | AT) 

then fy> € HE) and 

J \<pf\ dx^j M\f\ dx = M j \f\ dx (26) 

EE E 

This follows from properties 2, 8 and from (15) for B = 0. 

11. If a function f belongs to HE) then for any e > 0 there is d > 0 such 
that for any subset e c E of measure fie < d there holds the inequality 

j\f\dx^e (27) 

e 

Proof Let us begin with the case when/is nonnegative on E. On choosing 
an arbitrary e > 0 we find N such that 


/ if-(fh) dx = jfdx- j (f) N 

E EE 


Now, taking into account that f—{f)N ^ 0 on E, we obtain for an arbitrary 


sets e c E with ye 


e 

2N 


the inequalities 


jfdx = j (f) N dx+j (/- (On) dx j (f) N dx + J (f-(f) N ) dx 


XT , 6 « , « 

c 3 ^ + t < t + t 

In the general case when f belongs to HE), assumes values of arbitrary 
sign and is defined only almost everywhere on E, we consider the greatest 
subset E' c E on which f is finite. The function |/| is finite on E and be¬ 
longs to HE), and, by what has been proved, given any e > 0, there is 
& >• 0 such that for any set e' c E (which temporarily replaces e) with 
ye 9 < & there holds inequality (27). Now it follows that the assertion of the 
theorem holds because if e c E and ye < d then eE c E and y{eE) = ye. 

Property 11 can be restated as follows: if/6 HE) then for any sequence of 
measurable sets e* with ye* -*• 0 there bolds the relation 

jfdx 

\2.If 

€ = • • • Cl E 

whereei,e 2 , ... are measurable sets, y(e k ei) = 0 fork l andf 6 HE)then 

jfdx = jf dx+ jf dx+... 


j\f\dx -*■ 0, k 


oo 


(28) 


e* 
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Indeed, the existence of the integrals on the right-hand side of this equality 
is implied by property 4. Further, by virtue of property 11, 

N 

\fdx-ijfdx = J fdx - o; N-* ~ 

* 1 V 

e—2j e k 

l 

because (see § 19.1, Theorem 5) 

13. Lebesgue’s Theorem. JJftf sequence of functions fk € L(i?) & convergent 
almost everywhere on E to a function f and if the inequalities \f*(x) | < 0(x) 
(k = 1, 2,...) where 0 € HE) hold almost everywhere on E then f € HE) and 

lim //*(*) = J/(x) (29) 

that is imder the conditions stated it is allowable to pass to the limit under the 
integral sign . 

In particular, equality (29) holds for any bounded sequence of functions 
AC*) convergent to f(x). 

Proof Let is' c: is be the greatest subset on which the functions 0 and fk are 
finite, inequalities LAI < 0 are satisfied and fk(x) -*»/(x). It is evident that 
pE' = fiEj f is measurable on E and |/(x)| < <P(x) on E\ and, since 
0 6 HE), we have |/| € HE) and/ € L(£). Let us put E = E' k +Ek where 

E’ k - {x: x € F, l/(*)-/*(*)l =- 3} 

and 

m = {x: X e F, |/(x) -/*(x) I «= d} 

Then pE’ k — 0, fc — «> (see Theorem 3 in § 19.2) and we obtain 

; jfdx- jf k dx = f (. f-f k )dx ^ f |/| <£r+ J|/*| dx+ f | f-f k \dx* 

< E» V9 E»/ p/ »// 

xS X» X» IS| 

«s2 J<P<fc+d,*E ^-j+y= e (k>k 0 ) 

where, first, 6 > 0 is chosen so that dpE -< —, and then (see property 11), 
using the fact that pE' k 0, the number k 0 is taken so large that J 0dx~< 
<-y(fc>k 0 ). *£ 

14. Let nonnegative functions fk € HE) (assuming finite values or equal to 
+ ooJ defined on E form a nondecreasing sequence . TAeit fte limiting fimction 

lim f k (x) =/(x) 


24 * 
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satisfies the relation 


lim 

k—^oc 


jf k (x)dx = jf(x) dx 

E E 



where the right-hand member is the number equal either to the Lebesgue in¬ 
tegral off on E iff £ L(E) or to +» iff $ I/JE). 

Proof Let/ € L(£). Then the function/and, together with it, the functions 
fk are finite on a set E' c E of measure pE r = pE 9 and for the set E' there 
holds Lebesgue’s theorem (property 13) with 0 =f Therefore relation (30) 
holds if# is replaced in it by E\ and consequently it also holds for the set E 
itself. Thus, there exists the limit on the left-hand side of (30) equal to the 
Lebesgue integral of f on E. 

Conversely, let a finite limit 

lim ffkdx = A <o© 
k+-J 

exist. Then, since (f k ) N on E, we have (see property 2) 

J (f k ) N dx -s jf k dx^A 

E E 

that is J (f k ) N dx*s A. 

E 


Now, taking into account that (/*)* (/)n (k 00 ) on 2?, we obtain, on 

passing to the limit under the integral sign (see property 13), the inequality 

j(f)ndx*sA 

E 


holding for any N > 0, whence it follows (see property 7) that / € UJE). 

15. Let a function fbe integrable in Riemann 1 s improper sense on E. For such 
a function f to be absolutely (Riemann) integrable on E it is necessary and 
sufficient that f £ L(E); in case f € L(E) the improper Riemann integral off on 
E is equal to the Lebesgue integral of f on E. 

We shall confine ourselves to presenting the proof for the case when the 
improper Riemann integral of / has only one singularity on is at a point 
x? £ E. 

On constructing for any natural number N the function 

/„(*) = \ m for *- E ~ v " 

1 0 for x£EV N 


where Vs is the ball of radius 1 IN with centre at x°, we can write the integral 
in question as the limit 



J fdx = jfdx 

E—Vjr E 
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If it is known that/belongs to L(E) then this integral can be regarded as a 
Lebesgue integral, which follows from Lebesgue’s theorem (see property 13) 
because fy — /and |/*| «s |/| € HE). Besides, by virtue of property 11, 
we have 


f |/| dx -+0, JV-oo 

and consequently 

J" |/| d5c — 0, N,N'N^N' 

my a - Vgi) 

which shows that the Riemann improper integral of/is absolutely conver¬ 
gent. Here it should also be taken into account that the integral j fdx 

mva-va* 

can be regarded both in Lebesgue’s and in Riemann’s sense. 

Conversely, the absolute convergence of the Riemann integral implies the 
existence of the limit 


lim f |/vl dx = lim f \f\dx 

W—J E-Va 

whence, taking into account that \fy\ < l/r+il* we conclude, by property 
14, that |/| € HE). Consequently,/€ HE) since/is Lebesgue measurable 
on E. 

\6.Iffor afunctionf € HE) nonnegative almost everywhere onE the equality 

l fdx = 0 (31) 

E 

is fulfilled then f(x) = 0 almost everywhere on E. 

Indeed, let us suppose that there is a subset e c E of positive measure on 
which 0 < f(x) < oo . Since the given function/ is measurable on e. Theorem 
5, § 19.2 guarantees the existence of a subset e' c e of positive measure on 
which f(x) > A where A is a positive constant. This inequality implies that 

jfdxs* Jfdxs*Xpe' > 0 
e e 

which contradicts equality (31). 

17. Let f 6 HE). Then for any e > 0 there is a simple Junction of the form 

<p(x)=\ c > f° r x ^ F J (zE U=U.-->N) ( 32 ) 

jo for all the other values of x £E 

with a finite number N of different values cj where Fj(j = 1,.. .,N)are closed 
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pairwise disjoint sets 9 and therefore the inequality 

/ I/(*)-?>(*) I dx < e (33) 

E 

is fulfilled. Besides , iff{x) > 0 then also <p(x) >0. 

Proof. We take the greatest subset E' a E (jiE' = pE) on which/is finite 
and construct the lower simple function 

Vi(x) =pk> x 6 e k = {x: x € E 9 p k «s/(x) < p k +i} 
with po = 0 and d R < (^ e case = 0 is trivial). Then 

J l/-<Pil dx = J |/- 9 ?i| <£r < 5^ < y 

E S' 

Next we introduce the function 

«*,) = /* for w- 5 * 

(0 for all the other values of jc € E 
where N is chosen so large that 


f \q>i-<p%\ dx = V \p k \ p£ k < 4 

B 1*1 


Finally, let us determine closed sets F* c e k and the function 

(JC)= I>* f <>r *€F fo 1*1 

\0 for all the other values of x 

so that the inequality 


J \<p%-<p\ dx 

E 


I l/fcl < -f- 

IA | *sN 


holds. 


The function <p obviously satisfies the conditions of the theorem after />* 
and F k have been appropriately renumbered. Since we have put po = 0, the 
function tp(x) is nonnegative together with/(x). 

18. Let f € IfG) where G is abounded open set. Then for any e > 0 there is 
a simple function 



for x € A i9 i = 1, ..., m 
for all the other values of x 


finite in G (where A%<z G are pairwise disjoint cubes with faces parallel to the 
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coordinate axes) such that 


/ l/(*)-V(*)l 4x -= e 


Proof. To begin with, we determine a simple function q> of type (32) satis¬ 
fying inequality (33) (see property 17) where we should put E = G. Then we 
construct pairwise disjoint figures a* c: G covering F* and a simple function 


V>i( x ) = 



for x£oj (fc = 1, . ..,JV) 
for all the other values of x 


so that the condition 

1 

# 

holds, which is possible since the pairwise disjoint sets Fj are bounded and 
closed and therefore measurable. Each figure Ok can be regarded as a sum of 
finite number of cubes with no interior points in common.* Instead of Ok we 
can determine figures or* c o k each of which is a sum of nonintersecting 
cubes and then construct a simple function 

x €o' k 

all the other values of x 


N 

= IWfc—Okl *< £ 

1 

is fulfilled. It is obvious that 

J |/-yl dx*i j \f-q>\ dx+ J\<p-rpi\ dx+ J \y>i~y>\ dx^3e 

G G G G 

which proves our assertion because the cubes forming all the figures a* can 
be numbered in a consecutive order. 

19. FubiniV* Theorem. For a function /(x) = /(x i, ..., x„) = /(x i, y) 
(y = (x 2 , ..., Xu)) measurable on a cube 

A = {0 xj a, j = 1, ..., n) 


♦This can be achieved by using a rectangular network S breaking up the space R* into 
cubes with edges of length 2“* (see §12.2) for sufficiently larged and putting o k = 5KF*). 
** G. Fubini (1879- 1943),an Italian mathematician. 


v<*) = 


_ Ck 

o 

» 


for 

for 


such that the condition 


j |yi— \p\dx 
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there holds the equality 


jf(x)dx = jdx t dy, zT = {0 «s x, a, j = 2, 

A 0 AT 

(34) 

which should be understood in the following sense. 

Iff(x) € L{A) then for almost all xi there exists the Lebesgue integral 

\f(xi,y)dy (35) 

AT 

which is a function of xi integrable (in Lebesgue’s sense) over the closed inter¬ 
val [0, a], and equality (34) holds. Besides , if the function f(x) is measurable 
and nonnegative on A and if integral (35) exists for almost all x\ € [0, a] and is 
in its turn integrable with respect to xi over [0, a] then f 6 L{A)* 

An alternative statement of the theorem reads: letE c R„bea measurable 
set and let E{$) be its section by the plane x\ = jcJ, that isE(xfj) is the set of all 
y'sfor which (jcJ, y) 6 E. Let |£(*J)|* denote the ((«— l)-dimensionaf) meas¬ 
ure of the set E(x$) (provided that the latter is measurable). Finally, let G be 
the set of those values of x% for which |2£(xi) |* > 0. 

Then there holds the equality 

jf( x )dx = jdxi j f(xi, y) dy (340 

E G E(xO 


which shouldbe understood in the following sense. Iff € IfE)thenG is a meas¬ 
urable set on the line, for almost all x% £ G there exists the inner integral on 
the right-hand side of (34') which is a function integrable with respect to 
xi 6 G and equality (34') holds. Besides, if f(x) is a nonnegative measurable 
function onE(not necessarily everywhere finite) for which the iterated integral 
on the right-hand side of (34') exists (in the sense indicated above) then 

/SUn- 

Proof. The function 



for 

for 


x £E 
x$E 



where is is an arbitrary set is called the characteristic (or defining) function 
of the set is. If E c A is a measurable set then obviously 


J <Pe{x) dx = J dx = pE 


As has been said, |is(x$)|* will denote the (n —l)-dimensional measure of 
the section of £ by the plane xi = x$. 

The assertion of the theorem is quite obvious for the characteristic func- 

tion of a set of the form a# = c A ypos — \Ak\ 1 consisting of a fi- 
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nite number of cubes (with no interior points in common). In this case 
equality (34) reduces to the relation 

a a 

fux N = J dxi j dy = j |ofc(xi)|* dx 1 (37) 

o o 

Let us prove the following lemma. 

Lemma l.Letf andfy{N = 1,2,...) be nonnegativefunctions on A (whose 
values are finite or equal to + «>) such that 

fstUA, N= 1,2,... (38) 

and 


/n -*f (39) 

where the sequence fy tends to f monotonically. Let FubinTs theorem hold for 
allN: 

a 

jf N dx = jdxi jf N (x!, y) dy (40) 

A 0 A' 


Then the existence of the Lebesgue integral on the Itft-hand side of (34) 
implies the existence of the iterated integral on the right-hand side of (34) 
equal to the former integral and vice versa . 

The lemma is proved with the aid of the following relations (see the ex¬ 
planations below) 


jfdx 



a 


j dx i J/at(*i, y) (fy = 

o /t 



which hold under the assumption that any one of the members of (41) 
exists. The first equality (41) follows from (39) (in case die sequence {/}?} is 
monotone decreasing tlus is implied by Lebesgue’s theorem and if it is 
increasing then by property 14). The second equality follows from (40) and 
the third one is again implied by (39) because the integral 

J/w(xi ,y)dy 

At 

is a monotone function of N; the fourth equality also follows from (39). 
Indeed, if the fourth member of (41) exists then the limit 

lim jfn(xuy)tfy 


(42) 
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exists for almost all xi € [0, a] 9 and, by virtue of (39), it is equal to 

J f(xi, y) dy (43) 

at 

Conversely, if the last member in (41) exists then integral (43) exists for 
almost all xi 6 [0, a\, and therefore, by virtue of (39), it is equal to limit (42). 
The lemma has been proved. 

Lemma 2. FubinTs theorem holds for die characteristic Junctions <pd(x) and 
q>p(x) of an arbitrary bounded open set Gc A and of an arbitrary bounded 
closed set Fez A. 

Proof. Indeed, let 

<?= £4aO®l-ZM*U) 

where A k are closed cubes. As we know, Fubini’s theorem holds for the 

N 

characteristic functions <p as (x) of the figures os — and consequent- 

i 

ly, by Lemma 1, it also holds for q>(Jx) because <pa 6 HA) and the se¬ 
quence (g’ffjC*)} is nondecreasing and tends to <p<fx). 

It should be noted that the inner integral on the right-hand side of the 
equality 

a 

J <pdx) dx = j dxi j y) dy 

A 0 At 

we have proved exists for all xi € [0, a] since the section G(x i) of G is a 
bounded open set for any xi and therefore it is a measurable (in the n— 1)- 
dimensional sense) set 

Now let us consider a closed set F. Let us embed F in an open cube A. 
Then A—F = G is an open set and <pr(x) = a>Ax)—q>c£x). By the obvious 
additivity properties of the integrals entering into (34), the validity of Fu¬ 
bini’s theorem for <pp follows from its validity for <pa and <p a . 

3. Fubinfs theorem holds for die characteristic Junction <p«(x) of an 
arbitrary measurable set e<z A. Inparticular, if |e| = 0 then the sections e(x{) 
are of(n— \)-dimensional measure zero for almost all X\ € [0, a]. Conversely, 
if e is measurable and the sections e(xi) are of (n-\)-dimensional measure zero 
for almost all xi then |e| = 0. 

Proof. Indeed, let a set e <z A be measurable. Let us take two sequences 

GiZ>GtZ> ... z> ez> ... z> F a z> Fi 

of open sets Gj and of closed sets Fj (J — 1,2, ...) such that |G*|, |F*| — 
—► |^|, k -► oo, and put 

p|G* = e3ez>e = [JFk 
i i 

where, obviously, |G*| — \e\ = \e\ and |F*| -► |e| = \e\. 
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Since, by Lemma 2, Fubini’s theorem holds for the functions q>ajt x)and 
<PfJL x ) fb r any N = 1,2,..and since these functions are nonnegative and 
tend monotonically to (p^x) and q>e(x) respectively, Lemma 1 implies that 
Fubini’s theorem also holds for the functions <p£x) and <p£x) themselves: 

a 

Jq>e(x)dx = J q>e(x)dx = j dxi j <p£ci,y)dy (44) 

A A 0 AT 

and 

a 

J <p e {x) dx = f (p£x) dx = j dxi j <p£xi, y ) dy (45) 

A A 0 AT 

Now, if \e\ =0 then all the members of relations (44) are also equal to 
zero, and therefore the inner integral on the right-hand side of (44) is equal 
to zero for almost all xx € [0, a]. However, we have 

<pz(x) q>e(x) 0 

and therefore for die indicated values of xi there obviously exists the integral 
J <pe(xi, y) dy which is equal to zero: 

At 

J 9 >«(xi, y) dy = 0 

AT 

Consequently, the function <p e (x\>y) is measurable with respect toy for all 
such xi, and the set e(xj) = {y: <p e (x, y) = 1} is of (n —D-dimensional 
measure zero: |e(xi)|* = 0. 

Conversely, if e is measurable and if 

|e(xi)|. = j <p<(xi, y) dy = 0 

At 

for almost all xi € [0, a J then the iterated integral 

a 

fdxij <p t (x i, y) dy 

0 A* 

exists and is equal to zero, and, by virtue of the inequalities 

<Pe(x) <p e (x) 0 

the iterated integral on the right-hand side of (45) also exists and is equal to 
zero. Therefore the integral on the left-hand side exists and is equal to zero, 
whence \e\ = 0. 

Now let e be an arbitrary measurable set Then, by the additivity proper¬ 
ties of the iterated integrals on the right-hand sides of (44) and (45), it is 
allowable to replace in them e and g by e because \e—e\ — | e—g\ = 0. 
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Further, if the iterated integral 

a 

j < 2*1 J <pe(x x , y) <fy 

0 J' 

exists, the same argument shows that ihe integral on the right-hand side of 
(44) exists and is equal to the former. This completes the proof of Fubini’s 
theorem for q> e (x) where e is an arbitrary measurable set. 

Lemma 3 can also be expressed by the following equalities: 

a 

kl = J = J Kxi)|, dxi, CO = {Xi: |e(xi)|, =- 0} (46) 

0 to 

where e c A is an arbitrary measurable set. 

Lemma 4. FubinVs theorem holds for any set e of Lebesgue measure zero 
and for any function f (finite or infinite or even not defined on e): 

a 

jfdx = jdxi j f(x u y)<fy (47) 

e 0 e(x{) 

This lemma is a direct consequence of the foregoing lemma and of the 
fact that the integral over a set e of measure zero of any function is equal to 
zero. Indeed, the left-hand member of (47) is equal to zero and, by Lemma 3, 
we have \A(xi)\+ = 0 for almost all xi 6 [ 0 , a], which shows that the right- 
hand member of (47) is also equal to zero. 

Now we shall consecutively prove that Fubini’s theorem holds in the 
following cases: 

(a) /is a (finite) nonnegative simple function on A: 

oo 

f(x) Cfo x £ efo ^ e/c = Ay e^e s =* 0 (Jc 5 ^ <$) 

k~ 1 

Indeed, by virtue of Lemma 3, the function 

N jo for all the other values of x € A 

obviously satisfies the conditions of Lemma 1. 

Thus, if the nonnegative simple function / belongs to L(A) then there 
exists the iterated integral on the right-hand side of (34) which is equal to 
the left-hand member of (34). Conversely, if the indicated iterated integral 
exists for a nonnegative simple function f then f € L(A). 

(b) /is a finite nonnegative measurable function on A. Indeed, let us con¬ 
struct a sequence of partitions Rn (JV = 1, 2, ...) dividing the positive real 
axis with the aid of the points /4 N) = k2~ N (k = 0,1,2,...). The lower simple 
functions fu(x) corresponding to these partitions obviously satisfy the con¬ 
ditions of Lemma 1. 
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In the case under consideration (when/is nonnegative and finite) the fact 
that f € L(E) implies the existence of the iterated integral on the right-hand 
side of (34) for this function, and vice versa. 

Now we shall prove the theorem for the general case. Let/ c L(A) and let 
e be a set (of measure zero) on which f is infinite or is not defined. Let us put 


fl(.x) = 



for x € e 
for x € A—e 


and /=/i+-/i_+/ 2 


where fi+ and /i_ are defined for /i as usual (see § 19.3 (22)) and is thus 
equal to zero almost everywhere on A. Taking into account the obvious 
additivity properties of the integrals entering into (34) and the fact that the 
theorem holds for fi+ and for /i_ (see (b) and Lemma 4) we conclude that it 
also holds for /, that is the iterated integral on the right-hand side of (34) 
exists and equality (34) holds. 

Now let /be a nonnegative measurable function on A (generally speaking, 
not necessarily finite) and let the iterated integral on the right-hand side of 
(34) exist for /. 

Since/is measurable (see the footnote at the beginning of § 19.2), the set e 
on which / assumes the value + <» is measurable. Let us put /=/i+/ 2 
where f\ and / 2 have the sense indicated above, that is/i is nonnegative and 

finite on A and / 2 = 0 outside e. By the hypothesis, the integral J f(xi,y)dy 

at 

is finite for almost all xi € [0, a], and therefore the sections e(xi) correspond¬ 
ing to these xi are of (n— 1)-dimensional measure zero. Therefore (see 
Lemma 3) we have \e\ =0, and Fubini’s theorem holds for/ 2 . Consequently 
the iterated integral on the right-hand side of (34) exists for the function 
/i = f—fz because it exists for/and for/ 2 . It follows that (see(b))/i 6 £(d), 
and hence equality (34) holds for fa consequently / £ Hi 1), and equality 
(34) holds for /. 

We have completed the proof of the theorem in its first formulation. 

It is obvious that in the case E - A the second statement of the theorem 
implies the first one. The converse is also true. Indeed, let/ € HE)- On put¬ 
ting 


TM _ //(■*) for X ^ E 

JK) lO for x$A-E 



we obtain (see the explanations below) 

a 

lfix) dx = J f(x) dx = J dxi jf(xu y)dy=jdxi j f(xi,y) dy 

B A 0 At a fitx.) 

(49) 


The first equality in (49) follows from the fact that f 6 UJ. s)» which implies 
that E is measurable and / = 0 on the measurable set /I—is. The second 
equality follows from (34). The third one follows from (48) and from the fact 
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that G is a measurable set on the line (Lemma 3) andis(jci) is measurable in 
the (n— l)-dimensional sense for almost all x± c <7. Arguing in the same 
manner and considering the equalities in (49) in the reverse order we arrive 
at the second part of the theorem concerning the case when / > 0. 

It should be taken into account that the function f may be such that the 
iterated integral on the right-hand side of (34) makes sense for it even when 
f does not belong to HA). Of course, such a function does not retain sign 
on A. 

For example, the function 


/(*. 30 = 


y * 

0 


for x =s |j| =s 1, 0 < x -s 1 
at all the other points of A 


defined on the rectangle A ={— 1 y «c 1,0 «=: x«« 1} possesses the prop¬ 
erty that its iterated integral (taken over A) standing on the right-hand side 
of (34) is equal to zero whereas / $ LfA). 

20. Theorem (on the completeness of he space LJEf). Let a sequence of 
Junctions fk € LfiE) (1 < <»*) satisfy the condition of Cauchy’s criterion 

in the sense of LfJZ), that is, given any e > 0, there is N > 0 such that 


f \fk~fi\’ dx^e, k, l > N (50) 

E 

Then there exists a Junction f € Lp(E) determined uniquely to within its 
values assumed on a set of Lebesgue measure zero such that 

j \f-fk\ p dx-0, (51) 

B 


Proof. It suffices to consider the case when all the functions fk are finite on 
E since in the general case the set for which the assertion may not hold is of 
Lebesgue measure zero. „ 

Let us choose numbers e, =»-0 (s = 1,2, ...) so that the series £«,<«• 

converges, and, using the conditions of the theorem, take a subsequence 
ki -< kt «=.... of the sequence of natural numbers so that 



I fk.+t~fk,\ p dx\ 


Vp 




s = 1, 2, 



The following relations hold under the assumptions stated (see the explana- 


• In the case p =«> the expression ^ J \y>\ 9 dx^ is regarded as being equal to 

sup \vix)\ I’orto esssup lv<x)|; seep. 333,8 18.3j. Then the theorem also holds (and is 
quite trivial). 
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tions below): 


2> 

N 


N+m / p xXfp 

lim £ ( f IA. +1 -A.I'<& 

m ""°° N \J 


1 


m 


m y (T i 


ipr 

-(/If* 


-A.) 


' <feV" = 


r-w 




\i/p 


where 


f(x) = lim y* t (x) almost everywhere on £ 


(53) 


(54) 


The first relation (53) follows from (52) and the second from Minkowski’s 
inequality (see § 14.2 (12)). The third relation (equality) follows from prop- 

( N+m \p 

£ I/*.«-/*.I) nonnegative and does 
not decrease as m increases, and therefore its limit 


(|l/*. + -A.l) J 


6 UE) 


is a function on E finite almost everywhere and integrable. The fourth rela¬ 
tion (53) (inequality) follows from the inequality 


11 A. + . - A. 

N 


£(A.+, fk ,) 

N 


= lim 

I7t—►oa 


N+m 

E (A«i~/O 

N 


= Um (A,--/**) =f-fky (55) 


IW-*oo 


where the series under the sign | | in the second member is convergent almost 
everywhere on E. This guarantees the existence of limit (54) almost every¬ 
where on E, and thus the last relation (equality) in (55) justifies the last rela¬ 
tion (equality) in (53). 

We have proved the existence of a function f which obviously belongs to 
L P {E) for which 


(/ 


\f-fky\ P dx\ 


Up 


y o» 

N 


N — 


oo 


(56) 
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From (50) it also follows that 

( / I/-/ml' dx\ VP -5 y* | /-/U'&y" + y I A. “/ml' - 0 

m ~oo 


Finally, if we assume that there is another function /* € Z^E) for which 
J \f*~fm\ p dx - 0 , m — then 

E 

yi/-/.i'&\^yiz-Zmi'^+yi/m-z.i'^-o, 


whence J \f—f* | dx = 0, which shows that (see property 16)/(x) =/*(*) 

E 

almost everywhere on E. 

21. The relation 



fifu ZLriE) 



implies the existence of a sequence kx 9 k^ 9 ... of natural numbers for which 

lim fkji x ) = f( x ) almost everywhere on E. ($8) 

J—*-oo 


Proof. Since the expression 

I/I' dx\ Vp 

is the norm in the normed linear space L P (E) (see § 14.2), (57) implies that 
\\f—fk\\L p <E) 0, k oo. Therefore the condition of Cauchy’s criterion 

holds: given any e > 0 there is N such that 

Wfk—flWLpiE) k 9 l > jV 

that is the conditions of property 20 hold. In the proof of this property it 
was shown that there exists a sequence {fcj of the indicated type for which 
(54) holds (it should be taken into account that the function / mentioned in 
property 20 is determined uniquely). 

22. Let there be fulfilled the requirements of Theorem 1 9 § 12.16 on change 
of variables in a multiple integral on condition that now Q is an arbitrary 
bounded domain which thus is Lebesgue measurable (but not necessarily Jor¬ 
dan measurable). 

Then any Lebesgue measurable subset eczQ is mapped under the operator 
A (see formula (1') in § 12.1) onto a set e' = Aecz Q' which is also measur- 
able 9 and there holds the inequality 

W\ **\e\ 


WfWlrfB) = M 


where x is a constant independent of e. 


(59) 
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There also holds the equality 

jf(x')dx' = j F(x)|0(x)| dx 
or q 

(the integrals are understood in Lebesgue 9 s sense) where 

Equality (60) is valid if at least one of these integrals exi 

e 0 = {x: D(x ) = 0} 
then e' 0 is of measure zero since 

f |D(*)I dx = 1 Col = 0 

e 0 

and, if Ec Q is an arbitrary measurable set 9 then 

jf(jd)dx' = f F(x)\D(x)\ dx 


(60) 


(61) 


(62) 


(63) 


on condition that at least one of the integrals in (63) exists. 

Proof. According to § 12.16 (6), we have 

\A'\ = \D(x)\\A\+0(cAh)\A\) (64) 

where A c Q is an arbitrary cube, h is the length of its edge, x € A and <w(A) 
is a continuous function of A s* 0 such that co(h) 0 (A -► 0), die constant 
entering into the definition of O (co(/r) | A |) being independent of A and x. 
Since D(x) is bounded on £2, relation (64) implies the inequality \A'\ *sx\A\ 
where x is a constant independent of Ac. Q. Therefore, if G c £2 is an wen 
set* then, on representing it in the form of a countable sum G = 2 ^A k 
(| <71 = of cubes At, we see that the measure |G'| of its image G' 

under A is 

!<?'l = «|<?l 

If e c Q is measurable then, given any e =» 0, there are closed set F and open 
set G such that Fc ecG cQ and | G—F\ < e. Since the set G—Fis open 
we have 

\G'—F‘\ = \(G-F)'\*zxe 

and since F' is closed* while G' is open and F' c e' c G’, we see that e' is 
measurable. We also see that 

\e'\— inf |G'| «sx inf |(7| = x|e| 

e'CG' eCC 

and thus relation (59) has been proved. 


* For the case when D(x) 0 on Q see$7.18; for the general case see § 12.20, Theo¬ 

rem^ 
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Now let / € UQ'). There exists (see § 18.2, (iv)) a sequence of continuous 
functions ./X*') (p — 1,2, ...) finite in £2’ (in the sense that they have com¬ 
pact supports in G) such that 

J1/00 ~M X ') \dx' -*0, p - <*> (65) 

or 

By virtue of Theorem 1, § 12.16, we have the relations 

J//*') dx' = I dx (p = 1, 2 , ...) (66) 

or o 

and 

J \MAx)\D(x)\-MAx)\Dix)\\ dx = j \f„(Ax)-f q (Ax)\\D(x)\ dx = 

Q Q 

= J l/p(Jt')-/«(*')I - o (p, q - ~) (67) 

or 

which imply (see property 20) the existence of a function <P(jc) £ L(£) such 
that 

J |/p04x) | Z)(*) I ~#(*)l dx-* 0, p -* co (68) 

Therefore (65), (66) and (67) imply that 

j/(x')</*'= Jd>(jc)dr (69) 

o' o 

It also follows from (65) and (68) that there exists a subsequence of values 
of p which we renumber in a consecutive order such that the relations 

lim = f(x*) almost everywhere on £2' 

/>«•► oo 

and 

lim f£Ax)\D(3t)\ = 0(x) almost everywhere on £2 

oo 

hold. 

Let us prove that 

<P(x) = f(Ax) |D(x)| almost everywhere on £2 (70) 

This will imply the desired equality (60). 

Indeed, let us represent £2 in the form of the sum of three nonintersecting 
measurable sets eo, ei and e 2 : 

£2 = eo+ei+e 2 

where the set eo has already been defined (see (61)), eiconsists of those points 
x for which D(x) ?£ 0 and f/^Ax) |D(x)| converges to @(x) asp -*» while 
e 2 consists of those points x for which D(x) ?£ 0 and the convergence men¬ 
tioned does not take place (this indicates that \e 2 \ = 0). 
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Equality (70) is quite trivial for the set eo. On the set e\ we have f p (Ax) 

— and, at the same time, 

|XK*)I 

MAX) =M*') -fix') =f(Ax) 

which means that (70) holds. We have thus proved (60) under the assumption 
that/(x') € W). 

If a set E c Q is measurable then, by virtue of (59), so is the set E c. Q' 
(E' = AE), and therefore, if the function fix') belongs to HI T) then its ex¬ 
tension to O' determined by the equality fix’) = 0, x' $ E, belongs to 
L(Q') and for the extended function, by what has already been proved, we 
have 


J fix’) dx’ = jf(x')dx' = jf(Ax)\D(x)\ dx = J f(Ax) \D(x)\ dx. 

E’ a a e 

Thus, (63) holds. 

In particular, for the function fiAx) which serves as the characteristic 
function of the set e 0 (that is it is equal to 1 on eo and to 0 outside e 0 ) we 
obtain from (61) and (63) relation (62). 

Now let us prove equality (60) under the assumption that 

F(x)\Dix)\ c HQ) 

Indeed, we have the equality 

/ ZOO dx' = J fix) | Di x ) I dx (71) 

ei eo 

because eo is measurable and the right-hand side of (71) is equal to zero, and, 
by virtue of (62), |eo| = 0, and therefore die left-hand side of (71) is also 

eo 

equal to zero. Let e* = {x: |Z)(x)| > 1/A:} (k = 1, 2, ...) and Y J e k — &i* 

i 

By what has already been proved, the equality 


J |/(x')| dx' = J \fiAx) D(x) I dx 

e' t «j 

holds for any k = 1,2,... because the inverse operator^ -1 (A _1 (x') = x) 
considered on the open set e' k satisfies the conditions of Theorem 1, § 12.16 
(where x and x' should be interchanged). 

Since f(Ax)D(x) € L(£), there exists the limit 


f |/04x)D(*)l dx = Hm f \f(Ax)D(x)\dx = 

Oi e k 



equal to the integral of |/(x / )| over (|/(x / )| > 0), that is /€ L(£2Q and 
therefore / 6 


25 * 
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§ 19.4. Lebesgue Integral on Unbounded Set 


In this section we shall generalize the notion of the Lebesgue integral 
introduced in the foregoing section. We shall say that a function/defined on 
an arbitrary set I? is Lebesgue integrable on E and write / € HE) if /€ L(VE) 
(in the sense of the previous definition stated in the foregoing section) for any 
ball V € R n and if the limit 


lim 

N-*-« 


f \f(x)\dx 

EV S 


J l/(*) I dx 

B 



exists for an arbitrary sequence of balls Vn c: R n of radius N with centre at 
the origin. 

It is obviously allowable to regard the balls V in this definition both as 
open and as closed; in both cases the definition stated expresses one and the 
same notion. It is also obvious that the existence of limit (1) for one of the 
indicated sequences of balls Vn implies its existence for the other ones and 
the coincidence of these limits. 

The symbol on the right-hand side of (1) is the notation of the Lebesgue 
integral of the function |/| on E. The integral of the function f on E is de¬ 
fined as the limit 


lim 

N-+<» 


j f( x )dx = jf(x)dx 

BVir E 



The existence of (1) implies that of (2) since it follows from (1) that, given 
any s > 0, there is N such that for any ri >~n >~N there holds 


I ^ dx ~ J /* 

EV« EV n 


= 

J 




j I/I dx = 

v H ) 

= J I/I*- f \f\dx 

EVn, BV n 


e 


These considerations are completely analogous to those establishing the* 
convergence of an absolutely convergent improper Riemann integral. 

It is quite clear that if E is a bounded set the definition of a function / € 
€ HE) stated here coincides with the definition of a Lebesgue integrable 
function stated in the foregoing section. A more general type of integral 
appears when E is an unbounded set such that the set EV is measurable for 
any ball V . Examples of such sets are arbitrary closed and open sets because 
the intersection of any closed set with a closed ball is a closed (measurable) 
set and the intersection of an open set with an open ball is a (measurable) 
open set 

Properties 1-21 of the Lebesgue integral proved in the foregoing section 
continue to hold for the more general integral defined here. The correspond¬ 
ing assertions can be strengthened in the sense that in view of the new defini¬ 
tion a set E of measure zero can be interpreted as one for which the setEV is 
of measure zero in the previous sense for any ball V (e.g. see § 19.3, prop- 
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erties 1, 2, 4 and 5). Accordingly, in the conditions of the corresponding 
assertions the expression “a measurable set E” should be replaced by “a 
set E such that EV is measurable for any ball V” and “a function /measur¬ 
able on 2?” by “a function / measurable on EV for any ball V”. 

A function / measurable on EV for any ball V is called locally measurable 
on E. 

The proof of each of the indicated properties reduces to its proof for the 
sets jEKat for any N (that is for any ball of radius N) and to the demonstration 
that the property in question continues to hold after the passage to the limit 
as iV — By the way, property 6 in § 19.3 does not concern the general¬ 
izations under consideration. 

Below we present some of these proofs as examples. 

Property 4. If Ex c E, VEi is measurable for any ball V andf 6 1{E) then 
ftUExf 

Indeed, it follows that VEx a VE, VEi is measurable and / 6 IfVE), and 
therefore, by virtue of property 4, § 19.3, we have/6 LfVEx) for any V. 
Besides, 

lim f \f\dx ,<oo 
* 

V,E 

and hence, by virtue of the inequalities 

J \f\dxs J |/| dx s J |/| dx 

VjfEi Ky£ E 

and, since the leftmost member of these inequalities does not decrease as N 
increases, there exists the limit 

\f\dxsc° 

and hence / 6 L(E{). 

Property 8. IfFis measurable on VE for any ball V, Os F(x) s0(x) and 
6 L(E) then F € IfE). 

Proof. By virtue of property 8 in § 19.3, the assertion holds if £ is replaced 
by VE. Consequently, 0 6 IfVE) for any V. We also have 

J F(x) dx s J 0{x)dx (3) 

ev n ev s 

for any N 9 and, since, by the hypothesis, the limit of the right-hand member 
of (3) is finite for N -► «>, so is the limit of the left-hand member (because 
F(x) s* 0), whence it follows that F € L(E). 

Property 13. There holds Lebesgue's theorem (for the statement of the theo¬ 
rem see property 13 in § 19 J). 
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Proof. By what was already proved in § 19.3 (property 13) for a measur¬ 
able set, we obviously have 


lim J f k (x) dx = J f(x) dx 


(4) 


EV 


EV 


and/€ L(VE) for any ball V; consequently f € L(E) because |/| onE 
and 0 € E(E). 

Let us take an arbitrary s > 0 and choose V = V N so that J &dx<z 


e/2. Then, by virtue of (4), we obtain 


E— V 


^ f dx-^f k dx =s J |/| *£r + J \fk\dx+ J ifk -/) dx 

E E E-V E-V EV 


2 j \<&\dx 


f 


€ 


3e 

2 


' 0 ) 


E-V 


where k Q is sufficiently large. 

Property 17. For the statement of property 17 see § 19.3. 
Proof. Let us choose V so that 


/ \f\dx 


E-V 


and take the function 

/ 1( »)={ ° f ° r ** E - r 

}/(x) for x € EV 

for which J |/—/i| dx < e. For the latter function there holds property 

E— V 

17 in § 19.3. 

Property 18. In the case under consideration the statement of property 18 
is the same as in § 19.3 with the only distinction that now G can be an arbit¬ 
rary open set, not necessarily bounded. The proof is carried but as in the 
case of property 17. 

Property 19 (Fubini’s theorem). Under the requirements stated in property 
19, § 19.3 in which f should be considered as a locally measurable function on 
R„ there holds the equality 

oo 

jfdx = j dxi jf(xi,y)dy (5) 

Rn -oo R' 

where R' is the (n— \)-dimensional space of the points y = (x 2 , .. x n ). 
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Proof. Let us begin with the case when /(x) s* 0 and put 
^AT = (l-tyl ^9 7 = 

A' n = {\xj\ 7 = 2, . N= 1,2, ... 

and 

/„ w =p=> for *«^ 

[ 0 for all the other values of x 
By virtue of property 19, § 19.3, for f N there holds Fubini’s theorem: 

N oo 

jf N dx= jfdx = J dx i J/(xi,y)<fy= J 

a. J, -W 4Sr — *' 

(the last relation can be understood in both senses indicated in § 19.3). Besides, 
we have 

(i)/w € U.R n ), N= 1,2, ... 

(n)f N -*fonR„, 

(iii) the sequence fn is nondecreasing and converges to / on R n - 
It follows that there holds equality (5). This is implied by Lemma 1, prop* 
erty 19 in § 19.3 in which A and A' should be replaced by R n and R' respec¬ 
tively, the course of the proof of the lemma remaining quite analogous. 

The case when/ assumes values of arbitrary sign is considered as in § 19 J, 
property 19 by putting / =/+—/_. 

Property 20. There holds the theorem on the completeness of the spaceLfJZ). 
The statement of the theorem is the same as in § 19.3, property 20. 

Proof. Let V a R„ be an arbitrary ball and let s > 0 be an arbitrary num¬ 
ber. By the condition of the theorem, there is N >• 0 such that 

* > J I/*-/,I' <2*3* J \f k ~f,\> dx, k,l>N 

E EV 

By property 20, § 19.3 it follows that for any ball V there is a function / 
defined on EV and determined uniquely (to within the equivalence in the space 
R„) such that 

/ mx)-m\pdx - o 

EV 

Since the ball V is quite arbitrary, we can consider the function / as being 
defined and determined uniquely (to within the equivalence) throughout R n > 

For this function/ we have e s* J \fk—f\ p dx 9 k for any V. It follows 

EV 

that \f k -f\ p € UE), 

e s> J \fk~f\ p £ dx, k>N 

B 

and/€ L P (E) since/* € LJE) and/*-/€ L^E). 
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§ 19.5. Sobolev’s Generalized Derivative 

Let G c R„ be a domain. By D we shall denote the collection of all in¬ 
finitely differentiable functions <p finite (having compact support) in G. 

We shall say that a function/is locally integrable on G if it is defined on G 
and is (Lebesgue) integrable on any closed ball V belonging to G. 

According to (Sobolev’s) definition, a function F possesses on G the 

generalized partial derivativef with respect to the variable Xi 
if both functions F and / are locally integrable on G and if the condition 

j F-^-dx = — jfqxbc for all q> € D (1) 

holds. 

Here we can regard the integrals as taken over the support of the function 
q> (which is a bounded and closed set) or over the domain G or even over the 
whole space R n on condition that F and / are extended to R n in some way, 
for instance, by putting/ = F = 0 on R n —G. 

If/ is the generalized derivative of F with respect to xi on G and if func¬ 
tions/i and Fi are equivalent to/and F respectively, then/i is the generalized 
derivative of Fi on G with respect to xi since a modification (redefinition) of 
/and F on a set of measure zero does not violate equality (1). The set G can 
be unbounded. 

To justify the definition stated it suffices to indicate that if a function F is 

continuous on G together with its partial derivative ^ = / (understood in 

the ordinary sense), equality (1) obviously holds for F and, consequently, in 
this case/is not only the (ordinary) partial derivative but also the generalized 
partial derivative of F with respect to xi on G. For, if 9 ? is a function belong¬ 
ing to D, its support is a bounded closed set belonging to G and it can be 
covered by a figure a c G (consisting of a finite number of cubes). Further, 
using the classical theorems on the reduction of a multiple (Riemann) in¬ 
tegral to an iterated integral, integrating by parts and taking into account 
that cp = 0 on the boundary of 0 we obtain 

JV-g^Zr = jF^Ldx = jdyjF^-dx 1 = - J * J 

a 

where x = (xi, y) = (xi, X 2 ,..., x„). The integrals in the third and fourth 
members of these equalities are written without the limits of integration in 
order to simplify the formulas. 

Theorem 1. Let f be the generalized derivative of F with respect to X\ on G. 

Then the regularization F« (see § 18.2) of the function F possesses the prop¬ 
erties 



IIFe-FItae) —0 and 



for any bounded and closed set e a G. 


0 


(s-0) 
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Proof. The first property (2) expresses the ordinary property of a regula¬ 
rization (see § 18.2 (5)): 

F.(x) = J <pfx-t)F(t) dt 

Let G, be the set of those points x belonging to G which are at a distance 
not less than s > 0 from the boundary of G, the number e being so small that 
G, 3 e. Then for x c e we have 

K = ST W = J = 

= J ?>.(*-<)/(<) dt = ffx) 

where the fifth equality holds since / is the generalized derivative of F with 
respect to xi and since <pj(x—t) as function of* for a fixed x € ecz belongs 
to the class D. Therefore the second property (2) also holds. 

Theorem 1 directly implies the following corollary. 

Corollary. A function F can only have a uniquely determined (to within the 

0j7 

equivalence) generalized partial derivative f = on G. 

Indeed, we have/ = limF' in the sense of IfA) for any closed cube A c G. 

e -*»0 


Theorem 2. Let F and f be locally integrable functions on a domain G. For 
f to be the generalized partial derivative of the functionFon G it is neces¬ 

sary and sufficient that there should exist a sequence of functions 0k (k = 1> 
2, ...) continuous on G together with their partial derivatives andsitch 

that for any closed cube Ac. G or, which is the same, for any boimded closed 
set belonging to G the relations 


a®* 


\\F—0k\\u4 0 and (k -) 


(3) 


hold. 


9F 


Proof. Let / = jr— on G. By virtue of Theorem 1, relations (3) will hold if 

we put 0k = Fjjk where F, is the e-regularization of F. 

Conversely, let us suppose that there is a sequence of functions 0k con- 

tinuous on G together with their partial derivatives jrr- such that relations 

(3) hold for any closed cubes Ac G. Then, obviously, these relations con¬ 
tinue to hold when J is an arbitrary closed set belonging to G because the 
latter can be covered by a figure consisting of a finite number of closed cubes 
belonging to G. 
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' Let us take an arbitrary function <p € D. As is already known for the func¬ 
tions 0k we have the equalities 


J Q Xi ^ ~ / Sx V *** (£ — 1» 2, ...) (4) 


where a is a figure covering the support of q>. On passing to the limit as 
k -+ » in equality (4) we obtain (see the explanations below) 



(the domain of integration a under the integral signs is omitted here). This 
proves that / is the generalized derivative of F with respect to jci on G. 

The integrals in (5) exist in Lebesgue’s sense because F, / € Lip) and the 

M\. Be- 

sides, by virtue of (3) (where A should be replaced by d) 9 we have 


functions <p and are continuous and bounded ^|, 


d<p 


0*1 



M j\0 k ~F\ ei* -0 

or 



oo 


) 



M 


J®-/ 


dx 0 


K 

(fc -►oo) 


and therefore (4) implies (5). 

Theorem 3. Let f and F be locally integrable functions on a domain G. For 
f to be the generalized derivative of F with respect to Xi on G it is necessary and 
sufficient that for any closed rectangle A = {a t ■ss x t < b { ; i = 1 , .. n) 
belonging to G it should be possible to redefine F 9 if necessary , on a set of 
n-dimensional measure zero so that the modified function F is representable 
in the form 

x i 

F(x) = F(xi, y) = Ky)+j fit, y) dt (6) 

«1 

for almost ally = (* 2 , .. x n ) € A! (in the sense of the (n— l)-dimensional 
measure) where A' = {a t < x* b { ; i =2, ..«} is the projection of A into 
the coordinate subspace (x 2 9 x* 9 ... 9 x„) andforanyxi 6 [a\ 9 bi) 9 andX € L{A') 
is a uniquely determined? function of y. 

In the one-dimensional case when f and F are locally integrable on (c 9 d) = 
= G 9 for the function / to be the generalized derivative f(x) = F'(x) on 
(c 9 d) it is necessary and sufficient that for any closed interval [a 9 b ] c (c 9 d) 


* If equality (6) holds almost everywhere (in the sense of the n-dimensional measure) 
for two functions A x <» and A*OOof the type of My), then X x {y) = Mfy) almost everywhere 
in the n-dimensional sense and, consequently, in the (n— l)-dimensional sense as well. 
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there should be a representation. 


X 

F(x) = A+jf(t)dt, 


a 


/€ Ufl, b) 



where A is a constant. 

Proof. Suppose that/is the generalized derivative of F with respect to Xi 
on G. Then, by virtue of the foregoing theorem, there is a sequence of func- 

tions Fk continuous together with their partial derivatives such that 

(jX± 


\\F-F k \\w -*0 and 


/- 


0F, 


0JCi 


U4 


0 


(k - CO) (7) 


for any rectangle A of the type indicated in the statement of the theorem. 
Let us write the classical equality 


Fk(x, y) - Ftffiu y)+ J (t, y) dt 

a l 

which takes the form 



X 

Fu(x) = A+j F' k (t)dt (8') 

a 

in the one-dimensional case. Equalities (8) and (8') imply (6) and (6') 
respectively after the passage to the limit with respect to the metric of L(A) 
as k — oo. 

To prove what has been said we note that, since, by the hypothesis, the 
^1 

integral J dy j \ f(t, y) | dt = W/Wi+Ay exists, the integral 

4 a t 

*i 

jdy j \f(f,y) \ dt 

fX at 

also exists (see property 4 in § 19.3) and, besides, it is a continuous function 
of xi (see property 11, § 19.3). Therefore, by Fubini’s theorem, the three-fold 
multiple integral 

j dxi f<fyj \f(t,y)\dt 

a\ Ax fli 

exists and, together with it, the three-fold integral 

bx x t 

J dx! jdy j f{t , y)dt 

ax Ax «i 
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also exists. Consequently, by Fubini’s theorem, 

y) = J f(t, y) dt € UA) 

«i 

bx 

' Since the integral J /(/,y) dt exists for almost ally € A 9 the function &(x l9 y) 
. ai 

exists for these y and for any xi € fci» hi]. 

In the one-dimensional case the argument is simplified. Namely, the func¬ 
tion 

X 

0ix) = jf(t)dt 

a 

is continuous on [a, h] and consequently it belongs to L(a, b). 

We have 

J J /<'•*)* f\* = 

<*i at L(if) ax / 

“(‘■-HIIML- 0 - *— (9 > 

Besides, by the hypothesis, ||F*—F|U<j) -♦ 0 , Jc -+<». Therefore (see (8)V 
the sequence of the functions F*(ai, y) is also convergent in the metric 
of L(A) and consequently in the metric ofL(A) as well, to a function My) 6 
C HA 1 ) which results in equality (6) holding for almost all x € A The right- 
hand side of (6) is defined for almost all y 6 A and for any xi € [«i, hi]. 
In the one-dimensional case we have 

xx b 

J Fk(t) dt-fMt) dt -s (b-a) f | Fim-fto I dt^O (* - ~) 

a a by a 

and A(y) turns into a constant A, which leads to (6 r ). 

We have completed the proof of the necessity. 

Now we proceed to the proof of the sufficiency. 

Suppose that functions / and F locally integrable on G are such that after 
F has been appropriately redefined, if necessary, on a set of n-dimensional 
measure zero, representation (6) holds on any indicated rectangle A for 
almost all y € A and for any xi € [fli, hi] (in the one-dimensional case the 
same is assumed for (60). 

Let us determine a sequence of functions A*(y) continuous on A’ (in the 
one-dimensional case A* = A) and another sequence of functions fi^xi, y) 
continuous on A such that 

11^—A*IU(X) — 0 and \\f—fk\\us>-* 0 (k — ®°) (10) 
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Let us put 

*1 

F*(X 1 ,jO = A*(y)+J f k (t,y)dt (fc = 1,2, ...) 

a 

It is evident that the functions F k are continuous on A and possess on A con- 

gj7 

tinuous partial derivatives —l — f k , and properties (7) hold (see (9) and 

(10)). Consequently, by the foregoing theorem, since A c G is arbitrary, the 
function / is the generalized derivative of F with respect to xi on G. This 
completes the proof of the theorem. 

A function 0(x) of one variable x is said to be absolutely continuous on a 
closed interval [a, b] if it is representable in the form 

X 

0(x) - A+ jf(t) dx, x € [a, 6] (11) 

C 

where c is a point belonging to the interval [a, b], A is a constant and / € 
€ Ufl, b). 

It is clear that such a function 0 is continuous on the interval [a, b\ because 
for x, x+h 6 [a, b] we have 

jc+A 

0(x+h)-0(x) = f /(/)#-> 0 (h -*• 0) 

X 

(see § 19.3, property 11). The meaning of the constant A is quite simple: 

A = 0(c) 


because jfdt = O.l{0 has been represented in the form 


[* 


0( X ) = 0(c) + jf(t)dt 


( 12 ) 


for a given point c € [a, b], the corresponding representation for another 
point ci 6 [a, b] is of the form 

X 

0(x) = <f>(ci)+ jf(t)dt 
because, by virtue of (12), there must be 

X C X X X 

0(ci) + jfdt = 0(c)+j fdt+jfdt = 0(c)+jfdt 

Cl C Cl c 

identically for all x € [a, b]. 
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A function / defined on an open set G on the line will be called locally 
absolutely continuous if it is absolutely continuous on every closed interval 
belonging to <7. 

If a function &(x) is locally absolutely continuous on an interval^, b) it can 
obviously be represented on that interval in the form 

X 

<P(x) = A+Jf(t) dt, c € (a, b ) (13) 

C 

where / is locally integrable on (a, b) but not necessarily integrable on the 
open interval (a, b) itself (see Theorem 3 (6')). 

In the one-dimensional case Theorem 3 can be restated as follows. 


Theorem 4. For a function f{x) to possess the generalized derivative on an 
open one-dimensional set G (in particular, on an open interval) it is necessary 
and sufficient that it should be possible to redefine the Junction f(x\ if necessary, 
on a set of measure zero so that it becomes locally absolutely continuous on G. 

In representation (13) of a locally absolutely continuous function 0(x) on 
an open interval not only the constant A is determined uniquely but also 
die function / € Ifa, b) (at least to within the equivalence). For, as follows 
from Theorem 3, the function /is the generalized derivative of F(F(x)=f(x)) 
and therefore it is determined uniquely to within the equivalence (see the 
corollary of Theorem 1). 

We already noted that a function 0 absolutely continuous on a closed inter¬ 
val [a, b\ is continuous on it. An absolutely continuous function on a closed 
interval [a, b] does in fact possess a stronger property (which, generally speak¬ 
ing, does not hold in the case of an open interval (a, &)!). Namely, given any 
e =» 0, there is d > 0 such that for any set 

0 = M *') 

belonging to [a, b] and consisting of any number of nonintersecting open 
intervals fa, x}) the sum of whose lengths does not exceed 3, that is 

i 

there holds the inequality 

£ l&ti)-0(xj)l < e 

J -1 


Taking into account that (11) implies 

N N 


£ i <*>(*;)-$>(*,) i -« £ f i/(oi dt = / i/(oi dt 

l-i J-i 4 a 


we see that this property is a direct consequence of property 11, § 19.3. 
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It is important to note that this is a characteristic property of an absolutely 
continuous function in the sense that it can be proved that, conversely, the 
assumption that a function 0 defined on [a 9 b] possesses the indicated prop¬ 
erty implies that 0 is representable on [a 9 b ] by formula (11) in which A is a, 
constant and/ is a function defined almost everywhere on [a, b] and belong¬ 
ing to L(a 9 b ). 

Thus, we have two equivalent definitions of an absolutely continuous func¬ 
tion. Here we shall not present the proof of their equivalence referring the 
reader to comprehensive courses in the theory of functions of a real variable. 
The first definition is more frequently used in practice. 

In courses in the theory of functions of a real variable it is also proved 
that an absolutely continuous function 0 determined by formula (11) posses¬ 
ses, for almost all x € [<*, b\ an ordinary derivative, equal to f(x)\ 

0'(x) = hm ^ x+h) ~^ x) = /(*) ( 14 ) 

h-+ 0 n 

This shows that the generalized derivative of an absolutely continuous function 
is equivalent to its ordinary derivative . 

Here we do not present the proof of this assertion either and limit ourselves 
to indicating that equality (14) becomes trivial when jcisa point of continuity 
of the function/€ l{a 9 b ). Indeed, for such a point and for any e > 0 there 
is 8 >■ 0 such that \f(t)—f(x)\ < s when \t—x\ < 5 and therefore 


F(x+h)-F(x) 


-/(*) 


\ / f(x)dt-f(x) 


for all h with \h\ < 6. 


1 ^ 

h 


x+h 

j \m-m\dt 


X 


e 


Theorem 5. For absolutely continuous functions F and 0 defined on a closed 
interval [a % b] there holds the formula for integration by parts: 

b b 

J F(x)0'(x)dx = F(b) 0(b)-F(d) 0(d) - j F'(x)0(x)dx (15) 

a a 

Proof. Let us put F' = / and 0' — (p and construct sequences of con¬ 
tinuously differentiable functions fa and <pN on [a, b\ such that (see § 18.2. 
property (ii)) 

\\f—fN\\up,b) and Il 9 >—ywllrta,*)-*• 0 

By the hypothesis, we have 

X X 

F(x) = A+jf(t) dt and 0(x) = B + J <p(t) dt, x € [a, i] 
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where A and B are constants. Let ns put 

X X 

Fn(x) = A+Jfs(t) dt 9 &n(x) = B+j <pN(t) dt x € fab] 

a a 

Then 


and 



b 


|<P(x)- 3 >jv(x)| ■< J l^-VArl dt 

a 


0, N 


x € [a, i] 


Consequently F N and tend uniformly on [a, 6] to F and respectively as 
N increases indefinitely. Since fs and <pn are the continuous derivatives of 
Fs and respectively, we can use the classical formulas for integration by 
parts 

b b 

J Fsvsdx = Fs(b) 0 N (b)-F N (a) 0n(a) - J fs0 N dx 

a a 


from which, on passing to the limit as N — <», we obtain (15). For instance, 

b b b b 

IF<pdx- jF N q>Ndx «s j |F-F W | |?>| dx +J |F*| \(p-q>s\ dx*s 


a 

b 


$W\dx max |F(x)-F*(x)| H-JST J dx - 0, N 


oo 


Here K is a constant exceeding | JPjy| for all N and all jc, which is sure to 
exist because the sequence of the continuous functions Fs converges uni¬ 
formly. 


Theorem 6* Let fond F be locally integrable functions on a domain G. For 
f to be the generalized derivative of F with respect to x% on G it is necessary and 
sufficient that the Junction F, after it has been redefined (if necessary) on a set 
of n-dimensional measure zero , should be locally absolutely continuous with 
respect to xi on G for almost all points y = (**, ..., x») belonging to the 
projection G' cf the domain G on die plane xi = 0 and that for the indicated 

points y the derivative should be equal to /(jci,y) almost everywhere in the 

one-dimensional sense . 

Proof Let us make the following convention on the notation: if a set e 
belongs to G then its projection on the plane x% = 0 will be denoted e' and its 
intersection with the straight line parallel to the xi-axis and passing through 
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the point (*i, y) will be noted e y . Further, by a figure a we shall mean a set 
consisting of a finite number of rectangles with edges parallel to the coordi¬ 
nate axes. 

We shall begin with the proof of the sufficiency of the conditions of the 
theorem. Let the function F be modified (redefined), if necessary, as is indi¬ 
cated in the statement of the theorem and let cp £ D. The support of q> is a 
bounded closed set belonging to G and it can be covered by a figure or c G. 
Therefore (see the explanations below) we have 

S F -£t <ix= S F ^ dxi = 

= - j<fy jf(xi,y)<fidxi = (16) 

o' Op 

In the first equality (16) we have applied Fubini’s theorem to the function 

F-J^ € L(or) (which is equal to zero outside a). The inner integral with respect 

to xi (considered for only those y for which F(xi,y) is absolutely continuous) 
is representable as the sum of the corresponding integrals taken over the 
closed intervals of which a y consists. To the latter integrals we apply inte¬ 
gration by parts, which is legitimate by virtue of the foregoing theorem. 
The third equality follows from the condition of the theorem according 

to which -=— = /for almost ally and for almost all xi (in the one-dimension - 

OXj 

al sense). Finally, the fourth equality expressing the passage from die con¬ 
secutive integration to the multiple integration holds by virtue of Fubini’s 
theorem since f € L(a). 

Since (16) holds for any <p € D, the sufficiency of the condition of the 
theorem has been proved. 

Now we pass to the proof of the necessity of the condition of the theorem. 
Let/be the generalized derivative of F with respect to xi on G. 

Let G be represented in the form 


G = |G|=£M*I, A k = (of>« x,*bf\ i = l, ...,«} 

1 1 


as a countable sum of cubes with no interior points in common. 

By Theorem 3, the function F can be redefined, if necessary, on a set of 
n-dimensional measure zero so that the modified function can be represented 
with the aid of equalities 


F(x) = F(xi, y) = **00 + f /(/, y) dt 

af> 

x = (xi, y) € A kt y € 4[~e k . 


(k = 1,2, ...) I 




26—3737 
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where X k (y) € L(4ld (k = 1,2,...) is a function assuming finite values and 
determined uniquely to within a set of (w — 1) -dimensional measure zero. 

eo 

Since the ((n— l)-dimensional) measure of the set£ e k is equal to zero, 

i 

equalities (17) determine the (modified) function F almost everywhere on G. 
It is readily seen that F is absolutely continuous with respect to xi for every 
indicated point y within each cube A ky separately. Let us show that the sets 
e k can be extended with the retention of the property \e k \* = 0 so that the 
function F determined by equalities (17) will be locally absolutely continuous 

eo 

with respect to xi on G for ally € G’—e where e = £ e k (|e|* = 0). 

1 

Let us consider two cubes A k and At with common boundary in the direc¬ 
tion of the xi-axis which is a rectangle of the form 

Let us suppose that A t lies to the right of A k . We shall be interested in 
those parts A, c A k and A t , c A t which have the common projection A' 
indicated above. Thus, let 

I 

A* = [a, ft XA', A*, = \fi, y] xA’ 

and 

a = d£\ ft = Wfi = <4°, y = btp, a -= /J -< y 

We have 

A*(y)+J f(t, y) dt on A*, y e A'-e k 


F(xi, y) = < 


a 

*1 


My)+J f(f,y)dt on y € A'—e, 




(18) 


We can also .apply Theorem 3 to the rectangle A = A,+A„ and. thus es¬ 
tablish the existence of a function F 0 coinciding with F almost everywhere 
on A and of a function A(y) € HA") such that 


*t 


Ft(xu y) = Hy)+j f(U y) dt on A, y € A'-e k i 

|*«U = 0 


(19) 


Since F = Fo almost everywhere on A t , we have A*(y) = A(y) almost 
everywhere on A' in the sense of the (it— l)-dimensional measure, and, since 
Fo = F almost everywhere on A»», the equality 

/•»(y) = A(y)+ f(t, y) dt 
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holds almost everywhere on A' in the sense of the (n— l)-dimensional meas¬ 
ure. This shows that the sets e k i can be widened with the retention of their 
measures [e&/]* so that the identities F = F 0 and F = F 0 hold for almost all 
y 6 A 9 —on A* and on A ** respectively, and hence the function Fo and, 
together with it, the function F, are absolutely continuous on A with respect 
to jci for the indicated y. 

Now let 

e = M* = 0 


where the sum is extended over all the possible pairs (k, 7) for which A t has a 
common boundary with A k on the right of A k . It can really be seen that the 
function F is locally absolutely continuous with respect to xi on G for all 


y € G’—e. 

It should be noted that, since Theorems 2,3 and 6 provide necessary and 
sufficient conditions for a function/to be the generalized derivative of F with 
respect to xi on (7, the conditions of these theorems can be taken as the origi¬ 
nal definitions of the generalized derivative. 


0F 


We have defined the generalized derivative — with respect to x%. The 

0jP * 0jP 

generalized derivatives -g— (J = 2 , ..n) are defined by analogy with -g^-. 

The generalized derivatives of higher order are defined by induction. 
For instance, the second generalized derivative 


a*F 


_ a /8F\ 
" a* la*./ 


0jri a*, 


is understood as the generalized derivative with respect to xi of the general¬ 
ized derivative . 

It should be mentioned that if a given function F possesses on G the general¬ 


ized derivatives 


0F 0F 

0 *i * 0*2 


and 


0*F 


0 *i 0*2 

0*F 


then it follows automatically that 


the generalized derivative -=— 5 — also exists and is equal almost every- 

02/7 0*2 0*1 ; 


where to 
0*F 


. For, taking an arbitrary function <p€ D we can write 


/ 


0 *i dx t 


0*1 8*2 

= _f *L**-dx 
J 0 *i 0*2 


0 *g> = 

0*1 0*f 


which shows that the locally integrable functions 
the equality 

r 0 2 F , r 6F &p 

J 0*i 0*2 ^ J 0*1 0*2 


0*F 

0*1 0*2 
dx 


and 


0F 

0*1 


satisfy 


This exactly means that the former is the generalized derivative with respect 

MP 02/7 

to *2 of the latter, that is - 3 — 5 — = -*— 5 — almost everywhere on G. 

0*i 0*2 0*2 0*i 


26 * 
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These properties can easily be generalized to mixed partial derivatives of 
higher order. 


§ 19.6. Space D' of Generalized Functions 

In this section we shall again deal with the space D of (real or complex) 
infinitely differentiable functions <p finite (i.e. having compact support) in a 
domain Q c R H . Our aim will be to define the space D' of the generalized 
functions, that is continuous linear functionals, on D by analogy with the 
definition of the space S' corresponding to S studied in § 16.7. 

We shall say that a sequence {qp*} of function q>* € D is convergent toy 
in the sense of D (or, simply {(p*} is ( D)-convergent to y) and write 

n-*<p iP) 

if the supports of the functions qp& belong to one and the same compact (i.e. a 
bounded closed Set) F c Q and if the limiting relation 

lim <pl s) (x) = <pM(x), <p(°> = y 

k-+oo 

holds uniformly on R n for any partial derivative cp& of order s = ($ 1 , ..., s„). 

We shall refer to the set D as the space D (because its definition includes 
the notion of convergence or, as we say, a topology is defined on D). 

A generalizedfunction f € D' is defined as a continuous linear functional 
(/, <p) on D, that is a functional for which the following two conditions are 
fulfilled: 

(i) f(ocq>+py>) = *f(<p)+Pf(y>) for any (real or complex) numbers a and 
and for any functions q> 9 tp € D (f(q>) = (/, 9 ?)). 

(ii ) /(<Pfd -+/(?), n-+<P (P). 

It is obvious that D C.S where S is the space of infinitely differentiable 
functions on R„ (see its definition in § 16.6) tending to zero at infinity together 
with their partial derivatives faster than any power of | x|. Besides, the con¬ 
vergence (pk-*~<p(D) is at the same time the convergence q> k -► <p(S). There¬ 
fore, a continuous linear functional f on S when regarded as defined only for 
9 > € D is automatically a continuous linear functional on D. In this connec¬ 
tion we say that the former functional on S induces the latter on D. In this 
sense it is allowable to consider S' as a part of D\ i.e. S' c 2 >\ 

For example, the 6 -function defined as the linear functional ( 6 , q>) = 0 ), 

<p € S 9 induces the functional ( 6 , cp) = cp(0) 9 q> € D 9 which is also called the 
6 -function (defined on D). 

The derivative of f € D' of order k = (fci, ..., k n ) is defined as the func¬ 
tional (/t*)^) = (—1 )W(f 9 qf*y) 9 q>€ D. But the same equality, when regarded 
for all <p € S 9 determines the derivative f (k > off 6 S'. Consequently, iff € S' 
then the derivative P k) in the sense of the space D can be defined as a func¬ 
tional induced on D by the functional /<*> defined in the sense of the space S . 
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If /(x) is a locally integrable function on Q it represents the (regular) 
generalized function /€ D f by means of the integral 

(/, <P) = J /(*) <K X ) d*, q> € D 


The continuity of this functional follows from the fact that if <pk — <p (&) 
then <pic — <p uniformly on R m and there exists a compact FcQ containing 
the supports of <p and of all the functions <pk, and therefore 

/ l/(*)l \<pix)-n(x)\ dx* 

F 


«smax 

X 


19<*)-?*(*) I / I/I dx - 0, 

F 



Now we proceed to the following important theorem. 

Theorem 1. Two locally integrable functions f\ and/ 2 on Q represent one and 
the samefunctional if and only if they are equal to each other almost everywhere 
onQ . 

Proof Let us put/(x) = /i(x)—/ 2 (x). It is evident that the proof of the 
theorem reduces to showing that for the equality 


J /(*) 9 >( x ) dx = 0 for all q> € D (1) 

to be fulfilled it is necessary and sufficient that 

/(x) = 0 for almost all x £ Q ( 2 ) 

The derivation of (1) from (2) is quite trivial. To prove the converse we 
shall use the following lemma. 

Lemma. If a function ip(x) is locally measurable* and bounded on an open 
set G, then there exists a sequence of infinitely djferentiable Junctions q>k € D 
finite in G satisfying the conditions 

lim <p*(x) = ip{x) almost everywhere on G (3) 

k—*-°o 


and 


l 9 >*(*)l «sup |y(x)| (4) 

x£G 

Indeed, let us denote by Gn the intersection of G with the ball |x| 
and let {^jv} be a sequence of positive numbers tending to zero. Since ip € 
€ L(Gn), there is a function ipN infinitely differentiable and finite in Gn (and, 
consequently, in G as well) such that (see § 18.2, property (iv)) 

Ww-VnWug^^Vn (5) 


* This means that y<x) is measurable on VG where V is an arbitrary ball. 
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and 

I V>n( x ) I sup | y(x) | (6) 

x£G 


It follows from (5) and (6) (see § 19.3, property 21)* that the sequence 
{yw} contains a subsequence for which the assertions of the lemma are 
fulfilled. 

Now let us suppose that (1) holds. Let us put 

y(x) = sgn f(x) (7) 


and let G c G c £2 be an arbitrary bounded open set. Let us choose for 
tp a sequence of infinitely differentiable functions finite in G such that 
conditions (3) and (4) of the lemma are fulfilled. Since q>k € A we see that, 

by virtue of (1), J /(x)y>*(x) dx = 0 (k = 1,2,...), and therefore (see the 

explanations below) 


0 = lim J/(x)<p*(x) dx = J/(x)y>(x) dx = J |/(x)| dx 


( 8 ) 


that is /(x) = 0 almost everywhere on G and, by the arbitrariness of (7, 
almost everywhere on Q as well. We have thus proved (1). 

In the second member of (8) it is allowable to integrate only over G 
because the support of <pk belongs to G. The passage to the third member 
is carried out on the basis of Lebesgue’s theorem which is applicable because, 
by virtue of (4) and (7) and by the local integrability of/, we have 

|/(x)^(x)|<|/(x)|<L(G) 

In conclusion we state the following theorem. 


Theorem 2. Let f and F be two locally integrable functions on £2 (and hence 
f,F 6 D'). If 

/(x) = on Q in Sobolev's sense (9) 

then 

f = - in the sense of the space D (10) 


and vice versa . 


* Property 21, § 19.3 implies directly that, since || y>—y>y II na t ) < rj N9 there is a (first) 
subsequence TVJ, TV},..., such that -*» y> almost everywhere on A* Further, we have 

||V’~V’ 2 q||x< 0 s ) ^ the first subsequence contains a second subsequence TV}, 

TV},... for which -*y> almost everywhere on G 2 . Continuing this process indefinitely 

we arrive at the collection of the subsequences TV?, Nf\ ...(& = 1,2,...) each of which 
is a subsequence of the preceding subsequence. It is readily seen that for the diagonal sub¬ 
sequence N{ 9 TV|,... we have y> almost everywhere on G. 
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Indeed, for the locally integrable functions F and /in question defined on 
£2 both equalities (9) and (10) are equivalent to the following relation: 

jf(x)<p(x)dx = — j F(x) ^-dx for all <p€ D 


§ 19.7. Incompleteness of Space L' p 

Let us number the rational points belonging to the open interval (0, 1) 
as (ri, f* 2 , ...), cover the &th point r k (k = 1, 2, 3, ...) of this sequence by 
an open interval o k , with centre at r k , belonging to (0,1) and having the 


length less than e2~ k (0 < e < 1). Let G denote the sum Y n* which is an 

i 


open set belonging to (0, 1) and let 



for x £ G 

for x € [0, 1]—(7 = F 


that is let / coincide with the characteristic function/; of the set G. Fur 
ther, let/i be a function equivalent to/ (i.e. equal to /almost everywhere). 
The Lebesgue measure of the open set G satisfies the inequality 


pG «= £ \o k \ -< e -c 1 
i 

Consequently, the complement F of G (with respect to (0,1)) which is 
a closed set is of a positive Lebesgue measure. Let us denote by e the set 
(of Lebesgue measure zero) on which/ and/i differ and put G' = G—e and 
F' = F—e. If x € F' then /i(x) = 0. Any neighbourhood o of x contains 
a rational point r k which is covered by the open interval o k . The intersection 
aa k (| ao k \ > 0!) is sure to contain points of G' at which /i = 1. This indicates 
that f \is discontinuous on the set F ' of positive measure, and therefore, by 
Lebesgue’s theorem (see § 12.10), f\ is Riemann nonintegrable on [0, 1]. 
The function f \does not belong to L! (0,1) either since not only the bounded 
(Riemann integrable) functions belonging to U (0,1) but also the unbound¬ 
ed functions belonging to this class are continuous almost everywhere on 
[0, 1]. This readily follows from the fact that if a function f\ € L' (0, 1) 
is unbounded, there is only a finite number of points xo, ...» xjv on [0,1] 
such that on any open interval (a, b) belonging to [0,1] and not containing 
any of the points xo, ..., xn the function fx is Riemann integrable (in the 
proper sense). 

We see that theJunction f in question can serve as an example of a function 
bounded on [0, 1], nonintegrable in Riemann's sense and possessing the prop¬ 
erty that any function fi equivalent to it does not belong to 11 (0,1). 

It should also be noted that since / = f Q is the characteristic function 
of the set G die latter is an example of a bounded open set which is Jordan 
nonmeasurable and F can obviously serve as an example of a bounded closed 
set nonmeasurable in Jordan's sense. 
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But these sets G and Fare of course Lebesgue measurable since any open 
or closed bounded set possesses this property. Consequently the function 
/is Lebesgue integrable on (0, 1) and its integral is equal to pG: 

jfdx = Jfidx = pG 

G G 

Let Mx) (k = 1,2, ...) be the characteristic function of the set co* = 
= ai+ ... +o k . It is apparent that 

i 

/ !/(*)-/*(*) I = J |/(x)| dx = p{G-co k ) - 0 (&->-) 

0 G— < d % 

Hence, the condition of Cauchy’s criterion holds in this case, that is given 
any tj =» 0, there is N such that 

x 

/ \fk{x)-f,(x)\dx^ V k,l>N (1) 

0 

All the integrals above were understood in Lebesgue’s sense. Integrals (1) 
can also be understood in Riemann’s sense because the functions /*(jt) are 
Riemann integrable on [0, 1]. 

Thus, the situation is as follows: the sequence of the functions € L'(0,1) 
satisfies the condition of Cauchy’s criterion in the sense of the space L (0,1) 
and at the same time there is no function <p 6 U (0, 1) to which /* tends in 
the sense of L(0,1) as k «>. 

For, if such a function q> existed, it would belong to the space L (0, 1) 
as well (see § 19.3, property 20) and therefore, by virtue of the uniqueness 
(to within the equivalence) of the function / for which 

i 

\\f-fk\dx-+Q, k-°° 

0 

(the integral is understood in Lebesgue’s sense), the function <p should be 
equal to one of the functions/i equivalent to /. We have thus arrived at a 
a contradiction because /i $ 1! (0,1). 

Hence, we have proved that the space V (0, 1) is not complete. Let the 
reader prove, using the same function / and arguing in like manner, that 
the space Z£ (0, 1) is not complete either. 

§ 19.8. Generalization of Jordan Measure 

We shall deal with (bounded) half-open rectangles (rectangular paral¬ 
lelepipeds) 


A =. {cj'ct^dj; 


j = 1,...,«} 
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and with (half-open) figures representable as finite sums 

N 

j- 1 

of pairwise disjoint half-open rectangles. 

We shall sometimes simply speak of figures a meaning that they are half ¬ 
open. In the cases when we shall have to consider closed or open figures 
(rectangles) we shall always make the necessary stipulations. 

Let 

G = {aj<s < bj; 7=1,..., n) 

be a fixed rectangle and let to each rectangle AaG (including the rectangle 
G itself) there correspond a nonnegative number oc(A) so that cl(A) is an 
additive function of A in the sense that if 

N 

7-1 


where At are pairwise nonintersecting rectangles, then 


«(j) = £ «( 2 P> 


j -1 


We shall consider the function a(<d) as being extended to arbitrary A <z R n 
by putting 


a(/d) = ol(GA) 



In other words, we put a(A) = 0 for any rectangle A not intersecting G. 
The extended function oc(A) is obviously nonnegative and additive. 

Let us extend a.(A) to all die figures a c G by putting 

a(cr) = £ «(^) for a = £ At 

Jml /-1 

where At are pairwise disjoint rectangles. 

it is teadily seen that a (a) is a nonnegative additive function of a C G. 
Thus, 

a.(&)+oi(a") = a(u'+0 

for any nonintersecting figures crV' c G. 

An empty set O will also be regarded as a figure, and we shall put a(0) = 
= 0. Then for any figure a <z G we have 

a(a-f* O) = a(a) = a(a)-f a(0) 


a 


If o and & are some figures then obviously a'—a is also a figure, and if 
c & then 

O^a^— a) — a 


whence a(a) < a(<r / ). 
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Let us agree that the relation A c c B means that A czB where B is the 
interior of B , that is the collection of all interior points of B . Thus, if A <zB 
then the boundaries of A and B do not intersect. 

Let Q c G be an arbitrary set. 

We shall define the interior (inner) measure of Q (with respect to ot(A) 
in Jordan's sense) as the supremum of a(o) taken over all a c c £2 : 

V _ 

m t Q = sup a (a) 

erCCO 

It should be noted that in the case the ordinary Jordan measure (a(ri) = 
Ml) we have the equality 

sup |o| = sup \a\ 

«rcn ffCCfi 

which holds even if or are understood as closed figures (instead of being half¬ 
open as it was assumed in the definition of the Jordan interior measure; see 
§ 12.5). In the general case of an arbitrary measure a (A) this equality may 
no longer hold (see Examples 1 and 2 below). 

Since 0 < a (a) < a(G) for all a c c Q , the (finite) number mfi exists 
and is nonnegative. 

Of course, if Q does not contain any rectangle except the empty set then 

mfl = 0 . 

By the exterior (outer) measure of Q (with respect to a (A) in Jordan's 
sense) we shall mean the infimum of a(or) taken over all a c c Q: 

mJ2 = inf a (p) 

ffCCfl 

If the closure D of Q has points in common with the boundary of G, then, 
to make this definition correct, we agree that a {A) is extended to all A <zR n 
as was indicated in (1). 

Since a(a) s* 0 for any a 9 the number mJ2 exists for any Q c G and is 
nonnegative. 

It is obvious that mfi mfi. In the case when this inequality becomes 
an exact equality we shall say that the set £ is measurable (with respect to 
a (A) in Jordan's sense) and call the number 

mQ = mfi = mfi 

the measure of Q. 

The measure thus defined turns into the ordinary Jordan measure when 
a(/l) is equal to the /i-dimensional volume \A \ of A. The basic properties of 
the generalized Jordan measure are completely analogous to the properties 
of the ordinary measure and their proofs are also quite analogous (see 
§ 12.5). We shall enumerate these properties below. 

If QiandQz are measurable then the $etsQi±Q 2 andQ\Qz are also measur¬ 
able; if Qx and Qz do not intersect then m (& 1 +& 2 ) = mQx+mQz; thus 9 if 
Qx 3 £?2 then m (£?i—£? 2 ) = mQ\—mQz. 

A set Q is measurable if and only if its boundary is of (Jordan) measure 
zero (with respect to a(ri)). 
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We see that, like in the case of the ordinary Jordan measure, in order-to 
find whether a -given set is measurable it is s ufficient to establish that its 
boundary /'is of measure zero in the sense of a.(A). In the case of the ordinary 
Jordan measure the answer to this question is completely determined by the 
geometrical properties of r. In the general case this is not always so. 


Example 1. Suppose that a mass equal to 2 (units of mass) is distributed 
over the closed intepal [0,1] in the following way. Half the mass (equal to 
1) is distributed uniformly along [0,1] while the other half is concentrated 
at the point x = 1/2. Let the function oc(A) defined for all ri c [0* 1] (where 
ri is a half-open interval) be equal to.thie mass carried by A. In other words. 



if 4-^ 

if 4-64 


where | ri | is the length of A. 

It can easily be seen that any point x € [0,1] (regarded as a single-point 
set) distinct from the point x = 1/2 is of measure zero in the sense of a(d) 
whereas the set e consisting of that single point x = 1/2 is nonmeasnrable 
(relative to a(ri)) because mp = 0 and = 1. It is evident that the inte¬ 
rior measure of the closed interval [1/2, 1] is equal to m t [112, 1] = 

= sup |ri| = 1 while sup a(ri) = a([l/2,1]) = 3/2. 

accp/*.il jcp/2,1] 

Example 2. Let a mass of 3 units be distributed over the square <7 = {0 « 
< x, y < 1} as is described below. Let unit mass be distributed uniformly 
over G and another unit mass be uniformly distributed over the line segment 
y of the straight line x = 1/2 belonging toG. Finally, let the third unit mass be 
concentrated at the point (1/2,1/2). We shall define the function a(ri) as as¬ 
suming fire value equal to the mass carried by A. In other words. 


a(ri) = 

Ml 

=<\A\+]A' 

.MI+M'l+1 


if Ay = 0 

( 1 1 

T’T 

in all the other cases 


Here | A | denotes the area of A and | A ' | denotes the length of the projection 
of A on the y-axis. 

In this example every single-point set except the point (1 12 ,1 /2) is of meas¬ 
ure zero (with respect toa(ri)). Further, any line segment belonging to y is 
nonmeasnrable. On the other hand, as is. readily-seen, any continuous curve 
r described by an equation y = <p(x) (0 « x « 1) where <p(x) satisfies die 
conditions 0 =s qi(x) «s 1 and 9>(l/2) ^ 1/2 is of measure zero (relative to 
a(ri)) despite the fact that it intersects y. 
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These examples show that a nonnegative additive function a (A) can be 
such that G contains separate points and curves which are nonmeasurable 
sets relative to a (A) in Jordan’s sense. 

For an arbitrary but fixed value of i (z = 1, let us consider the 

rectangle 

4 = -= n «s £/ -= b Jt j ^ 1} 

and the function 


A(0 = <*(4), a,< t*sb,, Pfa) = 0 

Let us fix t € (&h bd and denote by G,(f) the section of G by the plane 
x t = t. Let Uf < f < f < /" «< If we choose a rectangle JddG, the 
figure a = (id—G)-|-(df"—will contain G*(0 strictly inside itself, and, 
according to the convention on the extension of a(id) (see(l)), we shall have 
<x(A—G) = 0. Therefore 

a(or) = a(4)-a(^) = (2) 

The limit of the left-hand side of (2) and, together with it, the limit of the 
right-hand side of (2) for/"—/' -► 0 is equal to zero ifand only if the measure 
of the section G/(r) is m(Gfa)) = 0 or, which is the same, if the function fa 
is continuous at the point t. In this case we shall say that G { (t) is a regular 
section of G (a { < t < fal). 

A finite system of regular sections (generally speaking, taken for different 
i = l, ..., n) determines a partition of G into pairwise nonintersecting 
rectangles which we shall call a regular partition. 

Since the functions /?/(/) are nondecreasing and therefore have at most 
countable number of points of discontinuity (provided there are such), for 
any e > 0 there is a regular partition of G with cells (rectangles) of diameter 
less than s. 

In the one-dimensional case when G = {a < £ < b} we have 

A x = {a £ < *}, ft(x) = a(4c), a < x*zb 9 P(a) = 0 (3) 

Therefore, if A = (jc < £ < y) c G is an arbitrary half-open interval, then 

a 0d) = P(y)-P(x) (4) 

Thus, every nonnegaiive additive function cl(A) 9 J c G specifies , wzVA f/ze 
aid qf equalities (3), au ordinary nondecreasing , nonnegative function fax) 
on [a, &] sizc/z that for any A c G /Aere holds relation (4). 

Conversely, it is evident that to any nondecreasing function fax) with 
faa) = 0 there corresponds the nonnegative additive function ol(A) 9 A c G, 
determined by equalities (3) and (4). 

In the two-dimensional case we have G = {zz < £ < &, c < *7 < d}. 
In that case it is expedient to consider half-open rectangles. 

Axy = {a < £ < x, c < r\ < y} 
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and the function F( jc, y) specified by the relations 

F(x 9 y) = *(A xy ) 9 a < x b 9 c^y*sd 

and 

F(a, y) = F(x 9 c) = 0, a jc < A, c^y < d 

> 

This function obviously possesses the property 

0 =s F(x, y ) <s Fix', y'), xsx', y^y’ 

Besides, if 

-d = (x =s £ < x', y =s i? < /} 

Ai = {x ■« I -= xf, 0 «ij -= y) 
and 

d 2 = {0«s|<x, y «s 7] < /} 

(where x> a and y > c) then 

4ry = A xy +Ai+A%-\r A 

where the rectangles on the right-hand side are pairwise disjoint, and there¬ 
fore 

«(4cy) — ^.(A xy +A{)-\-<x.(A xy +zl 2 )— cc(Axy) + a.(A) 

It follows that we have the equality 

*(A) = Ffcc', y')-F(x', y)-F(jc, y)+F(x 9 y) (7) 

which holds, by virtue of (5'), for x = a, c y < d and for y = c 9 a*sx*si 

«zb. 

Consequently, 

F(*\ y')-*T*', 7)-^ jO+fT*, (8) 

(where x < jc ' and y < y'). 

Thus, a nonnegative additive function oc(d) specifies 9 with the aid of equal¬ 
ities (5), (5') and (7), a function F(x, y) satisfying conditions (6) and (8). 
Conversely , if & obvious fAaf a function F(x, y) possessing properties (5'), (6) 
and (8) determines , wifA fAe aid a/* (5) and (7), a nonnegative additive function 
a(d). 

If F is continuous at points (x, y), ( jc ', y), (jc, y') and ( jc ', y'), then for any 
s > 0 there are A and A\ A c c d c c d" such that a(d"—a(^l') *< ^ 
and then the rectangle A (half-open or closed or open) is a measurable set 
in the sense of cc(d). 

We note that if F has the continuous partial derivatives F X9 F' y and F xy on 
G 9 then the right-hand side of (8) can be written (see § 7.7 (3)) in the form 

F' x W-x)(y'-y) 

where the second derivative F'Jy is taken at some interior point of the open, 
rectangle {x < I < jc ', y < r\ < y'}. 
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These considerations can be extended by analogy to the n-dimensional 
case when the role of expression (8) is played by die nth finite difference 
A n F = AiA z ... which results from die consecutive application to F(x ) 
of the operations d t of forming the first finite difference with respect to the 
variables X; with steps xj—x ( . In this case instead of F'^ we shall have the 
mixed partial derivative Fty 

§ 19.9. Riemann-Stieltjes Integral 

Let Q c G be a measurable set (with respect to a(d), in Jordan's sense) 

and let f(x ) be a function defined on that set. With each partition g of the 

( w-i \ 

Q = £ Q]\ into a finite number of measurable parts having ho 

interior points in common (i.e. these parts can only intersect along some 
parts of their boundaries) we shall associate the corresponding (Riemann- 
Stieltjes) sum 

S Q (f) = , PdQj (1) 

y-o 

By the Riemann-Stieltjes integral off on Q (with respect to <x.(Aj) is meant 
the limit 

lim S e (f) = \f(x)dm (2) 

maxd(Qj)-+0 £ 

when the maximum diameter d(Qj) tends to zero. 

As usual, it is supposed that this limit is independent of the choice of the 

sequence of partitions and of the points & £ Qj . 

If a (A) is the n-dimensional volume of A , that is a (A) = \A\, then (2) 
becomes the Riemann integral of f on Q. 

Generally speaking, an unbounded function may be integrable in the 
Riemann-Stieltjes sense. If for any e > 0 there is a partition of Q into parts 
of positive measure and diameter less than e then, as in the ease of the Riemann 
integral (see Theorem 1 in § 12.11), the integrability of f(x) on Q (with respect 
to a(J)) implies the boundedness of the fimction f{x) on Q. 

The basic properties of the Riemann-Stieltjes integral are completely 
analogous to the corresponding properties of the Riemann integral. As in 
the case of the latter, we can construct for a bounded function /(x) its 


upper and lower integral sums 



N-l 

S Q = £ MjmQj and 

Sq — Ya m ) m ®J 

0 

0 

where 

#ii/ = inf f(x) and 

Mj = sup/(x) 

*ZQ$ 




I 


LEBESGUE INTEGRAL 


415 


and, proceeding from them, construct the upper and the lower integrals 
J and I. The corresponding theorems are extended to the general case with- 
out any changes in their proofs. 

There also holds Lebesgue’s theorem (see §§ 12.8 and 12.10): for a bounded 
Junction f defined on a closed measurable set (with respect to cc(/4), in Jordan's 
sense) Q to be integrdble in the Biemann-Stieltjessense it is necessary and suffi¬ 
cient that its poittts of discontinuity should form a set e of Lebesgue measure 
zero (with respect to a(d)), that is pe = 0 (see § 19.12). 

The notion of the Riemann-Stieltjes integral can also be generalized to 
the so-called functions y(£) of bounded variation. Each such function is 
a difference cf two nonnegative additive functions ai(d) andctdA) of A c G: 
y(/4) = ai(J)—ajs(d). 

If mi and m 2 are the measures (in Jordan’s sense) generated by the non¬ 
negative additive functions a-fA) and respectively, then the Biemann- 
Stieltjes integral with respect to y(d) is defined as the difference of the corre¬ 
sponding integrals: 

//(*) <*V = //(*) <*«i- J7(*) dm 2 (3) 

Q Q Q 

Here, of course, by Q is meant a set measurable (in Jordan’s sense) both 
with respect to oti(A) and to <x^A). 

The Stieltjes integral (see below) can be generalized in the same manner 
to functions y(A) of bounded variation (see § 19.10 where mi, m 2 and Q 
should be replaced by oci, cc 2 and G respectively). The same applies to the 
Lebesgue-Stieltjes integral (see § 19.12 where mi and m 2 should be replaced 
by in and ^u 2 respectively). 

§ 19.10 Stieltjes Integral 

« 

In this section we shall define the classical Stieltjes integral and investigate 
its connection with the Riemann-Stieltjes integral. The domain G for which 
the Stieltjes integral will be defined is a rectangle. 

Let a function f(x) be defined on the closure G of a half-open rectangle 

G = {u/^x/<h/; i = l, ...,»} (1) 

where a nonnegative additive function oc(A) of A c G is defined (A are half¬ 
open rectangles). 

An arbitrary rectangular network splits G into half-open rectangles which 
we shall number in a consecutive order by one index: A l9 ..., An- i. 

The Stieltjes integral of the function f[x) on G is defined as the limit 

Km YAW «(4) = / fix) da, PdZj (2) 

This definition differs from that of the Riemann-Stieltjes integral; here 
the set D = G and the cells Aj entering into its partitions are rectangles not 
necessarily measurable (with respect to oc(d), in Jordan’s sense). 
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The expressions a(A,) in (2) can of course be written in terms of an ordi¬ 
nary function generating the given nonnegative additive function oc(ri). 
For instance, in the one-dimensional case we have 

a(ri) = P(y)—P(x), A = [x, y), a •« x < y b 

P(x) = *(A X ), A x = [a, x), 0(a) = 0 



where/J(x) is a nonnegative and nondecreasing function defined on G = [a, b]. 
If we put a = x o -= ■< ... r< xs = b, Aj = [xj, x J+ 1) then limit (2) can 
be written in the following equivalent form: 


lim Yfm lP(x J+ i)-p(xj)] = (f(x) dp(x) 


(4) 


By the way, form (4) is used more frequently than (2) and was introduced by 
Stidtjes himself. 

In the two-dimensional case the corresponding equivalent expression for 
integral (2) is written in terms of the function 

F(x, y) = <x.(A XJ> ), 4 = {a<sJ<r, c «s r\ -= y} 

F(x, c ) = F(a, y) = 0, (x, y) € S 

possessing the properly 

a(ri) = Fix' , y)-F(x, y')-F(x', y)+F(x, y) > 0 
A = {x«f < x'.y *sr} < /} 

Thus, if 



a = Xo -= Xi -c ... < Xm = b 

c = yo < yi -= ...^ys =d 

A t ) = {r(<5< */+i, yy 1J ■>=yy+i}, (f/, %) € ^/y 


and 

«(ri</) = F(x t+ x, yy+i)-F(x /+ i, yy)+F(x,, yy) 

hen limit (2) can be written in the form 

b d 

11111 Z *Z /(&» %) *(4/) = / //(*» y) (6) 


Let us consider abounded function f(x) on G cz and take an arbitrary 

partition q of the form 


N -1 

C= £4 
0 

where A s are half-open pairwise nonintersecting rectangles. For this parti- 
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tion we form the Stieltjes sum 

I/ff 0«(4) 

/=0 

the lower and upper sums 

N-l N-l 

S e = £ w?/a(id/) and = £ M*a(4-) 

/=o i=0 

and the lower and upper integrals 

I = sup S Q and 1 — inf S e 

Q Q 

Theorem 1. For a bounded function f (x) (| / (x)\ < K) defined on a rectangle 
G the following properties are equivalent . 

(ii') For any s > 0 there is a regular partition q* of the rectangle G (into 
pairwise disjoint half-open rectangles A*) such that 

S H -S H < 6 

(iii') For any e > 0 there is d > 0 such that for all the partitions (both 
regular and irregular) such that d{Aj) < d there holds 

S e -S 6 < e 

(iv') Stieltjes integral (2) exists. 

Proof The implication (ii') -*■ (iii'). Let r* be the union of the boundaries 
of all 2l #, s from which the boundary of G is deleted. Since q+ is a regular 
partition, we have /wi\ = 0, and therefore there are figures q 3 z> q' z> z> 

such that d(o) < — . Let & be the distance between the boundaries of a and 

o' and let q be a partition of G into cells (rectangles) a> of diameter less than 
d (we do not supply these rectangles co with indices). We have 

S e -S B = £'(M-m)«(«>)+rW-m)«(®) 

where the sumT)' is extended over all those co’s each of which has a point in 
common with r m and the sum 5]" is extended over the remaining t»’s. 

The final part of the.proof (the derivation of the estimation S^—Sq -= e) 
is similar to what was said in Theorem 1, § 12.7 in theproof of the implication 
(ii) (iii) where <o should be replaced by <x(a>). 

The implication (iii') -*• (ii') is trivial. 

The implication (iv*) (iii'). Here the argument is analogous to that 

used in the proof of the implication (iv) -► (iii) in Theorem 1, § 12.7; Qj 
should be replaced by 4/ in that argument and J should be understood as 
integral (2). 

Tie implication (iii') -*■ (iv'). The existence of the Stieltjes integral 
implies the inequality 

\J-S,\ < y 
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that is 


for all q with d(Al) -*= d. Therefore we also have J — J+-!^ 
whence S e —S e -= e. 

Remark. Theorem 1 no longer holds if the word “regular” is deleted from 
(ii') (see Example 1 below). This shows that it is impossible to introduce in 
the statement of Theorem 1 property (i') which expresses the fact that 
J = 7 (see the proof of the implications (i) ss (ii) in Theorem 1, § 12.7). 
From (ii') follows (i') but (i') does not imply (ii'). 

Theorem 2. For a Junction f(x) continuous on G there exists its Stieltjes 
integral (2). 

Indeed, let co(t) be the modulus of continuity of f(x) on G. Then if d = 
= max d(A t ) where G = J) A t is a partition g of the rectangle (7, then 

i 

S e -S e = £(Af;—»i/)a(/4/) «; a>(d)£a(4) = <o(6)a(G) < e, 4<« 0 

provided that do is sufficiently small. Therefore the existence of Stieltjes 
integral (2) follows from Theorem 1. 

Theorem 3. Jfx° is a point of discontinuity of a boundedfunction f(x) on G 
and the single-point set v consisting of that point is of positive outer measure 
(m e (v) > 0) then Stieltjes integral (2) does not exist. 

Indeed, the oscillation ©(x 0 ) of the function f at the point x° is positive 
(see Theorem 5,§ 7.11). Let g be a partition of G into rectangles A } such that 
x° is strictly inside some A t . Then 

S e -S e = ^(A0-m,)a(4) (Mt-m,)*(Ai) > coix 0 ) m e (v) 

J 

where the right-hand side is positive and is independent of the indicated 
partition, and, since the latter can consist of rectangles A t of arbitrarily 
small diameter. Theorem 1 shows that integral (2) does not exist 


Example 1. Let 

/(x) = (° for 

ll for 


-1 <sr 
0-sx 


0 

1 


and 



for —1 «s;t 

for 0-cc 

\ 


0 

1 


Let us denote by q the (irregular) partition — 1 < 0 < 1 of the closed 
interval^ = [—1, +1]. For this partition we have S Q = S Q = 1, and there¬ 
fore l = 7. However, the Stieltjes integral J f{x) dfi(x) does not exist be- 

-i 

cause x = 0 is a point of discontinuity of both / and ft (see Theorem 4). 

The implication (ii') -► (iii') in Theorem 1 can also be expressed as fol¬ 
lows. 
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Theorem 4. If for a sequence of regular partitions qu there exists the limit 

J = lim S et = lim £/(*{) «(4) (7) 

k-*-oo k-+-eo j—\ 

i 

for any choice of 3j then there exists Stieltjes integral (2) equal to J 
(see § 12.7, Theorem 2). 

Indeed, (7) implies that S Qt —S ek -+ 0 (k «>), i.e. (ii'). But we have the 
implication (ii') -*■ (iii'), and consequently integral (2) exists and is obviously 
equal to J. 


Theorem 5. Stieltjes integral (2) and Biemam-Stieltjes integral (see (2) 
n the foregoing section) of a bounded function f (x) over a measurable rect¬ 
angle G exist simultaneously and are equal to each other . 

Indeed, let us take a sequence of regular partitions g* of the rectangle G 
into cells (rectangles) A) with max d(A k j) -+b(k-+ <»). All Af s, even those 

adjoining the boundary of (7, are measurable now since the rectangle G is 
measurable. 

The existence of limit (7) is necessary and sufficient for the existence of 
both Stieltjes integral (Theorem 4) and Riemann-Stieltjes integral (by virtue 
of the analogue of Theorem 2, § 12.7). 

Hence, for a measurable rectangle G the properties of the Riemann- 
Stieltjes integral discussed in § 19.9 are extended automatically to the 
Stieltjes integral. In particular, for a measurable rectangle G there holds the 
following theorem. 


Tlieorem 6 (Lebesgue). For Stieltjes integral (2) of abounded function f(x) 
defined on G to exist it is necessary and sufficient that the Lebesgue measure 
(in the sense of ot(A)) of the set e of the points of discontinuity off be equal to 
zero , that is p e = 0. 

Theorem 6 does in fact hold for a nonmeasurable G as well. It implies as 
special cases Theorems 2 and 3. Let us prove this proposition. 

To this end we take an arbitrary measurable rectangle G ' z> 3(7 and extend 
the function a (A) to G' as was indicated in (1), § 19.8. 

We shall also extend the function/to <?' by using the following construc¬ 
tion. Let 4f' be a point belonging to G'—G. The line segment joining this 
point with the centre of G meets the boundary r of the rectangle G at 
a point which we shall denote by 4f. Let us put/(£') = /(4f). The function / 
thus extended is constant on the segments (belonging to G'—G) of the rays 
issued, from the centre of G. 

The extended function/is obviously bounded on G\ Besides, the function 
/is continuous at a point {’belonging to the boundary of G if it is continuous 
at that point relative to G. In other words, if for any e >• 0 there is d >• 0 
such that the inequality |/(jc)—/({*)| -< e holds for all x € G satisfying the 
condition |x—4T| < 6 then there is di > 0 such that |x—4f| < 5i implies 
|/(x)—/({’)| < e for all suchx. If A' c G f is a rectangle intersecting r and 
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I' € 2' then there is a point £ belonging to J where <d = GA' such that 

fvn<A) (8) 

Indeed, we have oc(A') = a(A) (see (1) § 19.8). If 4T' € A we put <? = and if 
4T € -d then we take as £ the point of intersection with r of the line segment 
connecting £' with the centre of G. 

If g' is an arbitrary regular partition of the rectangle G', it induces a reg¬ 
ular partition g of the rectangle G, and with each integral sum S? we can 
associate an integral sum S e equal to the former, that is 

by using the following construction. If A' does not intersect G we delete the 
corresponding summands entering into S e ' (they are equal to zero). If A* 
intersects G then we apply equality (8) to the corresponding summands. 

Conversely, given a regular partition q of the rectangle G, we extend the 
regular sections of G (lying in the (n— 1)-dimensional planes) of which q con¬ 
sists and delete the faces of G , which results in a regular partition q' of the 
rectangle G\ Repeating this argument in the reverse order (even without 
moving the points 4f) we conclude that to each integral sum S Q there corre¬ 
sponds a sum S Q ' equal to the former. 

What has been said implies the equality of the Stieltjes integrals over G 
and over G f : 

jf(x)(k= jf(x)dz (9) 

G GT 

(the existence of one of them implies that of the other). 

The second integral in (9) is simultaneously a Riemann -Stieltjes integral 
(since G f is measurable) and therefore it exists if and only if the set e! of the 
points of discontinuity of f on G' is of Lebesgue measure zero (with respect 
to oc(id)), that is 

t*e' = 0 (10) 

» 

or, which is the same, if the set e of the points of discontinuity of/on G is of 
Lebesgue measure zero (relative to a(J)): 

fie = 0 (11) 

Indeed, the existence of the integral on the left-hand side of (9) implies the 
existence of that on the right-hand side and equality (10) and, consequently, 
it also implies (11) since ecz e*. Conversely, (11) implies that for any e >- 0 
there is a countable system of rectangles A i, A 2 , ... such that YAj 3 e an( * 
£oc(4/) < e. Let us add to this system the (finite) system of half-open rect¬ 
angles forming the set G'— G. For the resultant system whose rectangles 
we renumber as A[> A& ... we have J^Aj 3 e and £a(d}) < « because 
a(G'—G) = 0, that is (8) will hold. Therefore the integral on the right-hand 
side of (9) exists and, together with it, the integral on the left-hand side also 
exists. 
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Theorem 7. Let two nonnegative additive functions ai(zli) and a2(^2) be 
defined for the half open intervals belonging to half open intervals [a> b) and 
[c 9 d) respectively , and let them generate the function 

a (A) = ai(zli)-a2(^2) 

= {A < x p} 9 A 2 = {v y a)} 

^ = = ^1X^2c: G 

G = [fl, b)X[c 9 d) 

Then for a bounded function f(x 9 y) there holds the equality 

d b 

J f/fo y) d* = J <**2 J/(*, y) 

G e a 

under the assumption that the integral on the left-hand side exists . Therefore the 
iterated integral on the right-hand side automatically exists (the inner integral 
with respect toxis understood 9 for every y € [c 9 d\ 9 either in the ordinary sense 
as the Stieltjes integral^ provided it exists 9 or as a number lying between the 
lower and upper Stieltjes integrals of f{x 9 y) with respect to a on [a 9 b]). 

The proof of this theorem is completely analogous to that of Theorem 1, 

§ 12 . 12 . 

To the Stieltjes integral apply the theorems analogous to those proved for 
the Riemann integral and also what was said in connection with formula 
(3), § 19.9. 

Exercises 

1. Show that 

b b 

//(*) <#(*) = J7(*)/?'(*) dx 

a a 

where/9 (jc) possesses the continuous derivative/?'(;*:) s& 0 on [a, b\. 

s 

2. Let/(x) be continuous on [ a, V\ and let Co, ci,... be a sequence of non- 
negative numbers such that Y.Cj < oo. Also, let Xj € [a 9 b ] (J =1,2,...) 
and 

/?(*)= I Cj (12) 

Show that 

b 

//(*)<#(*) = JJWCj 

a 

3. Show that the function defined by formula (12) where cj are numbers of 
arbitrary sign but such that £ | cy| -< «> is a function of bounded variation, 
that is it is representable as the difference t>f two nondecreasing functions 
on [a, b\. 
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4. Let f(x) and q>(x) be continuous nondecreasing functions (or functions 
of bounded variation). Prove the formula 

b b 

j fix) d<p(x)+j fix) df(x) = fib) fib)-fid) fia) 

a a 

5. A function fix) defined on a rectangle G is sometimes called integrable 
with respect to a(il) when its upper integral 7 (with respect to a(d)) is equal 
to the lower integral 7. In this case the generalized Stieltjes integral (see Ex¬ 
ample 1 above) J is defined as the number 

7 = 7 = 7 

denoted by the symbol 

J = Jif) = f fix) d* 

G 


To elucidate this new notion we indicate that for a bounded function/the 
following assertions are equivalent. 

(i») 7 = 7 = 7; 

(ii*) there is a sequence of partitions e* for which 

Set-Sot - °’ fe -°° 

(iii*) there is a sequence of partitions Qk such that 

lim S et = 7 for any S{ € 4t 


Indeed, from (ii*) and from the inequalities S Qk < / < J ** s Qk and S n - 
«s S ti <s S ei follows (iii*) (for the same ajs). Further, (iii*) implies that 

lim = lim = 7 

and, if q is an arbitrary partition and q% = e+e*, then S e -s S Q * •* >s 
« S . 7, £-•■«>, that is S e *s 7 and 7 = 7. It is similarly proved that 

(iii*) implies 7 = 7. We have proved the implication (iii*) -► (i*). 

If ejt > 0, -*■ 0 then (i*) implies the existence of partitions g* and g* 

such that J—e k ■*= S e % and Sgg < J+e k and therefore for q k = Qk+Qk we 
have 7- e* -= S& -s S et -s S et «s S# < 7+ e*, which proves (ii*). 

Thus, the generalized Stieltjes integral can be defined as the number 7 for 
which (ii*) or (iii*) holds for some sequence of partitions Qk- 

If it is possible to choose a sequence of partitions of the indicated type 
consisting of regular partitions Qk, then, according to Theorem 4, the number 
7 is an ordinary Stieltjes integral. If otherwise, 7 is the generalized Stieltjes 
integral. The notion of the generalized Stieltjes integral may prove useful 
for functions not satisfying Lebesgue’s condition in the sense of a(zl) (see 
Theorem 6). 

Let the reader use (ii*) and (iii*) to prove (see Theorems 1,2 and 4, § 12.11) 
that if/and f are integrable in the indicated sense then Af+Bf, |/|, ff 
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and <p -1 (| g?(jc) | > n > 0) are also integrable and there hold the relations 

J(Af+Bf) = AJ(f)+BJ(<p) 

and 

\J(f)\*sKsap\f(x)\ 

xiG 

characterizing the linearity and the continuity properties of the functional 
J(f~). Here A and B are arbitrary numbers and K is a constant dependent on 
the generalized measure a(d) introduced in G. 

In the one-dimensional case we have 

k = m-m 

and in the two-dimensional case 

K - F(c, d)—F(a, d)—F(b, c)+F(a, b) 

(see (3) and (5)). 

We also suggest that the reader should prove the equality 

J/(*)<fe= £ \f(x)dx 

G Ai 

^ where G = £ A* and d J are pairwise nonintersecting rectangles^ on con¬ 
dition that the integral on the left-hand side exists. 

* 

§ 19.11. Generalization of Lebesgue Integral 

The notion of the Lebesgue integral can be generalized as follows. 

Let AT be a set of elements x of arbitrary nature and let 3R be a system of 
subsets e of X, (e c Af) forming a ring. This means that if two subsets e\ and 
e% of ATbelong to 2R then their sum ei+ e%, difference e\—e% and intersection 
eic 2 also belong to 3ft. It is readily proved by induction, that ifei, ...,c„be- 

n 

long to 3R then the finite sum £ e } also belongs to 3R: 

j~ i 

<? = £ ej € 3R 

j -1 

A ring 3ft must also satisfy the additional requirement that if e* € 2ft for 
any k = 1,2, ... and the countable sum 

oo 

e = £ e k 
*- i 

belongs to some set <5 € 2R (e c <5), then e € HR. 

How let us suppose that to every set e € 3ft there corresponds a (finite) 
nonnegative number pe possessing the property that if a set a € 3ft is repre- 
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sentable as a finite or countable sum 

e = Y, e k 

of pairwise disjoint sets e* € 2ft then 

/^ = (i) 

The nonnegative set function fxe {e 6 2ft) thus defined on 2ft is called 
Lebesgue*s measure . We shall also call it the generalized Lebesgue measure 
in order to distinguish between the general case treated here and the special 
case which was studied in Chapter 19 where the role of X was played by the 
n-dimensional space R„ and the role of 2ft by the corresponding totality of 
Lebesgue measurable sets. The sets e € 2ft will be called measurable . If a 
subset <5 c JSTisapartofameasurabesete 6 2R (S c e) we shall say that the 
set & is bounded . 

According to this terminology. Theorems 3-9, § 19.1 apply to the general¬ 
ized Lebesgue measure. Theorems 3, 4 and 3 hold for them according to 
the definition (see equality (1); as to Theorems 6-9, they are proved without 
any changes). 

Proceeding from the measure thus defined we can define the notion of a 
measurable function following from the course of Chapter 19. Generally, all 
that was said in § 19.2 can be extended without any changes to the case of the 
generalized Lebesgue measure with the exception of Theorem 4 and the 
proposition (see page 350) on continuous functions. Since we did not define 
a topology on X (that is a system of neighbourhoods, etc.) it does not make 
sense to speak of a continuous function on X. 

The Lebesgue integral of a function f (x) on a set E where/is a measurable 
function and E is a measurable set (with respect to the measure p) is defined 
as the limit 

lim 

t 

where g*, e* and 8k are defined by analogy with § 19.3 (see (2), (3) and (4) in 
§ 19.3), and the measure is understood in the generalized sense. 

The properties of the Lebesgue integral enumerated in § 19.3, with a pos¬ 
sible exception of property 19 (Fubini’s theorem) and property 22, are ex¬ 
tended without any changes in their proofs to the general case under con¬ 
sideration. 

An important example of the generalized Lebesgue integral is the so-called 
Lebesgue-Stieltjes integral which will be treated in the following section. 

§ 19.12. Lebesgue-Stieltjes Integral 

Let us consider a half-open rectangle 

G = {a t Xt < bii i = 1, ..., «} 

and let a nonnegative additive function oc(A) be defined for the half-open rec- 
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tangles A belonging to G. In § 19.8 we used such a function a (A) as the basis 
for constructing the generalized Jordan measure. In the present section, pro¬ 
ceeding form ol(A) 9 we shall construct a generalized Lebesgue measure (see 
§ 19.11) for some sets <5cG. We shall call it the measure generated by ct(A) 
or, briefly, the measure and will denote it as fi£ (the same notation was used 
for the Lebesgue measure). 

In our presentation we shall use the notions of the Jordan interior meas¬ 
ure m t £ 9 exterior measure m e £ and the Jordan measure m£ introduced in 
§ 19.8 (with respect to cc(d)). 

When calling £ a set we shall mean that £<zG 9 and, as usual, by F and G 
we shall denote closed and open sets respectively. We shall also use the nota¬ 
tion Add B expressing the fact that Ad S where A is the closure of A 
and S is the interior (the collection of all the interior points) of B. 

For an open set g we put by definition (see the explanations below) 


pg = mtg = sup a (a) = V <x(A k ) (1) 

*cc* 

where 

oo 

g = 4fcCC£ (2) 

1 

is a representation of g as a sum of half-open pairwise nonintersecting 
rectangles A k each of which has a boundary with no points in common with 
the boundary of g. 

A representation of gin the form of sum (2) can, for instance, be obtained 
as follows. We cut the space R n into half-open cubes with edges of length 
2~ N by means of a rectangular network and number in a consecutive order as 
Au ... 9 A s those of the cubes which possess the property A k dd g. Then 
we refine the network taken and pass to a new network with cubes whose 
edges are of length 2^ +1 and supply with indices s+ 1, s+ 2,..., s+q those 
(half-open) cubes A s + 1 , A s+i9 ..., A s + q of the new network which possess 
the property Add g and do not intersect with those former cubes which 
have already been numbered. Continuing this process indefinitely for N+ 2, 
N+ 3, ... we arrive at sum (2) of the sets A k consisting of an infinite (count¬ 
able) number of terms. 

To explain the last equality (1) we note that for each half-open figure 

N JV 

a dd g there is N such that A k9 whence a(a) < £a (A$ <a(G) 

» ii 

and a(40. But the last relation is in fact an exact equality because 

i 

N N 

the sum is a figure a' belonging tog for anyiV, and therefore £a(At) = 

1 CO 1 

= a(cr') ng 9 that is £ a (A k ) < fig. 

i 

It should also be mentioned that the interior a of a figure a can be repre- 
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sented as a sum a = £ A k of pairwise disjoint cubes A k aa a 9 and, since 

i 

N N 

J) A k c a, we have £a(ri*) < a(o)for any N. Consequently, 

1 i 

-* “(“) ( 3 ) 

1 

For a closed set F we put, by definition (see the explanations below), 

juF = oc e F = inf a(a) = inf pg (4) 

aCCF *CF 

To elucidate the last equality let us denote its left-hand member by J' and 
its right-hand member by Since (TDdF, we have 5 ddF. But a is 
an open set, and therefore 

oc(<r) > p(S) > J", that is /' > /" 

On the other hand, if any open set g => F is represented in the form of 
sum (2), then, since F is closed, there is N such that 

o = f i A k z>z>F 
1 

whence 

p(g) => a (a) J', that is J" /' 

Consequently, /' = 

Let us prove that for any half-open figure a we have the inequality 

a(a) < a(d) (5) 

Letgz> d be an arbitrary open set and letit be represented in form (2). By 
the closedness of & 9 there is N such that 

N 

1 

Therefore 

N 

i 

and, since the infimum of all the measures pg in question is equal to p(d) 9 
we arrive at (5). 

The definitions stated readily imply that if F c F' and g c g' then 
pF < pF'and pg < /xg'. Besides, since F a F and (4) holds, we obtain 

/jF = sup pF' = inf pg (6) 

F'CF *df 

We also have the equalities 

pg = sup pF = inf pg' 

FCg fog 


( 7 ) 
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The second equality in (7) is obvious since g => g. To justify the first equality 
let us denote the second member of (7) by /. Since pF^ pg (see (4)), we 
have J < ug. On the other hand, we can represent g in form (2) and put 

N 

a N = £ A k . Then for any s > 0 there is N such that 

l 

N 

pg-e < £ a (Ak) = a(o>/) < p(d N ) « J (a N d g) 

i 

and, since e is arbitrary, we obtain pg < J. Consequently, pg = /. 

By the interior (inner) measure of a set & (with respect to a(zl)) we shall 
mean the number 

Pi& = sup j*F 

and by the exterior (outer) measure of S (with respect to a (d)) we shall mean 
the number 

p e S = inf jig 

If p t £ = ji c c5 we shall say that the set & is measurable (in the sense of the 
measure generated by oc(-d)) and the number pS = pi& = will be culled 
the generalized measure of & or the measure of & with respect to a(d). 

It follows from equalities (6) and (7) that the closed and open sets (belong¬ 
ing to G) are measurable (in the indicated sense). 

The basic properties of measurable (in the generalized sense) sets defined 
here are analogous to the corresponding properties of the classical Lebesgue 
measurable sets. We enumerate them below. 

If Si and &2 are measurable sets 9 its sum 9 difference and intersection are also 
measurable and 9 if Si and S 2 do not intersect then 

piSi+Si) = pSi+pS 2 

The sum Sofa countable number ofmeasurable sets ei 9 e^ ... (belonging to 
G) is measurable and 9 if these sets are pairwise nonintersecting 9 then 

00 

1 

The intersection of a countable number of measurable sets is measurable. 

In the case of the ordinary Lebesgue measure the properties enumerated 
here and the other properties following from them turn into Theorems 1-9 
proved in§ 19.1. In the general case their proofs are quite analogous. 

These theorems were based on Lemmas 1-5, § 19.1. They can also be 
proved quite analogously for the general case. To this end we should replace 
in their proofs \A k \ and \o k \ by oc(4k) and oc(o*) respectively and also take 
into account the following remarks. The statement of Lemma 1 should be 
replaced by the following: (3) implies (4) where o k and o k are half-open figures. 
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the figures a k being pairwise disjoint. In the statement of Lemma 2 the last 
assertion saying that the inequality turns into an equality should be deleted. 

We also mention the following inequalities analogous to (14) in § 19.1: 

m t d < p e d ^ (8) 

They follow from the relations (see (3) and (5)) 

sup a(or) ^ sup pd sup pF, 

aCC<5 aCC<5 FC.& 

inf a(or) s* inf pa = inf pg 

aDD<5 gZ>& 

It follows from (8) that if a set d is Jordan measurable (in the sense of a(zl)) 
it is also Lebesgue measurable . 

In the theory of the Jordan measure (with respect to a(4)) we found that 
some rectangles may be nonmeasurable. In the theory presented here we 
have no such setback because all the closed and open rectangles are meas¬ 
urable since they are closed and open sets respectively. An arbitrary half-open 
rectangle 

A = {// x < Hi\ i = l, .. n) 

is also measurable since it is the difference of two closed sets. But the measure 
pA must not necessarily be equal to a (A) (see Exercises 1 and 2 below). 

A single-point set co has the interior measure m t <o = 0 (with respect to 
a(zl)) in the Jordan theory and therefore it is measurable if and only if m e o) = 
= 0. In the present theory such a set co is measurable for any a (A) because 
it is closed. Its measure coincides with its Jordan exterior measure: pco = 
= mjo. 

In the classical theory of the Lebesgue integral the Lebesgue measure 
serves as the basis for the definition of the notion of a measurable function. 
The notion of a function measurable with respect to the measure generated 
by oc(A) is introduced in just the same way. All that was said in this connec¬ 
tion in § 19.2 is extended without any changes to the general case, and only 
the classical Lebesgue measure should be replaced by the Lebesgue measure 
generated by a (A) and the expression “Riemann integrable function” in 
Theorem 4 should be replaced by “Riemann-Stieltjes integrable function”. 

Further, the notion of the Lebesgue-Stieltjes integral with respect to an 
arbitrary set function <x,(A) is introduced using the notion of a function meas¬ 
urable with respect to the measure generated by a (A) by analogy with the 
definition of the (ordinary) Lebesgue integral of a (Lebesgue) measur¬ 
able function. 

Thus, the Lebesgue-Stieltjes integral can be defined as one of the limits 

I* f(x) dfi = lim Sr(J) = lim S R (f) ( 9 ) 

% «*-o «»-o 

Here /(x) is a measurable (with respect to the measure /i generated by <*04)) 
function on the set & and S R (f) and S R (f) are the lower and upper integral 
sums defined by a complete analogy with § 19.3 where these sums were defined 
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for the classical Lebesgue integral; the only difference is that in the present 
case the sets e k (see the beginning of § 19.3) are supposed to be measurable 
with respect to p and their measures pe k are understood in the sense of p 
(with respect to a (id)). 

Generally, all that was said in § 19.3 can be extended to the Lebesgue - 
Stieltjes integral. 

Of course, in the case of the Lebesgue-Stieltjes integral, in all the integrals 
in § 19.3 we should replace dx by dp and the expression “the Lebesgue integ¬ 
ral” by “the Lebesgue-Stieltjes integral”. In property 6 the expressions “/ is 
Riemann integrable”, “the Jordan measure” and “having no interior points 
in common” (or, which is the same, “can only intersect along some parts of 
their boundaries”) should be replaced, respectively, by ‘/is Riemann-Stieltjes 
integrable”, “the Jordan measure with respect to <z(A)” and “pairwise dis¬ 
joint”. Property 15 establishing the equality of the absolutely convergent 
improper Riemann integral of/and the Lebesgue integral off can also be 
extended to the general case if we define, by analogy, the notion of the im¬ 
proper Riemann-Stieltjes integral. 

Property 19 (Fubini’s theorem) can be immediately extended to the general 
case if we assume that there are two nonnegative additive functions cc x (3 x ) 
and a'(5') defined for the half-open intervals 3 X = {0 < x x < a) and for the 
half-open rectangles 3' = {0< x t < a, i = 2, ..., n} respectively which 
generate the function cc(3) = a(3 x )a(3'), 3 = 3 X X 3' = 4 (see property 19 
in § 19.3). Then if we denote by p 9 pi and pi the three measures generated 
by the functions a, a x and a' respectively, formula (34) will continue to hold 
together with the remarks to this formula (of course, dx 9 dxi and dy should 
be replaced by dp 9 dpi and dp' respectively). 

The proof of this generalized formula is quite analogous to that of (34), 
§ 19.3. 

We shall also discuss the following question concerning the relationship 
between the Lebesgue integral and the Lebesgue-Stieltjes integral. 

Let us consider a nonnegative Lebesgue integrable function on a 
closed interval [a 9 3], Let us put 

X 

P(x) = j p(t) dt, x € [a, V\ 

a 

As is known (see § 19.5 (11)), fi(x) is an absolutely continuous function and 
P'(x) is its generalized derivative (on [a 9 3]). Besides, the condition (i'(x) > 0 
indicates that the function (i{x) is nondecreasing on [a 9 b ] and can therefore 
be regarded as the generating function for the nonnegative additive function 

*(A) = fcd)-kc\ A = [c 9 d)aG=[a 9 b) 
defined on the half-open intervals. 

It should be noted that, conversely, we can proceed from a given non¬ 
decreasing absolutely continuous function P(x) on [a, b] and show that its 
generalized derivative (J'(x) is nonnegative almost everywhere on [a 9 3]. 
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The function cl(A) constructed above generates a measure. 

If g c: [a> b] is an open set which, as we know, can be represented as a 
sum of not more than countable number of open intervals (c*, d*) (k = 1, 
2, ...), then it is measurable both in Lebesgue's classical sense and in the 
sense of the Lebesgue measure with respect to a(J), its measure in the latter 
sense being 


wr = f 4* = £ Wk)-Kc k )} = £ 

i k=*l k =1 


4 

/ /S'(0 dt 

Ch 


= / d'(0 dt 


We have thus proved the formula 

J dn = J /i'(0 * (10) 

* ff 


Formula (10) can readily by generalized to any set £ which is simulta¬ 
neously measurable in the two senses indicated above: 

j d(i= j (11) 

6 & 


To prove (11) it suffices to take the infimum of both members of (10) 
over all g 3 <$. 

For we have 

f du = uS = inf ug = inf f du 

j gO6 go6J 

o g 

and, on the other hand, since /*'(*) is nonnegative, we have 

f H'(Qdt* f (i'(t)dt,g^ £ 

g <5 

and, by the measurability of <5, for any e > 0 there is g such that (see § 19.3* 
property 11) 

j n'(t) dt = f n'{i) dt+ J n'if)dt ^ j n'(t) dt+£ 

& <5 g —<5 6 

Equality (11) admits of a further generalization. 

Let fi be a measure possessing the property that if a set e c [a, b] is meas¬ 
urable with respect to fi then it is also Lebesgue measurable. Then there 
holds the equality 

\f(x)dn= \f(x)p'{x)dx (12) 

6 <5 

provided that the integral on the left-hand side exists. 

Indeed, let the integral on the left-hand side of (12) exist. Then, by prop¬ 
erties 17 and 21 in § 19.3 -holding for the Lebesgue -Stieltjes integral with 
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respect to <*(£), there is a sequence of simple functions a^x) such that 

o p {x) -► f(x) almost everywhere on [a 9 b] 
and 

J l/(*)-<*/>(*) I dp-+0, p - co (13) 

& 

Therefore (see the explanations below) 

/1 <J P (x) p'(x) - <x 9 (x) p'(x) | dx = JI Op(x)-oJx) \ p'(x) dx = 

& <5 

= j I \dp - o, 

where the second relation (equality) holds by virtue of (11) because 10p(jc)— 
—a q {x) | is a simple function and the third equality holds by virtue of (13). 
By property 20, § 19.3 (the completeness of the space L(a, 6)), there is 
a function to which o>(jc)ju'(x) tends in the sense of Ha 9 b). Further, since 
o P (x)[i'(x) /( x)p'(x) almost everywhere, this limiting function must coin¬ 
cide with f(x)fi'(x) (see property 21, § 19.3). Thus, 

J I Op(x)-f(x) I p’(x) dx^O, p —oo (14) 

<5 

From (13) and (14) and from the property of the simple functions a p (x) 
expressed by the equality 

/ °p(x) dp = J ojx) p'(x) dx 
6 6 

it follows that (12) holds. 

Conversely, if f(x) is a Lebesgue function measurable on & and finite al¬ 
most everywhere we have p'(x) s* 0, and any Lebesgue measurable set 
ec [a, b] is measurable with respect to pas well. Therefore the existence of 
the integral on the right-hand side of (12) implies the existence of the integral 
on the left-hand side and the validity of equality (12). 

The latter assertion can be proved by repeating the above argument in the 
reverse order. The existence of the integral on the right-hand side of (12) 
and the inequality p'(x) » 0 imply the existence of a sequence of simple 
functions o P (x) for which 

o p (x) -*f(x) almost everywhere on [a, b\ 

and 

J \f(x)-o/x) | p’(x) dx + 0, p - ~ 

<5 

which can be proved by analogy with property 17, § 19.3 in whose proof the 
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differential dx under the integral signs should be replaced everywhere by 
p'(x) dx . 

We also mention the following proposition: 

If a nondecreasing function f}(x) satisfies the Lipschitz condition 

|/?(* / )— 0(x)\*siM\x'— x|, a*sx 9 x'*zb (15) 

(where M is independent of x and x’) then the Lebesgue measurability of a set 
e c [a, b] implies its measurability with respect to the measure pp generated by 
the function fl(x). , 

Conversely , if the inverse function x = ^~ 1 (y) of a function y = ft(x) defined 
on [a, b] exists and satisfies a Lipschitz condition then the measurability of a set 
e c [a, b] with respect to pp implies its measurability in Lebesgue 9 s sense. 

Indeed, an arbitrary open set g c [a 9 b] is representable as a sum of at 
most countable number of pairwise disjoint open intervals (c k9 d k ) 9 and there¬ 
fore, denoting by p the Lebesgue measure, we derive from (15) the relations 

m =E (4-c fc ) = M(ig (16) 

Further, if S c [a, b] is a measurable set then, given any e > 0, there are 
closed and open sets F and g such that Fez Sc g and fj(g—F) «= s. Now, 
since the set g—F is open we can apply (16) to it and thus obtain 

Pp(g—F) Mp(g-F) < Me 

Hence, the measure of g—F in the sense of /? can also be made arbitrarily 
small, and therefore the set & is measurable with respect to 
The converse proposition is proved analogously. 

In conclusion we remind the reader of what was said in connection with 
formula (3),§ 19.9. 

Exercises 

1. Let ft(x) be a nondecreasing function on [a 9 b] generating the non¬ 
negative additive function 

<x{A) = 0(d)-A = [d d) c G = [a, b) 

Show that if/3(x) is extended by putting /?(jc) = (}(a) for x -c a and /?(x) = 
= 0(b) for x > b, then the extended function generates the extension of 
a.(A) specified by the rule given in § 19.8 (1). 

For die Lebesgue measure p generated by <x(A) prove the equalities 

/i (c, d) = /?(</—0)—/3(c+0) 
jtt[c, d\ = p(d+0)-f}(c-0) 
p[c, d) = P(d—0)—fi(c—Q) 

and 


p{c, d\ = P(d+Q)—(t(c+0) 

Thus, p(A) = x(A) if and only if p(c) = 0(c— 0) and P(a) = 0(d— 0). 
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2. Let G = {a* < x t < b i9 i = 1, ..»} and 
A = / = 1, ...,/i}€ G, = /= 1, 

.where e > 0. 

Prove the equalities 

yiA = lim a(zl') 

A'CC.A 

and 

juJ = lim oc(A') 
soda 

§ 19.13. Extension of Functions. Weierstrass’ Theorem 

Let us denote the points of the /i-dimensional space R n as v = (vi 9 ..., v„). 
Suppose that Q c R n is a bounded domain with boundary jT which is a 
smooth surface (a closed (»— l)-dimensional differentiable manifold; see 
§ 17.1). We shall assume that J* is a sum of a finite number of connected 
manifolds. 

The points of J 1 will be denoted as x. The normal to -T at a point x con¬ 
sists of two rays Ni and N 2 issued from x. One of the rays, say Nu contains a 
sufficiently small open interval, with end point x 9 entirely belonging to Q 
while the other ray N 2 contains an open interval, with end point x, having no 
points in common with Q. The rays Ni and N 2 are called the inner and outer 
normals to r at the point x, respectively (see§ 17.2). 

Let v = v(x) be the unit vector of the outer normal to J 1 issued from x € r. 
It is a continuous function of x on r. 

Indeed, £ is a connected /i-dimensional differentiable manifold whose 
closure belongs to the /i-dimensional oriented manifold determined by the 
equations v± = vi 9 = v n which is also connected. Therefore (see 

§ 17.2 and, in particular, Theorem 4 and the following material) jTis also an 
orientable manifold, and it is possible to state the coherence rule for the 
orientations of Q and r which reads as follows. 

For any point x° € F there is its (/i-dimensional) neighbourhood W& and 
functions 

Vi = q> t {u) = q)i(ui 9 ..., u„) 9 i = 1 , ..., 71 , u 6 Q ( 1 ) 

defined on W x 0 providing a local representation of the oriented manifold 
R n (see § 17.1 (1)) and possessing the following properties: 

(i) The Jacobian of (1) (i.e. of the transformation from u to v) is positive. 

(ii) For sufficiently small 6 > 0 the points v belong to the exterior or to the 
interior of Q depending on whether i/i > 0 or wi < 0 for them where | ui | < 5. 

(iii) The equations 

x t = 9>/( 0 , u 29 ~.., u n ) * = U • • •> n 

describe 7 1 (in the indicated neighbourhood). 


( 2 ) 
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The totality of all representations (2) of the manifold determines an ori¬ 
entation of r or, in other words, any two such representations of some inter¬ 
secting parts o 9 o' <z T are such that the Jacobian of the transformation 
connecting their parameters (u 2y ..., u„) and (i4, .. u„) is positive on 00 '. 

Let us consider the unit normal vector v = p(x) to jT at the points x£T 
which is specified, within W*> 9 by formulas §7.25 (3) in which we should 
replace (u l9 ..., u„- 1 ) by (w 2 , .. . 9 u„) and t by h. It is readily seen from these 
formulas that the vector p(x) depends continuously onxgf within a neigh¬ 
bourhood Wxo of an arbitrary point x° 6 2\ But it is also continuous 
throughout jT, which is seen from the same formulas because the 
vector v is one and the same on the intersection of two parts a and o' irres¬ 
pective of whether it is computed in terms of the parameters (u 2y .. . 9 u rt ) de¬ 
scribing the part o’ or in terms of the parameters (u 29 . . u„) describing the 
part o'. The fact that the Jacobian of the transformation from one group of 
the parameters to another group is positive plays an essential role here. 

It should be noted that the vector v is directed to the exterior of Q because 
we have 


0 


on F , and the vector 
of Q. 



D(<Pi 9 »»»> <pj yi i 

D(«„ L Q Ul Ai 

... , is sure to be directed to the exterior 


Now let us suppose that T is a manifold of class C r+1 , that is the functions 
ft describing it locally are r+1 times continuously differentiable. Then there 
is a sufficiently small 8 >- 0 such that the equality 

v = x+Av(x), x 6 r 9 \h\ < 8 (3) 

establishes a one-to-one correspondence 

0*±(x, h) 9 x€T, |A|<5 (4) 

continuously differentiable r times. This should be understood in the sense 
that if a local representation (3) is written, with the aid of substitution (2), in 
the form 

v**(u 2 9 u„ 9 A), \h\*i8 (5) 

then correspondence (5) thus obtained is continuously differentiable r times. 

The fact that such a correspondence (5) does in fact exist in some neigh¬ 
bourhood of an arbitrary point x° € T was proved in § 7.25 (5). Using the 
Heine-Borel lemma we can choose a finite number of such neighbourhoods 
entirely covering the bounded and closed set jT, and then for a sufficiently 
small 8 >- 0 relation (4) will take place for all xfT. 

The set of the points v determined by relations (3) will be denoted 27(d), 
and we shall put Q* = £2+11(8). 

Theorem 1, Let Q be a bounded set whose boundary is an (n— \)-dimensional 
differentiable manifold of class C 2 . Iff(o) is a function continuous in£2 9 it can 
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be extendedfrom £2 to R„ so that the extendedfunction f(v) will be continuous 
on R„ and finite (having compact support) in £2 d and the inequality 


|/(r)|<max|/(D)| (6) 

v£Rn 

will hold. 

Proof. The given function can be regarded as a continuous function of v 
and of ( x, h) on QIJ(S) (f(p) = f(x. A), jc € .T). 

The function 



m 

f<P) =f(x,h) 
fix, -h) 


V 


0 


for v € £2—11(6) 
for x € r, —8 < h 0 
for x€jT, 
for v $ £2* 



is obviously continuous on £2 6 and serves as an extension of f from £2 to R n . 

Now let us take a function y>(v) satisfying the inequalities 0 < ip(v) < 1 
and equal to 1 on £2 whose support is compact and belongs to £2* (see § 18.4, 
Lemma 1). It it quite evident that the assertion of the theorem holds for the 
function f(v) = ip(v) f*(v). 


Theorem 2 (Weierstrass). Let a continuous function f(x ) (x € £2) be defined 
on the closure D of a domain £2 satisfying the conditions of Theorem L Then 
for any e > 0 there is a polynomial (see § 7.3 (2)) 

F(x) = E a kX* (ft = fti, ..., ft w , x* = xf* ... x£) 

O^Jcj*sN 

such that the inequality 

|/(*)-P(*)| «= s, x € £ (8) 

is fulfilled . 

Proof Let us consider an extension /(x) of the function /(x) from £2 to 
R„ 9 f(x) being continuous and finite in £2*. Since the setfi* is bounded there is 
/ > 0 such that the cube A = (|xy| ** l; j = 1, ..., n } contains £2*. On 
making the substitutions 

Xj = / cos tj 9 0*stj < n 9 j = 1, ..., /i (9) 

we obtain the function 


F(f) = /(/cos*i, ..., /cos t„) 

which can be regarded as defined for any t = (/i, .. t n ). It is continuous 
in t 9 and is periodic with period 2 tt and even with respect to each variable tj. 
The Fejfr sum of the function F(t) is an even trigonometric polynomial 

<*N(t) - £ «* cos fti/i ... cos k„t n9 ft = (fti, .. k„) 

O^kj^sN 

which converges uniformly to F(t) as (see § 15.11, Theorem 1). 

Consequently, given any e > 0, there is N such that the inequality |F(f)— 
—o>r(0l ■< e holds for all t. 
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If we pass back from t to x in this inequality (see (9)) this will result in the 
inequality 

|/(x)-P(x)| < e 

where P(x) is the polynomial expressed as 

P(x) = £ a k cos ki arc cos ... cos k„ arc cos 

(see § 15.12). Then, moreover, inequality (8) is fulfilled since f(x) = f(x) 
on &. 


Theorem 3. Let a domain Q consisting of points v = (vi, .. v n ) satisfy the 
conditions of Theorem 1 under the additional assumption that its boundary is a 
manifold of class C r+1 . Let f(v) be a function of class C r defined on that is 
possessing on D continuous partial derivatives up to the order r inclusive . Then 
f{v) can be extended from Q to R n so that the extendedfunction f(v) belongs to 
0(R n ) 9 is finite in Q* and satisfies the inequality 

|/<*>(o)| «sC £ max |/W(c)|, \k\*tr 

|*|«r 


where C is a constant independent of f and v. 
Proof Let us construct the function 



m 

for v € Q—11(d) 



/(») = /(*. h ) 

for 0 


II 

/—s 

s=0 

| for 0 h *« fi 

(10) 


, 0 

for v $ £2* 


defined in Q d where the numbers X s simultaneously satisfy the 

equations 

r 

_ __ 


(k = 0,l, ..r) 



i«0 


It can easily be checked that fjp) possesses continuous partial derivatives 
up to the order r inclusive on Q 8 , and 

lip) = v(p)fM 

is a function for which the assertion of the theorem holds provided that y>(v) 
is a function continuously differentiable r times on R n , finite in Q 6 and that 
ip(v) = 1 on Q and 0 < tp(v) < 1 on R n (see § 18.4, Lemma 1). 

Remark. Theorems 1-3 can be proved under some weaker conditions im¬ 
posed on Q but then the extension of fjv) should be constructed by means of 
some other techniques different from those used in (7) and (10). 
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